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Objectives 

 The objective of interpolation is to find an unknown function which approximates the 

given data points and the objective of curve fitting is to find the relation between the 

variables x and y from given data and such relationships which exactly pass through 

the data (or) approximately satisfy the data under the condition of sum of least squares 

of errors. 

 The aim of numerical methods is to provide systematic methods for solving problems 

in a numerical form using the given initial data and also used to find the roots of an 

equation and to solve differential equations. 

 In the diverse fields like electrical circuits, electronic communication, mechanical 

vibration and structural engineering, periodic functions naturally occur and hence 

their properties are very required. Indeed, any periodic and non periodic function can 

be best analyzed in one way by Fourier series method. 

 PDE aims at forming a function with many variables and also their solution methods 

.Method of separation of variables technique is learnt to solve typical second order 

PDE. 

 Properties of Laplace Transform, Inverse Laplace Transform and Convolution 

theorem 

 

               

UNIT – I: Solution of Algebraic, Transcendental Equations and Interpolation 

 

Solution of Algebraic and Transcendental Equations: Introduction – Graphical 

interpretation of solution of equations .The Bisection Method – Regula-Falsi Method – The 

Iteration Method – Newton-Raphson Method. 

Interpolation: Introduction-Errors in polynomial interpolation-Finite differences- Forward 

Differences- Backward differences –Central differences – Symbolic relations and separation 

of symbols-Differences of a polynomial-Newton’s formulae for interpolation – Central 

difference interpolation Formulae – Gauss Central Difference Formulae – Interpolation with 

unevenly spaced points-Lagrange’s Interpolation formula. 

 

UNIT – II : Numerical Techniques 

 

Numerical integration: Generalized Quadrature-Trapezoidal rule, Simpson’s 1/3
rd

 and 3/8
th

 

Rule.  

Numerical solution of Ordinary Differential equations: Solution by Taylor’s series 

method –Picard’s Method of successive Approximation- single step methods-Euler’s 

Method-Euler’s modified method, Runge-Kutta Methods. 

Curve fitting: Fitting a straight line –Second degree curve-exponential curve-power curve by 

method of least squares. 

 

UNIT – III: Fourier series  

Definition of periodic function. Fourier expansion of periodic functions in a given interval of 

length 2𝜋. Determination of Fourier coefficients – Fourier series of even and odd functions – 
Half-range Fourier sine and cosine expansions-Fourier series in an arbitrary interval .  

  



UNIT-IV: Partial differential equations 

Introduction -Formation of partial differential equation by elimination of arbitrary constants 

and arbitrary functions, solutions of first order linear (Lagrange) equation and non-linear 

equations (Charpit’s method), Method of separation of variables for second order equations 

and Applications of PDE to one dimensional (Heat equation). 

 

UNIT – V Laplace Transforms and Applications 

Definition of Laplace transform- Domain of the function and Kernel for the Laplace 

transforms- Existence of Laplace transform- Laplace transform of standard functions- first 

shifting Theorem,-Laplace transform of functions when they are multiplied or divided by “t”- 
Laplace transforms of derivatives and integrals of functions – Unit step function – second 

shifting theorem – Dirac’s delta function- Periodic function – Inverse Laplace transform by 

Partial fractions-Inverse Laplace transforms of functions when they are multiplied or divided 

by ”s”, Inverse Laplace Transforms of derivatives and integrals of functions- Convolution 

theorem –Solving ordinary differential equations by Laplace transforms.  

 

 

PRESCRIBED TEXT BOOKS: 
1. Mathematics-II by Tata Mc Graw Hill Publishers. 

 

REFERENCES: 

1. Mathematical Methods by T.K.V Iyenger ,B.Krishna Gandhi and Others ,S Chand. 

2. Introductory Methods by Numerical Analysis by S.S. Sastry, PHI Learning Pvt. Ltd. 

3.Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons Publishers. 

 

 

Outcomes: 

 From a given discrete data, one will be able to predict the value of the data at an 

intermediate point and by curve fitting, one can find the most appropriate formula for 

a guesses relation of the data variables. This method of analysis data helps engineers 

to understand the system for better interpretation and decision making. 

 The student will be able to find a root of a given equation and will be able to find a 

numerical solution for a given differential equation. Helps in describing the system by 

an ODE, if possible. Also, suggests to find the solution as a first approximation. 

 One will be able to find the expansion of a given function by Fourier series. 

 One will be able to find a corresponding Partial Differential Equation for an unknown 

function with many independent variables and to find their solution. 

 The student is able to solve certain differential equations using Laplace Transform. 

Also able to transform functions on time domain to frequency domain using Laplace 

transforms 
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UNIT-I 
SOLUTION OF ALGEBRAIC, TRANSCENDENTAL EQUATIONS AND 

INTERPOLATION 
INTRODUCTION    
  Using mathematical modeling, most of the problems in engg and physical and 
economical sciences can be formulated in terms of systems of linear or non linear 
equations, ordinary or partial differential equations or Integra equations. In majority of 
the cases, the solutions to these problems in analytical form are non-existent or 
difficult or not amenable for direct interpretation. In all such problems, numerical 
analysis provides approximate solutions practical and amenable for analysis. 
Numerical analysis does not strive for exaxtness.instaed.it yields approximations with 
specified degree of accuracy. The early disadvantages of the several numbers of 
computations involved has been removed through high speed computation using 
computers, giving results which are accurate, reliable and fast. Numerical is not only a 
science but also an ‘art’ because the choice of ‘appropriate’ procedure which ‘best’ 
suits to a given problem yields ‘good’ solutions. 
 
Approximations curve is the graph of data obtained through measurement ofr 
observation. Curve fitting is the process of finding the “best fit” curve since different 
approximation curves can be obtained for the same data. Least squares method is the 
best curve fitting by a sum of exponentials, linear weighted and non-linear weighted 
least squares approximation. 

 

Solution of algebraic and Transcendental equations 

Introduction: 

 Polynomial function: A function  f x  is said to be a polynomial function, if   f x   is a 

polynomial in x. ie,   ݂ሺݔሻ = ܽ଴ݔ௡ + ܽଵݔ௡−ଵ + ⋯ … … … . . +ܽ௡−ଵݔ + ܽ௡ 

where 0 0a  , the co-efficients 0 1, ........... na a a  are real constants and n is a non-negative 

integer. 

Algebraic function: A function which is a sum (or) difference (or) product of two 

polynomials is called an algebraic function. Otherwise, the function is called a  

transcendental (or) non-algebraic function. 

Eg: ݂ሺݔሻ = ଷݔ − Ͷݔଶ + ͷݔ − ʹ is a algebraic equation 

Eg:      ݂ሺݔሻ = ݔݏ݋ܿݔ − ݁௫ = Ͳ is a Transcndental equation 

  

Root of an equation: A number   is called a root of an equation   0f x   if            

  0f   . We also say that   is a zero of the function. 
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Graphical view  of a root of an equation. 

   

 

 

 

 

 

The roots of an equation are  the points where the graph   y f x  cuts the x-axis. 

Methods to find the roots of an equation f (x) = 0  

1.Direct methods    2.Iterative methods  

1.Direct methods :   We know the solution of the polynomial equations such as linear  equation ܽݔ + ܾ =0, and quadratic equation 2 0ax bx c   ,using direct methods or analytical methods. 

Analytical methods for the solution of cubic and quadratic equations are also available.But we are 

unable to find roots of higher order (from fourth order) algebraic equations,and also transcendental 

euations.So,we go for Numerical methods i.e Iterative methods 

 

2.Iterative methods:The following are some iteravative methods to find an approximate 

root of an equation  

(1) Bisection Method 

(2) Regula- Falsi Method 

(3) Iteration method 

(4) Newton Raphson method 

 

Intermediate value theorem:  If f is a real-valued continuous function on the interval 
[a, b], and u is a number between f(a) and f(b), then there is a c א [a, b] such that f(c) = u. 
 

Bisection method or Half-interval method:  
 
    Bisection method is a simple iteration method to find an approximate root of an equation.  
Suppose that given equation of the form is ݂ሺݔሻ = Ͳ.  
In this method first we choose two points  ݔ଴,ݔଵ such that ݂ሺݔ଴ሻ and ݂ሺݔଵሻ will have opposite 

signs (i.e ݂ሺݔ଴ሻ. ݂ሺݔଵሻ < Ͳ)  then the root lies in interval ሺݔ଴,  ଵሻ. Now we bisect this intervalݔ

at ݔଶ ,if ݂ሺݔଶሻ = Ͳ then ݔଶ is a root of an eqution otherwise the root lies in ሺݔ଴, ,ଶݔ)ଶሻ orݔ  ଵሻݔ

accordingly ݂ሺݔ଴ሻ. ݂ሺݔଶሻ < Ͳ and ݂ሺݔଶሻ. ݂ሺݔଵሻ < Ͳ. 
Assume that ݂ሺݔ଴ሻ. ݂ሺݔଶሻ < Ͳ then the root lies in interval ሺݔ଴,   ଶሻ , now we bisect thisݔ

interval at ݔଷ, ,if ݂ሺݔଷሻ = Ͳ then ݔଷ is a root of an eqution otherwise the root lies in ሺݔ଴,  ଷሻݔ

or(ݔଷ, .଴ሻݔଶሻ accordingly ݂ሺݔ ݂ሺݔଷሻ < Ͳ and ݂ሺݔଷሻ. ݂ሺݔଶሻ < Ͳ. 
We continue this procedure till the root is found to the desired accuracy. 

root o 

x 

y 
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PROBLEMS 

1.  Using bisection method, find the negative root of 3 4 9 0x x    
SOL:  

Givenf(x)= 3 4 9x x   

f(-1)=-1+4+9=12>0 

f(-2)=-8+8+9=9>0 

f(-3)=-27+12+9=-6<0 

 

Since f(-2)>0 and f(-3)<0  therefore root lies in interval (-2,-3)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e  ݔଶ=
−૛−૜૛ = -2.5 ,     ݂ሺ−ʹ.ͷሻ > Ͳ 

 

Since  f(-2)>0  f(-2.5)>0   f(-3)<0   therefore root lies in (-2.5,-3) 

Bisect this interval to get next approximation ݔଷ 

i.e ݔଷ=
−ଶ.ହ−ଷଶ =-2.75 ,    ݂ሺ−ʹ.͹ͷሻ < Ͳ 

 

Since   f(-2.5)>0   f(-2.75)<0 f(-3)<0   therefore root lies in (-2.5,-2.75) 

Bisect this interval to get next approximation ݔସ 𝑖. =ସݔ ݁
−ଶ.ହ−ଶ.଻ହଶ =--2.625,    ݂ሺ−ʹ.͸ʹͷሻ < Ͳ 

   

 

Since f(-2.5)>0   f(-2.625)>0  f(-2.75)<0  therefore root lies in (-2.625,-2.75) 

Bisect this interval to get next approximation ݔହ 

i.e ݔହ=
−ଶ.଺ଶହ−ଶ.଻ହଶ =--2.6875 ,     ݂ሺ−ʹ.͸ͺ͹ͷሻ < Ͳ 

    

 

Since f(-2.625)>0  f(-2.6875)>0  f(-2.75)<0   therefore root lies in (-2.6875,-2.75) 

Bisect this interval to get next approximation ݔ଺ 

i.e ݔ଺=
−ଶ.଺଼଻ହ−ଶ.଻ହଶ =--2.7187,      ݂ሺ−ʹ.͹ͳͺ͹ሻ < Ͳ 

  

We continue this procedure till the root is found to the desired accuracy. (stop the procedure 

when two successive approximations are same up to four decamal places) 

 

2). Find a root  of the equation 3 1 0x x    using the bisection method  in 5 – stages 

Sol    Given  ݂ሺݔሻ = ଷݔ − ݔ − ͳ ݂ሺͳሻ = −ͳ < Ͳ݂ሺʹሻ = ͷ > Ͳ             ∴One root lies between 1 and 2 

Now see f(1) is near to 0 than f(2). So root is near to 1  

so again find f(1.1),f(1.2)…… 
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Till one is + ve and another – ve. 

Clearly f(1.1)<0,f(1.2)<0 

f(1.3)=-0.103<0 

f(1.4)=0.344>0 

Since f(1.3)<0 and f(1.4)>0  therefore root lies in interval (1.3,1.4)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e  2

1
1.3 1.4 1.35

2
x   

   ℎ݁݁ݎ ݂ሺʹሻ = ͷ > Ͳ 

 

Since  f(1.3)<0 f(1.35) > 0  f(1.4)>0 therefore root lies in (1.3,1.35) 

Bisect this interval to get next approximation ݔଷ 

i.e ݔଷ=
ଵ.ଷ+ଵ.ଷହଶ =1.325 ,    ݂ሺͳ.͵ʹͷሻ = Ͳ.ͲͲͳʹ > Ͳ 

 

Since   f(1.3)<0   f(1.325)>0 f(1.35)>0   therefore root lies in (1.3,1.325) 

Continuing like above upto two iterations nearly same upto three decimals,we get 

 ∴ ݐ݋݋ܴ ݁ݐ𝑖݉ܽݔ݋ݎ݌݌ܣ = ͳ.͵ʹ 

 

3) Find a root of an equation 3x= ࢞ࢋusing bisection method. 

Sol       

  Let   3 x
f x x e   

 1 0.281718 0f    

 2 1.389056 0f      

Since f(1)>0 and f(2)<0  therefore root lies in interval (1,2)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e 0 1
2 1.5

2

x x
x


   ݂ሺͳ.ͷሻ > Ͳ 

Since  f(1)>0  f(1.5)>0   f(2)<0   therefore root lies in (1.5,2) 

Bisect this interval to get next approximation ݔଷ 

i.e ݔଷ = ଵ.ହ+ଶଶ =1.75   ݂ሺݔଷሻ = ݂ሺͳ.͹ͷሻ < Ͳ  

 

Since   f(1.5)>0   f(1.75)<0 f(2)<0   therefore root lies in (1.5,1.75) 

Bisect this interval to get next approximation ݔସ 𝑖. =ସݔ ݁
ଵ.ହ+ଵ.଻ହଶ =1.625,    ݂ሺͳ.͸ʹͷሻ = ͳ.͸͸͸ > Ͳ 

Continuing like above up to 12 iterations we get  ݔଵଵ = ͳ.ͷͳʹ͵ʹ͵  ܽ݊݀                                                                ݔଵଶ = ͳ.ͷͳʹʹͲͺ  

Therfore we got two successive iterations same up to three decimal places     ∴ ݐ݋݋ܴ ݁ݐ𝑖݉ܽݔ݋ݎ݌݌ܣ = ͳ.ͷͳʹ 
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4. Find a root of an equation x 𝐥𝐨𝐠૚૙  using bisection method which lies between 2 1.2 =࢞

and 3 

Sol: 

Given ݂ሺݔሻ = ଵ଴݃݋݈ ݔ  ݔ −  ͳ.ʹ 

f(1)=-1.2<0  

f(2)=-0.59<0  

f(3)=0.23>0 

Since f(2)>0 and f(3)<0  therefore root lies in interval (2,3)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e ݔଶ=
ଶ+ଷଶ ሺʹ.ͷሻ݂ ݁ݎ݁ܪ 2.5=  < Ͳ 

 

Since  f(2)<0  f(2.5)<0   f(3)>0   therefore root lies in (2.5,3) 

Bisect this interval to get next approximation ݔଷ 

i.eݔଷ=
ଶ.ହ+ଷଶ ଷሻݔሺ݂ ݁ݎ݁ܪ  2.75= = ݂ሺʹ.͹ͷሻ > Ͳ  

Continuing like above ,we get ݔଽ = ʹ.͹Ͷͷ͵ ݔଵ଴=2.7406 ∴ ݐ݋݋ݎ ݁ݐ𝑖݉ܽݔ݋ݎ݌݌ܣ = ʹ.͹Ͷ 

  

5.Find a root of an equation x = cosx using bisection method. 

SOL: ܩ𝑖ݔ݂ ݊݁ݒሻ = – ݔ  ሻ ݂ሺͲሻݔሺݏ݋ܿ  = Ͳ − = Ͳݏ݋ܿ  −ͳ < Ͳ     ݂ሺͳሻ = ͳ − = ͳݏ݋ܿ  Ͳ.Ͷͷͻ͹ > Ͳ  ݐℎ݁݊ ݐݏݑ݉ ݐ݋݋ݎ ݁݊݋ ܾ݁ ݈𝑖݁݊݁݁ݓݐܾ݁ ݏ 𝑖݊ ሺͲ , ͳሻ 

Here ݂ሺͳሻ݁ݑ݈ܽݒ 𝑖݋ݏ ݋ݎ݁ݖ ݋ݐ ݎܽ݁݊ ݏ ݂ሺͲ.ͻሻ  =  Ͳ.ʹ͹ͺͶ > Ͳ ݂ሺͲ.ͺሻ  =  Ͳ.ͳͲ͵͵ > Ͳ ݂ሺͲ.͹ሻ  =  −Ͳ.Ͳ͸Ͷͺ < Ͳ 

Since f(0.7)<0 and f(8)>0  therefore root lies in interval (0.7,0.8)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e  , ݔଶ = ௫బ+ ௫భଶ = ଴.଻+଴.଼ଶ = Ͳ.͹ͷ         ݂ሺͲ.͹ͷሻ =  Ͳ.Ͳͳͺ͵ > Ͳ     

Since  f(0.7)<0  f(0.75)>0   f(0.8)>0   therefore root lies in (0.7,0.75) 

Bisect this interval to get next approximation ݔଷ 

 𝑖. ଷݔ ݁ = ଶݔ + ʹ଴ݔ  = Ͳ.͹ + Ͳ.͹ͷʹ = Ͳ.͹ʹͷ        ݂ሺͲ.͹ʹͷሻ =  −Ͳ.Ͳʹ͵ͷ < Ͳ     
Since  f(0.7)<0  ݂ሺͲ.͹ʹͷሻ < Ͳ  f(0.75)>0      therefore root lies in (0.725,0.75) 

Bisect this interval to get next approximationݔସ 

  𝑖. ସݔ ݁ = ଶݔ + ʹଷݔ  = Ͳ.͹ʹͷ + Ͳ.͹ͷʹ = Ͳ.͹͵͹ͷ        ݂ሺͲ.͹͵͹ͷሻ =  −Ͳ.ͲͲʹ͹ < Ͳ     
Since ݂ሺͲ.͹ʹͷሻ < Ͳ  ݂ሺͲ.͹͵͹ͷሻ < Ͳ  f(0.75)>0      therefore root lies in (0.7375,0.75) 

Bisect this interval to get next approximation ݔହ   
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 𝑖. ହݔ ݁ = ଶݔ + ʹସݔ  = Ͳ.͹͵͹ͷ + Ͳ.͹ͷʹ = Ͳ.͹Ͷʹͷ        ݂ሺͲ.͹Ͷʹͷሻ =  Ͳ.ͲͲͷ͹ > Ͳ 

We continue this procedure till the root is found to the desired accuracy. (stop the procedure 

when two successive approximations are same up to four decamal places)  ܶℎ݁ ݑݍ݁ݎ𝑖ݔ݋ݎ݌݌ܽ ݀݁ݎ𝑖݉ܽݐ݋݋ݎ ݁ݐ = Ͳ.͹͵ͻʹ. 
6. Find a root of an equation ૜࢞ =  𝒄࢕𝒔࢞ +  ૚ using bisection method. 

SOL:Given   ݂ሺݔሻ  = ݔ ͵  − – ݔ ݏ݋ܿ   ͳ ݂ሺͲሻ  =  −ʹ <  Ͳ       ݂ሺͳሻ  =  ͳ.Ͷͷͻ͹ >  Ͳ                                                                     ݂ሺͲ.ͷሻ  =  −Ͳ.͵͹͹͸ <  Ͳ   

Since f(0.5)<0 and f(1)>0  therefore root lies in interval (0.5,1)= (ݔ଴, ݔଵ)  

Bisect this interval to get next approximation ݔଶ 

 i.e  ݔଶ=
௫బ+ ௫భଶ = ଴.ହ+ଵଶ = Ͳ.͹ͷ         ݂ሺͲ.͹ͷሻ = Ͳ.ͷͳͺ͵ > Ͳ 

Since  f(0.5)<0  f(0.75)>0   f(1)>0   therefore root lies in (0.5,0.75) 

Bisect this interval to get next approximation ݔଷ 

 𝑖. =ଷݔ ݁
௫మ+ ௫బଶ = ଴.ହ+଴.଻ହଶ = Ͳ.͸ʹͷ        ݂ሺͲ.͸ʹͷሻ =  Ͳ.Ͳ͸ͶͲ͵ > Ͳ 

Since  f(0.5)<0  ݂ሺͲ.͸ʹͷሻ > Ͳ  f(0.75)>0      therefore root lies in (0.5,0.625) 

Bisect this interval to get next approximationݔସ 𝑖. =ସݔ ݁
௫బ+ ௫యଶ = ଴.ହ+଴.଺ଶହଶ = Ͳ.ͷ͸ʹͷ        ݂ሺͲ.ͷ͸ʹͷሻ =  −Ͳ.ͳͷͺͶ < Ͳ 

  Since  f(0.5)<0  ݂ሺͲ.ͷ͸ʹͷሻ < Ͳ ݂ሺͲ.͸ʹͷሻ > Ͳ  therefore root lies in (0.5625,0.625) 

Bisect this interval to get next approximation ݔହ  𝑖. =ହݔ ݁
௫య+ ௫రଶ = ଴.ହ଺ଶହ+଴.଺ଶହଶ =Ͳ.ͷͻ͵͹ͷ        ݂ሺͲ.ͷͻ͵͹ͷሻ =  −Ͳ.ͲͶ͹ͷ < Ͳ 

We continue this procedure till the root is found to the desired accuracy.  

(stop the procedure when two successive approximations are same up to four decamal places) ܵݐ ݋ℎ݁ ݑݍ݁ݎ𝑖ݔ݋ݎ݌݌ܽ ݀݁ݎ𝑖݉ܽݐ݋݋ݎ ݁ݐ = Ͳ.͸Ͳ͹Ͷ. 
 

7.Find the real root of the equation x
3
-5x+1=0 by  bisection method. 

 
Sol: given that f(x)= x3-5x+1  
  f(0)=1 >0 ,  
             f(1)= -3 <0 
 Hence the root lies between 0 and 1 

 Let the initial approximation be x0 =
2

10 
=0.5 

f(0.5)= -1.375 < 0 
since  f(0) > 0 and f(0.5)<0 
therefore the root lies between 0 and 0.5 

The second approximation x1=
2

5.00 
=0.25 

f(0.25)= -0.234 < 0 
since f(0) > 0  f(0.25) < 0  f(0.5)<0  
therefore the root lies between 0 and 0.25 
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 the third approximation x2=
2

25.00 
=0.125 

Now f(0.125)=0.3749 > 0  
f(0) > 0 f(0.125)>0  f(0.25) < 0   

 therefore the root lies between 0 and 0.125 

continue this procedure till the desired occurucy is obtained. 

 

False Position Method ( Regula – Falsi Method) 

Using  False position method we find the approximate root of the given equation   0f x   in 

in this method first we choose two initial approximate values 0 1x and x  such that ݂ሺݔ଴ሻ and  ݂ሺݔଵሻ will have opposite signs i.e    0 1.f x f x  <0. Therefore the root lies in interaval  ሺݔ଴, ଴ሻݔ
 

Here two cases occur (i)  0f x <0,  1f x >0   (ii)  0f x >0,  1f x <0 

 

 

 

FIGURE OF CASE (I) 

 

 

 

 

                                                                           

 

 

 

                                                       

 

 

 

 Let      0 0 1 1, ,A x f x and B x f x   be the points on the curve  y f x  Then the   

equation to the chord AB is 
௬−𝑓ሺ௫బሻ௫−௫బ = 𝑓ሺ௫భሻ−𝑓ሺ௫బሻ௫భ−௫బ − − − − − −ሺͳሻ

 
 

At the point C where the line AB crosses the x – axis, where ݂ሺݔሻ = Ͳ 𝑖݁, ݕ = Ͳ    

f(x1)>0 

x 
    
   o 

      y 

               
((x0,f(x0)) 

 
(x1,f(x1)) 

       f(x0)<0 

x2 

x3 
root 

A

B 

   C 
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substitute  ݕ = Ͳ  in equation  (1), then we get 

        1 0
0 0

1 0

2
x x

x x f x
f x f x


  


 is given by (2) serves as an approximated value of the root, when the interval in which it ݔ 

lies is small. If the new value of ݔ is taken as 2x  then (2) becomes 

 

  

 
     

   
     

1 0
2 0 0

1 0

0 1 1 0

1 0

3

x x
x x f x

f x f x

x f x x f x

f x f x


 




 



 

     Now we decide whether the root lies between  

 0 2 2 1x and x or x and x
 

     In the above graph clearly  f(x2)<0            

     
Therefore root lies between x1 and x2 

 

      We name that interval as  1 2,x x   

The next approximation is given by
   
   

1 2 2 1
3

2 1

x f x x f x
x

f x f x





 

This will in general, be nearest to the exact root. We continue this procedure till the root 

is found to the desired accuracy. 

The iteration process based on (3) is known as the method of false position  

The successive intervals where the root lies, in the above procedure are named as  

      0 1 1 2 2 3, , , , ,x x x x x x  etc 

Where ݔ௜ < ,଴ሻݔ௜+ଵ  and݂ሺݔ ݂ሺݔ௜+ଵሻ  are of opposite signs. 

Also 
   
   

1 1
1

1

i i i i

i

i i

x f x x f x
x

f x f x

 








 

CASE(II)  0f x >0,  1f x <0 

Repeate same procedure as case(i). 

 

PROBLEMS: 

1. Find an approximate root of the equation ࢌሺ࢞ሻ = ࢞ࢍ࢕࢒ − 𝒄࢕𝒔࢞ by using Regula-Falsi 

method. 

Sol : Given equation is ݂ሺݔሻ = ݔ݃݋݈ − ሺͳሻ݂ ݔݏ݋ܿ = ͳ݃݋݈ − ͳݏ݋ܿ = −Ͳ.ͷͶͲ͵ < Ͳ ݂ሺʹሻ = ʹ݃݋݈ − ʹݏ݋ܿ = ͳ.ͳͲͻ͵ > Ͳ 

 

Since ݂ሺͳሻ < Ͳ  and ݂ሺʹሻ > Ͳ Therefore the root lies in interval ሺͳ,ʹሻ = ሺݔ଴,  ଵሻݔ

Since ݂ሺݔ଴ሻ = −Ͳ.ͷͶͲ͵ < Ͳ  and ݂ሺݔଵሻ = ͳ.ͳͲͻ͵ > Ͳ 

The next approximation to the root is given by  

-------------(3) 
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ଶݔ = ଵሻݔ଴݂ሺݔ − ଵሻݔ଴ሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔ଴ሻ = ͳ.͵ʹ͹ͷ 

  ݂ሺݔଶሻ = ݂ሺͳ.͵ʹ͹ͷሻ = Ͳ.ͲͶʹ͵ͻ > Ͳ 

  

 Since ݂ሺݔ଴ሻ = −Ͳ.ͷͶͲ͵ < Ͳ  , ݂ሺݔଶሻ = Ͳ.ͲͶʹ͵ͻ > Ͳ, ݂ሺݔଵሻ = ͳ.ͳͲͻ͵ > Ͳ 

 

 Therefore the root lies in interval ሺݔ଴, ଶሻݔ = ሺͳ,ͳ.͵ʹ͹ͷሻ            

The next approximation is  ݔଷ = ଶሻݔ଴݂ሺݔ − ଶሻݔ଴ሻ݂ሺݔଶ݂ሺݔ − ݂ሺݔ଴ሻ = ͳ.͵Ͳ͵ͷ 

Continue the procedure until the successive approximations are same up to four decimal 

places 

 

 

2. Find an approximate root of the equation ࢌሺ࢞ሻ = ࢞࢔𝒔𝒊࢞ࢋ − ૚ = ૙ by using Regula-

Falsi method. 

Sol: Given equation is ࢌሺ࢞ሻ = ࢞࢔𝒔𝒊࢞ࢋ − ૚ = ૙ ݂ሺͲሻ = −ͳ < Ͳ ݂ሺͳሻ = ͳ.ʹͺ͹͵ > Ͳ 

Since ݂ሺͲሻ < Ͳ  and ݂ሺͳሻ > Ͳ 

Therefore the root lies in interval ሺͲ,ͳሻ = ሺݔ଴, ଴ሻݔଵሻ                 ݂ሺݔ = −ͳ < Ͳ  and ݂ሺݔଵሻ = ͳ.ʹͺ͹͵ > Ͳ 

The next approximation to the root is given by  ݔଶ = ଵሻݔ଴݂ሺݔ − ଵሻݔ଴ሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔ଴ሻ = Ͳ.Ͷ͵͹ʹ 

 

  ݂ሺݔଶሻ = ݂ሺͲ.Ͷ͵͹ʹሻ = −Ͳ.͵ͶͶͶ < Ͳ 

      ݂ሺݔଵሻ = ͳ.ʹͺ͹͵ > Ͳ  and ݂ሺݔଶሻ = −Ͳ.͵ͶͶͶ < Ͳ 

      Therefore the root lies in interval ሺͲ.Ͷ͵͹ʹ,ͳሻ = ሺݔଵ,             ଶሻݔ

The next approximation is  ݔଷ = ଶሻݔଵ݂ሺݔ − ଶሻݔଵሻ݂ሺݔଶ݂ሺݔ − ݂ሺݔଵሻ = Ͳ.ͷͷ͸ 

Continue the procedure until the successive approximations are same up to four decimal 

places 

 

3. Find an approximate root of the equation ࢌሺ࢞ሻ = ૛࢞ − 𝐥𝐨𝐠૚૙ ࢞ − 𝟕 = ૙ by using 

Regula-Falsi method. 

Sol: Given equation is ࢌሺ࢞ሻ = ૛࢞ − ࢞૚૙ࢍ࢕࢒ − 𝟕 = ૙  ݂ሺͳሻ = −ͷ < Ͳ           ݂ሺʹሻ = −͵.͵ͲͳͲ < Ͳ           ݂ሺ͵ሻ = −ͳ.Ͷ͹͹ͳ < Ͳ 

                                                              ݂ሺͶሻ = Ͳ.͵ͻ͹ͻ > Ͳ 

 

Since ݂ሺ͵ሻ < Ͳ  and ݂ሺͶሻ > Ͳ 
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Therefore the root lies in interval ሺ͵,Ͷሻ = ሺݔ଴, ଴ሻݔଵሻ                 ݂ሺݔ = −ͳ.Ͷ͹͹ͳ < Ͳ  and ݂ሺݔଵሻ = Ͳ.͵ͻ͹ͻ > Ͳ 

The next approximation to the root is given by  ݔଶ = ଵሻݔ଴݂ሺݔ − ଵሻݔ଴ሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔ଴ሻ = ͵.͹ͺ͹ͺ ݂ሺݔଶሻ = −Ͳ.ͲͲʹͺ < Ͳ      

 ݂ሺݔଵሻ = Ͳ.͵ͻ͹ͻ > Ͳ  and ݂ሺݔଶሻ = −Ͳ.Ͳʹʹͺ < Ͳ 

      Therefore the root lies in interval ሺ͵.͹ͺ͹ͺ,Ͷሻ = ሺݔଶ,             ଵሻݔ

The next approximation is  ݔଷ = ଵሻݔଶ݂ሺݔ − ଵሻݔଶሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔଶሻ = ͵.͹ͺͻ͵ 

Continue the procedure until the successive approximations are same up to four decimal 

places 

4.  Find a root of an equation 3x= ࢞ࢋ using False position method. 

Sol. Let   3 x
f x x e   

Then 
   
 
0 1, 0.1 0.8,...

0.6 0.0221192 0, (0.7) 0.086247 0

f f

f f

   

    
 

Since    0.6 . 0.7 0f f   and these values are near to zero 

 Therefore the root lies in the interval (0.6,0.7)= ሺݔ଴,  ଵሻݔ

By False position method  

The next approximation to the root is given by  

ଶݔ  = ଵሻݔ଴݂ሺݔ − ଵሻݔ଴ሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔ଴ሻ = ͵.͹ͺ͹ͺ 

             

                                                    = 
଴.଺𝑓ሺ଴.଻ሻ−଴.଻𝑓ሺ଴.଺ሻ𝑓ሺ଴.଻ሻ−𝑓ሺ଴.଺ሻ  

                                                   =0.620451 

 Since ݂ሺݔ଴ሻ<0         ݂ሺݔଶሻ = f(0.620451)=0.001587>0     ݂ሺݔଵሻ>0 

Therefore the root lies in the interval (0.6, 0.620451)=  ሺݔ଴,  ଶሻݔ

The next approximation to the root is given by 

ଷݔ  = ଶሻݔ଴݂ሺݔ − ଶሻݔ଴ሻ݂ሺݔଶ݂ሺݔ − ݂ሺݔ଴ሻ  

 

                                                       =
଴.଺𝑓ሺ଴.଺ଶ଴ସହଵሻ−଴.଺ଶ଴ସହଵ𝑓ሺ଴.଺ሻ𝑓ሺ଴.଺ଶ଴ସହଵሻ−𝑓ሺ଴.଺ሻ  

                                                       =0.619083 

f (0.619083)=0.000025>0 ∴ ܶℎ݁ ݔ݋ݎ݌݌ܣ𝑖݉ܽݐ݋݋ݎ ݁ݐ 𝑖ݏ Ͳ.͸ͳͻͲ 

5.Find the root of  𝐱𝐥𝐨𝐠૚૙ ࢞ − ૚. ૛ = ૙ using Regula falsi method. 

Sol: 

fሺ࢞ሻ =  𝐱𝐥𝐨𝐠૚૙ ࢞ − ૚. ૛ 
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Here 

f(2)=-0.59<0, 

f(3)=0.23>0 

Since f(2)<0 and f(3) >0 the root lies in the interval  (2,3) = ሺݔ଴,  ଵሻݔ

The next approximation to the root is given by ݔଶ = ଵሻݔ଴݂ሺݔ − ଵሻݔ଴ሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔ଴ሻ  

 

                                                            =
૛ࢌሺ૜ሻ−૜ࢌሺ૛ሻࢌሺ૜ሻ−ࢌሺ૛ሻ  

                                                           =2.7195 

Since  ݂ሺݔ଴ሻ<0         ݂ሺݔଶሻ = f(2.7195)=-0.0184<0      ݂ሺݔଵሻ>0 

Therefore the root lies in the interval(2.7195,3)= ሺݔଶ,  ଵሻݔ

The next approximation to the root is given by ݔଷ = ଵሻݔଶ݂ሺݔ − ଵሻݔଶሻ݂ሺݔଵ݂ሺݔ − ݂ሺݔଶሻ  

                                                          = ૛.𝟕૚𝟗૞ ࢌሺ૜ሻ−૜ࢌሺ૛.𝟕૚𝟗૞ሻࢌሺ૜ሻ−ࢌሺ૛.𝟕૚𝟗૞ሻ  

                                                          =2.7403 

 f(2.7403)=-0.000302<0 

Clearly f(2.7403) is nearly equal to zero up to 3 decimal places ∴ ܶℎ݁ ݔ݋ݎ݌݌ܣ𝑖݉ܽݐ݋݋ܴ ݁ݐ 𝑖ݏ ʹ.͹ͶͲ 

 

6.By using Regula - Falsi method, find an approximate root of the equation 
4 10 0x x    that lies between 1.8 and 2. Carry out three approximations 

Sol. 

Let us take   4 10f x x x    and 0 11.8, 2x x    

Then    0 1.8 1.3 0f x f     and    1 2 4 0f x f    

 Since  0f x  and  1f x are of opposite signs,the equation   0f x   has a root between 

0 1x and x   

 The first order approximation of this root is  

   

     

 

1 0
2 0 0

1 0

2 1.8
1.8 1.3

4 1.3

1.849

x x
x x f x

f x f x


 




   




 

 We find that  2 0.161f x    so that    2 1f x and f x  are of opposite signs. Hence the 

root lies between 2 1x and x  and the second order approximation of the root is  
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     

 

1 2
3 2 2

1 2

.

2 1.849
1.8490 0.159

0.159

1.8548

x x
x x f x

f x f x

 
    

      


 

 We find that    3 1.8548f x f  

      0.019   

 So that    3 2f x and f x  are of the same sign. Hence, the root does not  lie between 

2 3x and x .But    3 1f x and f x  are of opposite signs. So the root lies between 

3 1x and x  and the third order approximate value of the root is  ݔସ = ଷݔ − [ ௫భ−௫య𝑓ሺ௫భሻ−𝑓ሺ௫యሻ] ݂ሺݔଷሻ  = ͳ.ͺͷͶͺ − ଶ−ଵ.଼ହସ଼ସ+଴.଴ଵଽ × ሺ−Ͳ.Ͳͳͻሻ  

The approximate value of x = ͳ.ͺͷͷ͹   

 
       

 

ITERATION METHOD: 

 

Consider an equation   0f x   which can taken in the form    1x x   

where  x  satisfies the following conditions 

(i) For two real numbers a and b, a x b   implies  a x b   and  

(ii) For all 1 11,x x  lying in the intervalሺܽ, ܾሻ,  we have 

   1 11 1 11
x x m x x      

where m is a constant such that 0 1m   
Then, it can be proved that the equation (1) has a unique root ‘ ’ in the interval (a,b). To 

find the approximate value of this root, we start with an initial approximation 0x  of the root

' '  and find  0x  

We put  1 0x x  and take 1x  as the first approximation of ' '  

Next, we put  2 1x x  and take 2x  as the second approximation  of  .Continuing the 

process, we get the third approximation 3x , the forth approximation 4x , and so on. 

The nth approximation is given by    1 , 1 2n nx x n     

In this process of finding successive approximation of the root  , an  approximation  of   is 

obtained by substituting the preceding approximation in the function  x  which is known. 

Such a process is called on iteration process. The successive approximations 1 2,x x … 

obtained by iteration are called the iterates. The nth approximation nx is called the nth iterate. 

A formula  1 , 1n nx x n    is called an iterative formula. 

 



MATHEMATICS-II INTERPOLATION 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 13 
  

 

Convergence of An Iteration:- 

Since 1 2 3, , ........ nx x x x  are taken as successive approximations of the root 𝛼,  each 

approximation is nearest to   than the preceding approximation, so that for large n, nx  may 

be taken to be almost equal to 𝛼.   In other words, if the sequence {ݔ𝐼𝐼} converges to 𝛼, we 

can say that the iteration process is convergent. We state below a theorem with out proof 

giving a sufficient condition for the convergence of the iteration given by  1 , 1n nx x n  
 

Note:-  Let I be an interval containing a root   of the equation (1). If [𝜙ଵሺݔሻ] < ͳ 
 
 for all x 

in I, then for any value of 0x  in I, the iteration  given by (2) is convergent. 

 

PROBLEMS: 

1 . Explain the iterative method approach in solving the problems. 

Sol:      In Latin the word iterate means to repeat. Iterative methods use a process of obtaining 

better and better estimates of solution with each iteration (or) repetitive computation. This 

process continues until an acceptable solution is found                                      

 The steps involved in an iterative method are  

1. Develop an algorithm to solve a problem step-by-step 

2. Make an initial guess or estimate for the variables (or) variables of the solution. The 

initial estimates should be reasonable. Success in the solution is dependent of the 

selection of proper initial values of variables 

3. Better and better estimates are obtained in the progressive iterations by using the 

algorithm developed. 

4. Stop the iteration process after reaching an acceptable solution, based on a reasonable 

criteria being met. 

 

2.     Explain the classification  of iterative method based on the number of guesses 

Sol. Iterative methods can be classified into two categories based on the number of 

guesses  

       1. Interpolation methods – also called as bracketing methods 

       2.  Extrapolation methods – also called as open end methods 

Two estimates are made for the root in the interpolation methods. One is positive value for 

the function  f x  and the other gives a negative value for the function  f x . This means 

that the root is bracketed between these two values 

By proper selection, the gap between the two estimates can be reduced further to arrive at 

every small gap. Two popular methods of this type are 

a) Bi-section method b)False position method 

A single value, which is called as initial estimate is chosen in the extrapolation 

methods. The new value of the root is successively computed in each step, depending on the 

algorithm. This process is continued untill the difference between the values of two 

successive  iterations is small enough to stop the iteration process. Some methods of this type 

are Newton- Raphson method 
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3.Find a root of an equation ૛࢞ – =  ࢞ ࢍ࢕࢒   𝟕  using  iterative method. 

SOL: 

Given ݂ሺݔሻ = – ݔʹ  − ݔ ݃݋݈   ͹  ݂ሺͳሻ =-5<0 ݂ሺʹሻ =-3.3068<0 ݂ሺ͵ሻ =-2.099<0 ݂ሺͶሻ = -0.387<0 ݂ሺͷሻ = ͳ.͵ͻͲͷ>0 

Since ݂ሺͶሻ < Ͳ and ݂ሺͷሻ > Ͳ therefore root lies in interval ሺͶ,ͷሻ 

Given equation is   ʹݔ – – ݔ ݃݋݈   ͹ = Ͳ ---------(1) 

Solve eqution (1) for ݔ 

i.e ݔ = 𝟕૛+࢞ࢍ࢕࢒      and   ݔ = ݁ଶ௫−଻ ----------------(2) 

we have ݔ = ∅ሺݔሻ---------------------------(3) 

comparing (2) and (3)  then we have ∅ሺݔሻ = 𝟕૛+࢞ࢍ࢕࢒    and  ∅ሺݔሻ = ݁ଶ௫−଻ 

choose ∅ሺݔሻ such that |∅′ሺݔሻ|<1 in (4,5) 

choose  ∅ሺ࢞ሻ = 𝟕૛+࢞ࢍ࢕࢒  for which ∅′ሺݔሻ=
ଵଶ௫ and  |∅′ሺݔሻ|<1 in (4,5) 

Choose ݔ଴ = ସ+ହଶ =4.5 

We know that by iteration method ݔ௡+ଵ = ∅ሺݔ௡ሻ ; ݊ =0,1,2,3---- 

For ݊ = Ͳ ݔଵ=∅ሺݔ଴ሻ=∅ሺͶ.ͷሻ = log ሺͶ.ͷሻ+͹ʹ =4.252 

=ଵሻݔଶ=∅ሺݔ  
l୭୥ ሺସ.ଶହଶሻ+଻ଶ =4.2236 

=ଶሻݔଷ=∅ሺݔ 
l୭୥ ሺସ.ଶଶଷ଺ሻ+଻ଶ =4.2203 

Continue the procedure until to get a desired accuracy. 

 

4.By the fixed point iteration process, find the root correct to 3-decimal places, of  

 the equation 3 cos 1x x   

Sol: Given 3 cos 1x x   
f(0.5)= - 0.33<0   

 f(1)=1>0  

Since ݂ሺͲ.ͷሻ < Ͳ and ݂ሺͳሻ > Ͳ therefore root lies in interval ሺͲ.ͷ,ͳሻ 

The given equation is of the form  x x  

Where   1 cos

3

x
x 
  

 1 sin / 3 1x x for all x    

Hence, the iteration process  1n nx x   is convergent in every interval.  

Choose f(0.5)= - 0.33<0      f(1)=1>0 
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Here f(0.5) is near to zero  so choose x0=0.5 

Then, by iteration formula  1n nx x   

  

   
   
   

1 0

2 1

3 2

(cos 0.5 1) / 3 0.625861

(cos 0.5 1) / 3 0.603486

(cos 0.5 1) / 3 0.607787

x x

x x

x x







   

   

   

 

Similarly we get,  

  4 0.607x 
 

By observing these iterations, we conclude the approximate Root as 0.607 for the required 

root correct to three decimal places 

 

5.Solve 11 tanx x
   by iteration method 

Sol:Let ݂ሺݔሻ = ݔ − ͳ − tan−ଵ ሺͲሻ݂ .ݔ = −ͳ < Ͳ ݂ሺͳሻ = −Ͳ.͹ͺͷ < Ͳ ݂ሺʹሻ =-0.10714<0 ݂ሺ͵ሻ = Ͳ.͹ͷͲͻ > Ͳ 

Since ݂ሺʹሻ < Ͳ and ݂ሺ͵ሻ > Ͳ therefore root lies in interval ሺʹ,͵ሻ 

 

The given equation is of the form  x x  

where 𝜙ሺݔሻ = ͳ + ሻݔ𝜙ଵሺ ݁ݎ݁ܪ ,ݔଵ−݊ܽݐ = ଵଵ+௫మ < ͳ  

Hence the process converges in the intervalሺʹ,͵ሻ 

and we take   
1

1 1 tani ix x


    

choose ݔ଴ = ʹ ∴ ଵݔ  = ͳ + tan−ଵሺʹሻ = ʹ.ͳͲ͹ͳ  ݔଶ = ͳ + tan−ଵሺʹ.ͳͲ͹ͳሻ = ʹ.ͳʹ͹͸  ݔଷ = ͳ + tan−ଵሺʹ.ͳʹ͹͸ሻ = ʹ.ͳ͵ͳͶ ݔସ = ͳ + tan−ଵሺʹ.ͳ͵ͳͶሻ = ʹ.ͳ͵ʹͳ ݔହ = ͳ + tan−ଵሺʹ.ͳ͵ʹͳሻ = ʹ.ͳ͵ʹʹ ݔ଺ = ͳ + tan−ଵሺʹ.ͳ͵ʹʹሻ = ʹ.ͳ͵ʹʹ     
Hence the root is 2.1322(correct up to four decimal places) 
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NEWTON RAPHSON METHOD: 

 

The Newton- Raphson method is a powerful and eligant method to find the root of an 

equation. This method is generally used to improve the results obtained by the previous 

methods. 

Let 0x  be an approximate  root of   0f x   and let 1 0x x h   be the correct root 

which implies that   1 0f x  . We use Taylor’s theorem and expand    1 0 0f x f x h    

   
 
 

1
0 0

0

1
0

0f x hf x

f x
h

f x

  

  
 

Substituting this in 1x  ,we get 

 
 

0
1 0 1

0

f x
x x

f x
   

1x  is a better approximation than 0x  

Successive approximations are given by 

,ଶݔ  ଷݔ … … … . . ௜+ଵݔ  ௡+ଵ whereݔ = ௜ݔ − 𝑓ሺ௫𝑖ሻ𝑓భሺ௫𝑖ሻ     
 

GEOMETRICAL INTERPRETATION 

From below diagram tan𝜃=
௢௣௣௔𝑑௝=

𝑓ሺ௫଴ሻ௫௢−௫ଵ………………(1) 

But slope =tan𝜃 = ݂𝐼(x0)   ……………(2) 
From (1) and (2)   we have  

             

 
 

0
1 0 1

0

f x
x x

f x
 
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PROBLEMS 

1. Using Newton – Raphson method 

 a) Find square root of a number 

 b) Find reciprocal of a number 

Sol. a) Square root:- 

Let   2 0f x x N   , where N is the number whose square root is to be found. The 

solution to  f x  is then x N  

Here  ' 2f x x  

By Newton-Raphson technique 

 
 
 

2

1 1 2
i i

i i i

i i

f x x N
x x x

f x x



     

  1

1

2
i i

i

N
x x

x


 
   

 
 

Using the above iteration formula the square root of any number N can be found to 

anydesired accuracy. For example, we will find the square root of 24N  .  

Let the initial approximation be 0 4.8x  ଵݔ  = ଵଶ ቀͶ.ͺ + ଶସସ.଼ቁ = ଵଶ ቀଶଷ.଴ସ+ଶସସ.଼ ቁ = ସ଻.଴ସଽ.଺ = Ͷ.ͻ  

  
2

3

1 24 1 24.01 24 48.01
4.9 4.898

2 4.9 2 4.9 9.8

1 24 1 23.9904 24 47.9904
4.898 4.898

2 4.898 2 4.898 9.796

x

x

          
   

          
   

 

Since 2 3x x , there fore the solution to   2 24 0f x x    is 4.898 . That means,  

the square root of 24 is 4.898  
b) Reciprocal:-   

 The reciprocal of Let   1
0f x N

x
    where N is the number whose reciprocal is to be 

found 

The solution to  f x is then = ଵ𝑁 . Also,  1

2

1
f x

x


  

To find the solution for   0f x  , apply Newton – Raphson method ௜+ଵݔ  = ௜ݔ − ( భ𝑥𝑖−𝑁)−ଵ ௫𝑖మ⁄ = ʹ௜ሺݔ −   ௜𝑁ሻݔ

For example, the calculation of reciprocal of 22 is as follows 

Assume the initial approximation be 0 0.045x   
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 
 
 

 
 
 
 
 

1

2

3

0.045 2 0.045 22

0.045 2 0.99

0.0454 1.01 0.0454

0.0454 2 0.0454 22

0.0454 2 0.9988

0.0454 1.0012 0.04545

0.04545 2 0.04545 22

0.04545 1.0001 0.04545

x

x

x

   

 

 

  

 

 

  

 

 

ସݔ = Ͳ.ͲͶͷͶͷሺʹ − Ͳ.ͲͶͷͶͷ × ʹʹሻ  = Ͳ.ͲͶͷͶͷሺʹ − Ͳ.ͻͻͻͻͺሻ  = Ͳ.ͲͶͷͶͷሺͳ.ͲͲͲͲʹሻ  

 = Ͳ.ͲͶͷͶͷͲͻ  ∴Reciprocal of 22  is 0.04545 

2. Find by Newton’s method, the real root of the equation ࢞ࢋ࢞ = 𝒄࢕𝒔࢞ correct to 

three decimal places. 

Sol. Let  𝒄࢕𝒔࢞ − ࢞ࢋ࢞  =  ሻ࢞ሺࢌ

Then  0 1 0f  
 
,  0.5 0.053 0 (0.6) 0.267 0f f      

So root of  f x  lies between 0.5 and 0.6 

      Here f(0.5) value is near to zero 

f(1) is near to zero. So we take 0 0.5x   and  1 sin (x 1)ex
f x x     

 By Newton Raphson method,we have                                                ݔ௜+ଵ = ௜ݔ − 𝑓ሺ௫𝑖ሻ𝑓భሺ௫𝑖ሻ                           for i=0,1,2…. 

First approximation is given by 

                                             
 
 

0
1 0 1

0

f x
x x

f x
   

            
0.53222

0.5 0.68026
2.952507

  


 

The second approximation  is given by           

                                                       

 
 

1
2 1 1

1

f x
x x

f x
   

           

0.56569
0.68026

3.946485

0.536920

 



 

 Continue like above we have x3= 0.51809    x4=  0.517757      

Approximate Root = 0.517    

3. Find a root of an equation ࢞ࢋ sinx = 1 using Newton Raphson method 

Sol :  f(x)= ࢞ࢋ sinx -1 

f(0)=-1<0 

f(0.1)=-0.8<0  …. 
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f(0.5)=-0.209561<0 

f(0.6)=0.028846>0 

 Since f(0.5)<0 and f(0.6)>0 the root lies in the interval(0.5,0.6) 

 but f(0.6) value is near to zero 

So choose  x0 =0.6  

 and ݂𝐼(x)=(cosx +sinx)݁௫ 

By applying Newton Raphson method,we have                           ݔ௜+ଵ = ௜ݔ − 𝑓ሺ௫𝑖ሻ𝑓భሺ௫𝑖ሻ      for i=0,1,2….. 

First approximation 
 
 

0
1 0 1

0

f x
x x

f x
   

            
0.028846

0.6 0.58861
2.532705

    

The second approximation 
 
 

1
2 1 1

1

f x
x x

f x
   

                     

0.000196
0.588611

2.498513

0.588533

 


 

∴  Ͳ.ͷͺͺ ݏ𝑖 ݐ݋݋ܴ ݁ݐ𝑖݉ܽݔ݋ݎ݌݌ܣ

4.Find a root of an equation x+𝐥𝐨𝐠૚૙  .using Newton raphson method 2 = ࢞

SOL: 

Given ࢌሺ࢞ሻ = ࢞ + ૚૙ࢍ࢕࢒ − ࢞ ૛ 

Here 

f(1)=-1<0 

f(2)=0.301>0 

 Since f(1)<0 and f(2)>0 the root lies in the interval (1,2) 

Here f(2)is near to zero 

So f(1.9)=0.1788>0;  f(1.8)=0.0553>0 

Since f(1.8) is near to zero 

Choose ݔ଴ = ͳ.ͺ then ݂𝐼ሺݔሻ = ͳ + logଵ଴ ݔ݁  

By Newton Raphson method,we have                           ݔ௜+ଵ = ௜ݔ − 𝑓ሺ௫𝑖ሻ𝑓భሺ௫𝑖ሻ      for i=0,1,2….. ݔଵ = ଴ݔ − 𝑓𝐼ሺ௫బሻ𝑓ሺ௫బሻ =1.8 – 
଴.଴ହହହଵ.ଶସଵଶ =1.7552 

Now f(1.7552)=-0.00013 and ࢌ𝑰ሺ૚. 𝟕૞૞૛ሻ = ૚. ૛૝𝟕૜ ݔଶ = ଵݔ − 𝑓𝐼ሺ௫భሻ𝑓ሺ௫భሻ  =1.7555 

Now f(1.7555) =-0.00000012 

Hence Approximate root is 1.7555(coorect to 4 decimal places) 
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5. Using Newton – Raphson method 

 a) Derive formula for cube root of a number 

 b) Find cube root  of 15. 

SOL:Let   f(x) = ݔ͵ = 𝑁  ݓℎ݁݁ݎ 𝑁 𝑖ݐ ݏℎ݁ ݓ ݎܾ݁݉ݑ݊ ݈ܽ݁ݎℎ݀݊ݑ݋݂ ܾ݁ ݋ݐ ݐ݋݋ݎ ݁ݏ݋. 
Solution to f(x) is then ݔ͵ = 𝑁   ݂′ሺݔሻ =  ʹݔ͵

Newton Raphson formula to find 𝑋𝑖+ͳ = 𝑋𝑖 − ݂ሺ𝑋𝑖ሻ݂′ሺ𝑋𝑖ሻ  = 𝑋௜ − 𝑋య−𝑁ଷ𝑋మ  

Here  f(2) = -7 < 0  and f(2.5) = 0.625 > 0 

so one root  lies between (2,2.5)  

take initial approx value is ݔͲ = ʹ   

using  Newton Raphson formula 𝑋𝑖+ͳ = 𝑋𝑖 − ݂ሺ𝑋𝑖ሻ݂′ሺ𝑋𝑖ሻ 𝑋ͳ = ʹ − ሺʹሻ͵ − ͳͷ͵ሺʹሻʹ = ʹ.ͷͺ͵͵͵ 

𝑋ʹ = ʹ.ͷͺ͵͵͵ − ሺʹ.ͷͺ͵͵͵ሻ͵ − ͳͷ͵ሺʹ.ͷͺ͵͵͵ሻʹ = ʹ.Ͷ͹ͳͶͶ 

𝑋͵ = ʹ.Ͷ͹ͳͶͶ − ሺʹ.Ͷ͹ͳͶͶሻ͵ − ͳͷ͵ሺʹ.Ͷ͹ͳͶͶሻʹ = ʹ.Ͷ͸͸ʹʹ 𝑋Ͷ = ʹ.Ͷ͸͸ʹʹ − ሺʹ.Ͷ͸͸ʹʹሻ͵ − ͳͷ͵ሺʹ.Ͷ͸͸ʹʹሻʹ = ʹ.Ͷ͸͸ʹͳ ∴ ଼ݔ    ≅ ଽݔ   = ʹ.Ͷ͸͸ʹʹͳ( upto 4 decimal places)  is the required approximate root.  

 

6.Find a real root of the equation3 x = cos x + 1 Using Newton Raphson method. 

f(x) = 3 x- cos x – 1 

f(0) = -2 < 0 

f(1) = 1.4597 > 0 

The root lies between 0 and 1. 

Let 0 1x   

using  Newton Raphson formula,we have                           ݔ௜+ଵ = ௜ݔ − 𝑓ሺ௫𝑖ሻ𝑓భሺ௫𝑖ሻ      for i=0,1,2….. 

 
'(x) 3 sinf x   
' (1) 3 sin1 3.8414f     

First approximate root ݔଵ = ଴ݔ − 𝑓𝐼ሺ௫బሻ𝑓ሺ௫బሻ    =1-
0.4597

3.8414
   =0.8804 

(0.8804) 2.6412 0.6368 1 1.0044f      

And  ' (0.8804) 3.7709f   

Second approximation is 1
2 1 '

1

( )

( )

f x
x x

f x
   =   1-

1.0044

3.7709
 =0.8804-0.2663=0.6141 

(0.6141) 1.8423 0.8172 1 0.0251f

and

   
 

'(0.0251) 3.5762f   
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Third approximation is 2
3 2 '

2

( )

( )

f x
x x

f x
   =0.6141-

0.0251

3.5762
  =0.6141-0.007=0.6071 

 (0.6071) 1.8213 0.8213 1 0f      

Hence Required Root is 0.6071 

7. Find the root between 0 and 1 of the equation x
3
-6x+4 = 0 correct to five decimal 

places. 

Sol: Let f(x)= x3-6x+4 
f(0)=4 >0  and f(1)= -1 <0 
therefore the root lies between 0 and 1. 
Let the root is nearer to 1. 
So, x0=1 
f΄(x)=3x2-6 , f΄(1)= -3 
The first approximation to the required root is 

x1= x0 - 
)(

)(

0

0

xf

xf


= 

3

2
=0.66666 

Second approximation is given by 

           x2= x1 - 
)(

)(

1

1

xf

xf


= 0.73015 

Third approximation is given by 

x3= x2 - 
)(

)(

2

2

xf

xf


= 0.73204 

Fourth approximation is given by 

x4= x3 - 
)(

)(

3

3

xf

xf


= 0.73205 

The root is 0.73205 correct to five decimal places 

 

ORDER OF CONVERGENCE 

  The deviation from the approximate root with actual root is called ERROR. 

   Error at n th  ,(n+1) iterations are 

           ݁௡ = ௡   - 𝛼  ;                ݁௡+ଵݔ =    ௡ +ଵ - 𝛼ݔ

If    ࢔ࢋ+૚ ≤  .’then the method is said to be of order ‘p  ࢖࢔ࢋ  ࢑
NOTE: 

1.The method converges very fast if ‘k’ is very very small and ‘p’ is large.  

2.Regula falsi and iteration methods converge Linearly. 

 
1.Show Bisection method converges LINEARLY. 

 

Sol: Choose initial approximations a, b such that  f(a).f(b)<0 

And let first approximation be ݔଵ 

Distance between a and ݔଵ   =ݔଵ-a =
௔+௕ଶ -a=

௕−௔ଶ  

Distance between b and ݔଵ   =ܾ − ܾ= ଵݔ − ௔+௕ଶ =
௕−௔ଶ  

Here say Root 𝛼 lies between a and ݔଵ   or b and ݔଵ 

≥|ଵ-𝛼ݔ| ௕−௔ଶ  
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After n iterations, we get  |ݔ௡-𝛼|≤ ௕−௔ଶ𝑛 ≥|௡+ଵ-𝛼ݔ|  ଵଶ ௕−௔ଶ𝑛  ݁௡+ଵ ≤ ଵଶ ݁௡ଵ       ∴   ݕ݈ݎ𝑖݈݊݁ܽ ݏ݁݃ݎ݁ݒ݊݋ܿ ݀݋ℎݐ݁݉ ݊݋𝑖ݐܿ݁ݏ𝑖ܤ
2.Show  Newton Raphson method converges Quadratically 

Sol:Let ݔ𝑟be the actual root and ݔ௜, ݔ௜+ଵare ith,(i+1)th iterations in NRM.Then 

 

 

 

1ix   1
if x = ix  1

if x -f(xi) 

f(xi)=  1
if x ( ix - 1ix  )…………….(1) 

Taylor’s theorem around x=xr 

Is   given by f(xr)=f(xi+h 

                             = f(xi)+ ሺݎݔ − 𝑖ሻ ݔ 1
if x +

ሺ௫𝑟−௫௜ሻమଶ ݂𝐼𝐼  ix + ⋯ ….(2) 

            Neglecting higher order terms and sub (1) in (2) ,we get 

0=  1
if x -𝑟ݔ) 1ix  )+ሺݎݔ − 𝑖ሻ ݔ 1

if x +
ሺ௫𝑟−௫௜ሻమଶ ݂𝐼𝐼  ix  

Solving 
  

݁௜+ଵ=-1/2 (
𝑓𝐼𝐼  ix𝑓𝐼ሺ𝑋𝑖ሻ ሻ݁௜2   Where p=2 and k==-1/2 (

𝑓𝐼𝐼  ix𝑓𝐼ሺ𝑋𝑖ሻ ) 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 1 1

i

i i

i

f x
x x

f x
  
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INTERPOLATION 
 

INTERPOLATION : 

Introduction: 

 If we consider the statement   0; ny f x x x x    we understand that we can find the 

value of ݕ, corresponding to every value  of ݔ in the range 0 nx x x  . If the function  f x  

is single valued and continuous and is known explicitly then the values of  f x  for certain 

values of ݔ like 0 1, ,......... nx x x  can be calculated. The problem now is if we are given the set 

of tabular values ݔ ݕ ௡ݔ …………… ଶݔ ଵݔ ଴ݔ ∶  ௡ݕ .…………… ଶݕ ଵݕ ଴ݕ ∶

 

 Satisfying the relation  y f x  and the explicit definition of  f x  is not known, it 

is possible to find a simple function say 𝜙ሺݔሻ  such that  f x  and  x  agree at the set of 

tabulated points. This process to finding  x  is called interpolation. If  x   is a 

polynomial then the process is called polynomial interpolation and  x  is called 

interpolating polynomial. In our study we are concerned with polynomial interpolation 

OR 

Let  0 1, nx x x       be the values ݔ and 0 1 2, , , , ny y y y    be the values of ݕ and ݕ = ݂ሺݔሻ be a unknown function .The process to find the value of the unknown function ݕ = ݂ሺݔሻ when the given value of ݔ and the value of ݔ lies within the limits 0 nx to x  is called 

interpolation 
 

Extrapolation: 

 Let  0 1, nx x x       be the values x and 0 1 2, , , , ny y y y    be the values of y and y=f(x) be 

a unknown function .The process to find the value of the unknown function y=f(x) when the 

given value of x and the value of x lies outside the range of 0 nx to x  is called Extrapolation 

Note: If the differences of x values are equal in the given data then it is called equal spaced 
points otherwise it is called unequal spaced points 
Note: 

i) Suppose a given value of x is nearer to starting value of x then we use  Newton’s 
forward interpolation formula. 

ii) Suppose a given value of x is nearer to ending value of x then we use Newton’s 
backward interpolation formula. 

iii) Suppose a given value of x is nearer to middle value of x then we use Gauss 
interpolation formula. 
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iv)  Suppose the given data has unequal spaced points then we use Lagrange’s 
interpolation formula 

 

Finite Differences:  

Finite differences play a fundamental role in the study of differential calculus, which is an 

essential part of numerical applied mathematics, the following are the finite differences. 

1. Forward Differences  2. Backward Differences  3. Central Differences 

  

1.Forward Differences: The Forward Difference operator is denoted by  , The forward 

differences are usually arranged in tabular columns as shown in the following table called a 

Forward difference table 

Values 

of x 

Values of 

y 

First differences Second 

differences 

Third differences Fourth differences 

ox  0y      

  
0 1 0y y y       

1x  1y   2
0 1 0y y y   

 

  

  
1 2 1y y y     3 2 2

0 1 0y y y   
 

 

2x  2y   2
1 2 1y y y   

 

 4 3 3
0 1 0y y y   

 

  
2 3 2y y y     3 2 2

1 2 1y y y      

3x  3y   2
2 3 2y y y   

 

  

ସ 4yݔ ଷݕ∆  = ସݕ −     ଷݕ
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2. Backward Differences: The Backward Difference operator is denoted by  and the 

backward difference table is 

   

x y y 2y 3y 4y 

x0 

 
x1 

 
x2 

 
x3 

 
x4 

y0 

 
y1 

 
y2 

 
y3 

 
y4 

 
y1 

 
y2 

 
y3 

 
y4 

 
 

2y2 

 
2y3 

 
2y4 

 
 
 

3y3 

 
3y4 

 
 
 
 

4y4 

 

 

3.Central Difference Table: The central difference operator is denoted by 𝛿 and the 

central Difference table is 

 

x Y 𝛿y δ2y δ3y δ4y 

x0 

 
x1 

 
x2 

 
x3 

 
x4 

y0 

 
y1 

 
y2 

 
y3 

 
y4 

 
δy1/2 

 
δy3/2 

 
δy5/2 

 
δy7/2 

 
 

δ2y1 

 
δ2y2 

 
δ2y3 

 
 
 
δ3y3/2 

 
δ3y5/2 

 
 
 
 

δ4y4 

 

 

Symbolic Relations and Separation of symbols: 

 We will define more operators and symbols in addition to ,  and  already 

defined and establish difference formulae by Symbolic methods 

Definition:- The averaging operator  is defined by the equation  

Definition:-   The shift operator E is defined by the equation . This shows that the 

effect of E is to shift the functional value to the next higher value . A second 

operation with E gives  

Generalizing  

 

  

  1/2 1/2

1

2
r r ry y y   

1r rEy y 

ry 1ry 

   2
1 2r r r rE y E Ey E y y   

n r

r nE y y 
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Definition:- 

Inverse operator   is defined as  

 In general  

Definition :- 

 The operator D is defined as ݕܦሺݔሻ = 𝑑𝑑௫   [ሻݔሺݕ]
 

Relationship Between operators:  

i) Relation between  

Proof:  We have ∆ݕ଴ = ଵݕ −   ଴ݕ

    = ଴ݕܧ − ଴ݕ = ሺܧ − ͳሻݕ଴ 

                                                 ⟹ ∆≅ ܧ − ͳሺݎ݋ሻܧ = ͳ + ∆ 

ii)  

Pf:   We have ݕ׏ଵ = ଵݕ −  ଴ݕ

ଵݕ׏                         = ଵݕ −  ଵݕଵ−ܧ

ଵݕ׏                         = ሺͳ −  ଵݕଵሻ−ܧ

                        

iii)  

 Pf : We have 𝛿ݕభమ = ଵݕ −  ଴ݕ

                               = భమݕభమܧ −  భమݕభమ−ܧ

                        𝛿ݕభమ = ሺܧభమ −  భమݕభమሻ−ܧ

                          

iv)  

Pf:  we have 𝜇ݕ𝑟 = ଵଶ ሺݕ𝑟+భమ +  𝑟−భమሻݕ

                             𝜇ݕ𝑟 = ଵଶ ሺܧభమݕ𝑟 +  𝑟ሻݕభమ−ܧ

                             𝜇ݕ𝑟 = ଵଶ ሺܧభమ +    𝑟ݕభమሻ−ܧ

                             𝜇 = ଵଶ ሺܧభమ +     భమሻ−ܧ

v)  

1
E

 1
1r rE y y




n

n r nE y y




and E

11 E
 

11 E
 

1/2 1/2
E E  

1/2 1/2
E E  

 1/2 1/21

2
E E  

2 21
1

4
  
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Pf: L.H.S = 𝜇ଶ = [ଵଶ ሺܧభమ + భమሻ]ଶ−ܧ
 

                         = ଵସ ሺܧ + ଵ−ܧ + ʹሻ    

                         = ଵସ [ቀܧభమ − భమቁଶ−ܧ + Ͷ    ] 

                          = ଵସ ሺ𝛿ଶ + Ͷሻ=R.H.S 

vi). Prove that ∆= ଵଶ 𝛿ଶ + 𝛿√ͳ + ଵସ 𝛿ଶ 

Pf:  Let R.H.S= ଵଶ 𝛿ଶ + 𝛿√ͳ + ଵସ 𝛿ଶ 

                       = ଵଶ 𝛿[𝛿 + ʹ√ͳ + ଵସ 𝛿ଶ ] 

                        = ଵଶ 𝛿[𝛿 + √Ͷ + 𝛿ଶ ] 

                       = ଵଶ 𝛿[ሺܧభమ − భమሻ−ܧ + √Ͷ + ሺܧభమ −  భమሻଶ−ܧ

                      = ଵଶ 𝛿[ሺܧభమ − భమሻ−ܧ + √ሺܧభమ +             భమሻଶ−ܧ

                      = ଵଶ 𝛿 [ሺܧభమ − భమቁ−ܧ + ሺܧభమ +  భమሻ−ܧ

                      = ଵଶ 𝛿. ʹ.  భమܧ

                      = 𝛿.  భమܧ

                       = ሺܧభమ − .భమሻ−ܧ        భమܧ

                      = ܧ − ͳ = ∆ =R.H.S. 

vii) Relation between the Operators D and E 

Using Taylor’s series we have,  

This can be written in symbolic form 

    

ܧ                             = ݁ℎ𝑑  

 If  is a polynomial of degree ݊ and the values of ݔ are equally spaced then 

 is a constant 

Note: 

1. As  is a constant, it follows that  

         
2 3

1 11 111

2! 3!

h h
y x h y x hy x y x y x     

2 2 3 3

1 .
2! 3! X

hD

x x

h D h D
Ey hD y e y

 
       
 

 f x

 n
f x

 n
f x    1 20, 0,........n n

f x f x
    
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2. The converse of above result is also true. That is, if  is tabulated at equal 

spaced intervals and is a constant, then the function  is a polynomial of 

degree n 

3. ∆ଶfሺxሻ = ∆ሺ∆ሺfሺxሻሻ 

Problems : 

1.Evaluate  

  

             (iv). If the interval of difference is unity then prove that  

ݔሺݔ]∆                      + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ = Ͷሺݔ + ͳሺݔ + ʹሻሺݔ + ͵ሻሻ 

Sol: Let h be the interval of differencing  

 

  ∆ଶsinሺpx + qሻ = ʹsin ୮୦ଶ ∆ [sin [px + q + ଵଶ ሺπ + phሻ]] 

     ሺ𝑖𝑖𝑖ሻ ∆݁௔௫+௕ = ݁௔ሺ௫+ℎሻ+௕ − ݁௔௫+௕  = ݁ሺ௔௫+௕ሻሺ݁௔ℎ−ଵሻ ∆ଶ݁௔௫+௕ = ∆[∆ሺ݁௔௫+௕ሻ] = ∆[ሺ݁௔ℎ − ͳሻሺ݁௔௫+௕ሻ] = ሺ݁௔ℎ − ͳሻଶ∆ሺ݁௔௫+௕ሻ = ሺ݁௔ℎ − ͳሻଶ݁௔௫+௕ 

  Proceeding on, we get  

iv) Let ݂ሺݔሻ = ݔሺݔ + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ 

        given  ℎ = ͳ 

      we know that ∆݂ሺݔሻ = ݂ሺݔ + ℎሻ − ݂ሺݔሻ 

 n
f x

 f x

 
   
 

2

cos

sin

n ax b

i x

ii px q

iii e




 



   

       

cos cos cos

h
2sin sin

2 2

sin sin sin

2cos sin
2 2

2sin sin
2 2 2

i x x h x

h
x

ii px q p x h q px q

ph ph
px q

ph ph
px q



   

    
 

        
    
 

     
 

 
2

1
2sin sin

2 2

ph
px q ph            

   1
n

n ax b ah ax b
e e e

   
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ݔሺݔ]∆                       + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ] = ሺݔ + ͳሻሺݔ + ʹሻሺݔ + ͵ሻሺݔ + Ͷሻሻ                             −ݔሺݔ + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ 

                                                                    = ሺݔ + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ[ݔ + Ͷ −    [ݔ
                                                                    = ૝ሺݔ + ͳሻሺݔ + ʹሻሺݔ + ͵ሻ 

2.Find the missing term in the following data 81 - 9 3 1 ࢟ 4 3 2 1 0 ࢞ 

  Why this value is not equal to . Explain 

Solution: Consider  

 ⟹ ସݕ − Ͷݕଷ + ͸ݕଶ − Ͷݕଵ + ଴ݕ = Ͳ 

 Substitute given values, we get 

  

 From the given data we can conclude that the given function is . To find , 

we have to assume that y is a polynomial  function, which is not so. Thus we are not 

getting  

Equally Spaced : If the differences of x values are equal in the given data then it is called 
equal spaced points otherwise it is called unequal spaced points 

 

Newton’s Forward Interpolation Formula:    Given the set of ሺ݊ + ͳሻ values  ሺݔ଴, ,଴ሻݕ ሺݔଵ, ,ଵሻݕ − − ,௡ݔ−  It is required to find a polynomial of nth degree .ݕ and ݔ ௡ሻ ofݕ
yn(x) such that y and yn(x) agree at the tabular points with x’s equidistant (i.e.) xi = x0+ih    (i 
= 0, 1, 2…..n) then the Newton’s forward interpolation formula is given by 

 

ݕ   = ݂ሺݔሻ = ଴ݕ + ଴ݕ∆݌ + ௣ሺ௣−ଵሻଶ! ∆ଶݕ଴ + ௣ሺ௣−ଵሻሺ௣−ଶሻଷ! ∆ଷݕ଴ + − −                      + ௣ሺ௣−ଵሻሺ௣−ଶሻ−−−− (௣−ሺ௡−ଵሻ)௡! ∆௡ݕ଴   

 where ݌ = ௫−௫బℎ  

Note : this formula is used when value of ࢞ is located near beginning of tabular values 

Problems :  

1.Find the melting point of the alloy containing 54% of lead, using appropriate 

interpolation formula  

Percentage of lead(p) 50 60 70 80 

Temperature  205 225 248 274 

 

33

4
0 0y 

3 381 4 54 12 1 0 31y y      

3x
y  3y

33 27y  

 Q c
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Solution: The difference table is  

x y    

50 205    

  20   

60 225  3  

  23  0 

70 248  3  

  26   

80 274    

 Let temperature =  

 We have  ݔ = ͷͶ, ଴ݔ = ͷͲ, ℎ = ͳͲ   ݌ = ௫−௫బℎ = Ͳ.Ͷ 

 By Newton’s forward interpolation formula 

 ݂ሺݔሻ = ଴ݕ + ଴ݕ∆݌ + ௣ሺ௣−ଵሻଶ! ∆ଶݕ଴ + ௣ሺ௣−ଵሻሺ௣−ଶሻଷ! ∆ଷݕ଴ + − − − − 

݂ሺͷͶሻ = ʹͲͷ + Ͳ.ͶሺʹͲሻ + Ͳ.ͶሺͲ.Ͷ − ͳሻʹ! ሺ͵ሻ + ሺͲ.ͶሻሺͲ.Ͷ − ͳሻሺͲ.Ͷ − ʹሻ͵! ሺͲሻ 

   =205+8-0.36 =212.64. Melting point = 212.64 

2. The population of a town in the decimal census was given below. Estimate the 

population for the 1895 

Year x 1891 1901 1911 1921 1931 

Populationin 

thousands       
46 66 81 93 101 

Solution: The forward difference table is  

x  y     

1891 46     

  20    

1901 66  -5   

  15  2  

1911 81  -3  -3 

  12  -1  

1921 93  -4   

  8    

1931 101     

 2 3

 f x

 2 3 4
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Ͷ͸ + ሺͲ.ͶሻሺʹͲሻ + ሺͲ.ͶሻሺͲ.Ͷ − ͳሻ͸ − ሺ−ͷሻ + ሺͲ.Ͷ − ͳሻͲ.ͶሺͲ.Ͷ − ʹሻ͸ ሺʹሻ 

 

given ℎ = ͳͲ, ଴ݔ = ͳͺͻͳ, ݔ = ͳͻͺͷ   then  

By Newton’s forward interpolation formula 

 

 ݂ሺݔሻ = ଴ݕ + ଴ݕ∆݌ + ௣ሺ௣+ଵሻଶ! ∆ଶݕ଴ + ௣ሺ௣+ଵሻሺ௣+ଶሻଷ! ∆ଷݕ଴ + − − −−∴݂ሺͳͺͻͷሻ = + ሺͲ.ͶሻሺͲ.Ͷ−ͳሻሺͲ.Ͷ−ʹሻሺͲ.Ͷ−͵ሻʹͶ ሺ−͵ሻ 

                              =54.45 thousands 

 

3. Find y (1.6) using Newton’s Forward difference formula from the table 

 
 
 
 
 
 

Solution: The difference table is  
 
 
 
 
 
 
 
 
      

 Let = ͳ.͸ , x0=1, h=1.4 -1=0.4, ݌ = ௫−௫బℎ = ଷଶ 

      
    Using Newton’s forward difference formula, we have ݂ሺݔሻ = ଴ݕ + ଴ݕ∆݌ + ݌ሺ݌  + ͳሻʹ! ∆ଶݕ଴ + ݌ሺ݌ + ͳሻሺ݌ + ʹሻ͵! ∆ଷݕ଴ +  − − − − 

               ݂ (1.6) = 3.49 + 3/2(1.33) + 
యమ ఱమଶ  (-0.81)+

యమ ఱమ7మ଺ (-1.41) 

 
               = 4.9656 

4.Find the cubic polynomial which takes the following values 

  

Hence evaluate f(4). 

 

2 / 5 0.4p  

x 1 1.4 1.8 2.2 

y 3.49 4.82 5.96 6.5 

X y y 2y 3y 
 
1 

1.4 
1.8 

2.2 

 

   
  3.49 

4.82 
5.96 
6.5 

 

 

 
 

1.33 
1.14 
0.54 

 
 

 
 
-0.81 
-0.60 
 

 

 
 

-1.41 
 

 

X 0 1 2 3 

Y=f(x) 1 2 1 10 



MATHEMATICS-II INTERPOLATION 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 32 
  

 

Sol: The forward difference table is given by  

X                       y                            y                    y
2                    y

3                                          

0                      1                            

     

                                                        1 

1                      2                                                   
-2

 

 
                                                        -1                                             

12
 

2                      1                                                    10                                                   

 
                                                        9                                                                                              

3                      10                                                                                                       

 

                                                                                                      

                                                                          

P=
h

x 0
=x  ; h=1 

Using newton’s forward interpolation formula, we get 

Y = y0 + + + 0
3
y  

   = 1+x(1)+ 
2

)1( xx
(-2)+ 

6

)2)(1(  xxx
(12) 

   = 2x3-7x2+6x+1  
Which is the required polynomial. 
To compute f(4), we take xn=3 , x=4 

So that p=
h

xx n
=1 

Using Newton’s backward interpolation formula , we get 

Y4 = y3+p 3y +
2.1

)1( pp
3

2
y +

3.2.1

)2)(1(  ppp
 

    = 10+9+10+12 
    = 41 
Which is the same value as that obtained by substituting x=4 in the cubic polynomial 2x3-
7x2+6x+1. 

 

Newton’s Backward Interpolation Formula: Given the set of ሺ݊ + ͳሻ values  ሺݔ଴, ,଴ሻݕ ሺݔଵ, ,ଵሻݕ − − ,௡ݔ−  It is required to find a polynomial of nth degree .ݕ and ݔ ௡ሻ ofݕ
yn(x) such that y and yn(x) agree at the tabular points with ݔ’s equidistant (i.e.) xi = x0+ih    (i 
= 0, 1, 2…..n) then the Newton’s backward interpolation formula is given by 

 

ሻݔ௡ሺݕ   = ௡ݕ + ௡ݕ׏݌ + ௣ሺ௣+ଵሻଶ! ௡ݕଶ׏ +  − − − +  ௣ሺ௣+ଵሻ−−−− [௣+ሺ௡−ଵሻ]௡!     ଴ݕ௡׏

  Where  

Note : This formula is used when value of x is located near end of tabular values 

1

x
0y

2.1

)1( xx
0

2
y

3.2.1

)2)(1(  xxx

3
3
y

nx x
p

h



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Problems : 

1. The population of a town in the decimal census was given below. Estimate the 

population for the 1925 

 Year x 1891 1901 1911 1921 1931 

Population in 

thousands       
46 66 81 93 101 

 

Solution : The backward difference table is  

   

x y ׏ ׏ଶ ׏ଷ ׏ସ 

1891 46     

  20    

1901 66  -5   

  15  2  

1911 81  -3  -3 

  12  -1  

1921 93  -4   

  8    

1931 101     

 

given ℎ = ͳͲ, ௡ݔ = ͳͻ͵ͳ, ݔ = ͳͻʹͷ   then ݌ = ௫−௫𝑛ℎ = ଵଽଶହ−ଵଽଷଵଵ଴ = −Ͳ.͸ 

By Newton’s backward interpolation formula ݕ௡ሺݔሻ = ௡ݕ + ௡ݕ׏݌ + ݌ሺ݌ + ͳሻʹ! ௡ݕଶ׏ + − + ݌ሺ݌  + ͳሻ … . ݌] + ሺ݊ − ͳሻ]݊!  ଴ݕ௡׏

∴ ݂ሺͳͻʹͷሻ = ͳͲͳ + ሺ−Ͳ.͸ሻሺͺሻ + ሺ−Ͳ.͸ሻሺͲ.Ͷሻʹ ሺ−Ͷሻ 

+ ሺ−Ͳ.͸ሻሺͲ.Ͷሻሺͳ.Ͷሻ͸ ሺ−ͳሻ + ሺ−Ͳ.͸ሻሺͲ.Ͷሻሺͳ.Ͷሻሺʹ.ͶሻʹͶ ሺ−͵ሻ 

                          = 96.21 
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2.Find  from the following data. Using Newton’s interpolation formula 204 231 260 291 332 354 ࢟ 45 40 35 30 25 20 ࢞ 

 

Solution:  since x=42 is located near end of the tabular values therefore we use NBIF 

the backward difference  table is  

 

x y ∆ ∆ଶ ∆ଷ ∆ସ ∆ହ 

20   
 
 
25 
 
 
30 
 
 
35 
 
 
40 
 
 
45 
 
 

354 

 

332 

 

291 

 

260 

 

231 

 

204 

 

 

-22 

 

-41 

 

-31 

 

-29 

 

-27 

 
 
 
-19 
 
 
10 
 
 
2 
 
 
2 

 

 

 

29 

 

-8 

 

0 

 

 
 
 
 
 
 
-37 
 
 
8 

 

 

 

 

 

45 

Given ݔ = Ͷʹ and ݔ௡ = Ͷͷ , ℎ = ͷ , then ݌ = ௫−௫బℎ = −Ͳ.͸  

We know that NBIF ݕ௡ሺݔሻ = ௡ݕ + ௡ݕ׏݌ + ௣ሺ௣+ଵሻଶ! ௡ݕଶ׏ + ௣ሺ௣+ଵሻሺ௣+ଶሻଷ! ௡ݕଷ׏ +                 ௣ሺ௣+ଵሻሺ௣+ଶሻሺ௣+ଷሻସ! ௡ݕସ׏  +  ௣ሺ௣+ଵሻሺ௣+ଶሻሺ௣+ଷሻሺ௣+ସሻହ!              ௡ݕହ׏ 
ሺͶʹሻݕ  = ʹͲͶ + ሺ−Ͳ.͸ሻሺ−ʹ͹ሻ + ሺ−଴.଺ሻሺ−଴.଺+ଵሻଶ (2)+0+

ሺ−଴.଺ሻሺ−଴.଺+ଵሻሺ−଴.଺+ଶሻሺ−଴.଺+ଷሻଶସ ሺͺሻ +  ሺ−଴.଺ሻሺ−଴.଺+ଵሻሺ−଴.଺+ଶሻሺ−଴.଺+ଷሻሺ−଴.଺+ସሻଵଶ଴ ሺͶͷሻ 

=234.44 

 

 

 

 

 42y
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Central Difference Interpolation: The middle part of the forward difference table is 

 

x y      

       

 

 

 

 

 

 

    

 

 

 

 

 

 

    

 

 

 

 

     

 

 

 

 

     

 

 

 

 

     

 

 

 

 

     

 

 

 

 

     

 

 

 

 

     

 

1.Gauss’s forward Interpolation Formula: Given the set of ሺ݊ + ͳሻ values  ሺݔ଴, ,଴ሻݕ ሺݔଵ, ,ଵሻݕ − − ,௡ݔ−  It is required to find a polynomial of nth degree .ݕ and ݔ ௡ሻ ofݕ
yn(x) such that y and yn(x) agree at the tabular points with ݔ’s equidistant (i.e.) xi = x0+ih    (i 
= 0, 1, 2…..n) then the Gauus Forward interpolation formula is given by 
ሻ࢞ሺ࢔࢟  = ૙࢟ + ૙࢟∆࢖ + !૚ሻ૛−࢖ሺ࢖ ∆૛࢟−૚ + !૚ሻ૜+࢖૚ሻሺ−࢖ሺ࢖ ∆૜࢟−૚ + !૛ሻ૝−࢖૚ሻሺ+࢖૚ሻሺ−࢖ሺ࢖ ∆૝࢟−૛ +  − − − 

 Where ݌ = ௫−௫బℎ  

Note:-  We observe from the difference table that  

  and so on. Accordingly the 

formula (4) can be rewritten in the notation of central differences as given below  

y 2
y 3

y 4
y 5

y

4x 4y

3x 3y

4y 2
4y

2x 2y

3y 2
3y 3

4y 4
4y 5

4y

1x 1y

2y 2
2y 3

3y 4
3y 5

3y

0x 0y

1y 2
1y 3

2y 4
2y 5

2y

1x 1y

0y 2
0y 3

1y 4
1y 5

1y

2x 2y

1y 2
1y 3

0y 4
0y

3x 3y

2y 2
2y 3

1y

4x 4y

3y

2 2 3 3 4 4
0 1/2 1 0 1 1/2 2 0, , ,y y y y y y y y            
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2.Gauss’s  Backward Interpolation formula: Given the set of ሺ݊ + ͳሻ values  ሺݔ଴, ,଴ሻݕ ሺݔଵ, ,ଵሻݕ − − ,௡ݔ−  It is required to find a polynomial of nth degree .ݕ and ݔ ௡ሻ ofݕ
yn(x) such that y and yn(x) agree at the tabular points with ݔ’s equidistant (i.e.) ݔi =     𝑖ℎ+0ݔ 
(i = 0, 1, 2…..n) then the Gauus Backward interpolation formula is given by ݕ = ଴ݕ + ଵ−ݕ∆݌ + ݌ሺ݌ + ͳሻʹ! ∆ଶݕ−ଵ + ݌ሺ݌ + ͳሻሺ݌ − ͳሻ͵! ∆ଷݕ−ଶ  

+ ݌ሺ݌  + ͳሻሺ݌ − ͳሻሺ݌ + ʹሻ Ͷ! ∆ସݕ−ଶ + …  
Note: Gauss forward and Backward formulae used when ࢞ is located middle of the 

tabular values 

Problems : 

1.Use Gauss Forward interpolation formula to find ࢌሺ૜. ૜ሻ from the following table ࢟ 5 4 3 2 1 ࢞ =  ሻ 15.30 15.10 15.00 14.50 14.00࢞ሺࢌ

 

Solution: the difference table is  

    x                        y                   ∆ݕ                ∆ଶݕ                        ∆ଷݕ                   ∆ସݕ                  

 

1 x-2                     15.3 y-2 

                                                -0.2 

2 x-1                     15.1 y-1                                0.1                                            

                                                -0.1                                               -0.5 

3 x0                       15.0 y0                               -0.4 ∆ଶݕ−ଵ                                        0.9∆ସݕ−ଶ     

                                                -0.5 ∆y0                                         0.4∆ଷݕ−ଵ 

4  x1                    14.5 y1                                  0.0 

                                                -0.5 

5 x2                      14.0 y2 

 

Given x=3.3 , x0=3 ,h=1 hence ݌ = ௫−௫బℎ = Ͳ.͵ 

We know that Gauss forward interpolation formula is  

     

      

2 3
0 1/2 0 1/2

4
0

1 1 1
[

2! 3!

1 1 2
] 5

4!

p

p p p p p
y y p y y y

p p p p
y

  



  
   

  
    
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      =15+(0.3)(0.5)+
ሺ଴.ଷሻሺ଴.ଷ−ଵሻଶ ሺ−Ͳ.Ͷሻ + ሺ଴.ଷሻሺ଴.଴ଽ−ଵሻ଺ (0.4)+ ሺ଴.ଷሻሺ଴.଴ଽ−ଵሻሺ଴.ଷ−ଶሻଶସ ሺͲ.ͻሻ 

     =14.9 

2. Find f (2.5) using following Table 

x 1 2 3 4 

y 1 8 27 64 

Solution: The difference table is  

 
 
 
 

 
 
 
 
 
 
 
 
h = 1 

0 2.5 2
0.5

1

X X
P

h

 
    

Using Gauss Forward interpolation formula, 
(0.5)( 0.5) (0.5 1)(0.5)(1.5 1)

8 (0.5)19 (12) (6)
2 6

  
     

= 15.625 
3. Use Gauss forward interpolation formulae to find f(3.3) from the following  

 

x 1 2 3 4 5 

y 15.30 15.10 15.00 14.50 14.00 

Solution: 

 

 
 
 
 

       

        

2 3
0 0 1 1

4
2

1 1 1
[

2! 3!

1 1 2
] 4

4!

p

p p p p p
y y p y y y

p p p p
y

 



  
      

  
    

x y y 2y 3y 
1 

 
2 
 
3 

 
4 

 

1 

 
8 
 

27 

 
64 

 

 

 
7 
        

19 
 

37 
 
 

 12 
  
18 
 

 

 
6 
 

 

x y y 2y 3y 4y 

1 

2 
3 

4 

5 

 
15.30 

15.10 

15.00 

14.50 

14.00 

 

 
-0.20 
-0.10 
-0.50 
-0.50 

 

 
0.10 
-0.40 
0.00 

 

 
-0.50 
0.40 

 

 
0.90 

 



MATHEMATICS-II INTERPOLATION 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 38 
  

 

 

             
3.3 3

0.3
1

P


   

 

    

0.7 (1.3)(0.3)( 0.4)( 0.7)
15 (0.3)( 0.5) (0.3)(0.4)

2 6

0.3 0.7 1.3 1.3
( 0.9) 14.8604925 14.9

24

 
    

 
   

 

4.  Find f(2.36) from the following table 

 

 

Solution:  

x y ∆ ∆ଶ ∆ଷ ∆ସ ∆ହ 

 
1.6 
 
1.8 
 
2.0 
 
 ଴ݔ  2.2
 
2.4 
 
2.6 

 
4.95 
 
6.05 
 
7.39 
 
 ଴ݕ 9.03
 
11.02 
 
13.46 
 

 

1.1 
 
1.34 
 
1.64 
 
1.99 
 
2.44 
 

 

 
 
0.24 
 
0.3 
 
0.35 
 
0.45 
 

 

 

0.06 
 
0.05 
 
0.1 
 

 

 
 
-0.01 
 
 
0.05 

 

 

 

0.06 

 

 

here we have ݔ = ʹ.͵͸ , ݔ଴ = ʹ.ʹ , ℎ = Ͳ.ʹ , ݌ = ௫−௫బℎ = Ͳ.ͺ 

 

Substituting all above values in the formula then ݂ሺʹ.͵͸ሻ =ͻ.Ͳ͵ + ሺͲ.ͺሻሺͳ.ͻͻሻ +ሺ଴.଼ሻሺ଴.଼−ଵሻଶ (0.35)+ ሺ଴.଼+ଵሻሺ଴.଼ሻሺ଴.଼−ଵሻ଺ (0.1)+ ሺ଴.଼+ଵሻሺ଴.଼ሻሺ଴.଼−ଵሻሺ଴.଼−ଶሻଶସ (0.05) 

             =10.02 

 

 

 

 

       

        

2 3
0 0 1 1

4
2

1 1 1
[

2! 3!

1 1 2
] 4

4!

p

p p p p p
y y p y y y

p p p p
y

 



  
      

  
    

x: 1.6 1.8 2.0 2.2 2.4 2.6 

y: 4.95 6.05 7.39 9.03 11.02 13.46 
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5. Find f(22) from  the following table using Gauss forward formula 204 231 260 291 332 354 ࢟ 45 40 35 30 25 20 ࢞ 

Solution : the middle part of the difference table is 

x y ∆ ∆ଶ ∆ଷ ∆ସ ∆ହ 

   ଴ݔ20
 
 
25 
 
 
30 
 
 
35 
 
 
40 
 
 
45 
 
 

 ଴ݕ354

 

332 

 

291 

 

260 

 

231 

 

204 

 

 

-22 

 

-41 

 

-31 

 

-29 

 

-27 

 
 
 
-19 
 
 
10 
 
 
2 
 
 
2 

 

 

 

29 

 

-8 

 

0 

 

 
 
 
 
 
 
-37 
 
 
8 

 

 

 

 

 

45 

 

Given ݔ = ʹʹ and ݔ଴ = ʹͲ , ℎ = ͷ , then ݌ = ௫−௫బℎ = Ͳ.Ͷ 

The Gauss forward formula is  ݕ = ଴ݕ +   ଴ݕ∆݌

    = ͵ͷͶ + ሺͲ.Ͷሻሺ−ʹʹሻ 

     = 345.2 

 

6. Find by Gauss’s Backward interpolating formula the value of y at x=1936, using the 

following table. 

x 1901 1911 1921 1931 1941 1951 

y 12 15 20 27 39 52 
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Solution: The difference table is  

 

Given x=1936 and let x0 =1931 and h=10 then ݌ = ௫−௫బℎ = Ͳ.ͷ 

By Gauss backward interpolation formula we have ݕ = ଴ݕ + ଵ−ݕ∆݌ + ሺ݌ + ͳሻ݌ʹ! ∆ଶݕ−ଵ + ሺ݌ + ͳሻ݌ሺ݌ − ͳሻ͵! ∆ଷݕ−ଶ  
+  ሺ݌ + ͳሻ݌ሺ݌ − ͳሻሺ݌ − ʹሻ Ͷ! ∆ସݕ−ଶ + − − −  

=27+(0.5)(7)+
଴.ହሻሺ଴.ହ+ଵሻଶ ሺͷሻ + ሺ଴.ହሻሺଵ.ହሻሺ−଴.ହሻ଺ ሺ͵ሻ + ሺ଴.ହሻሺଵ.ହሻሺ−଴.ହሻሺ−ଵ.ହሻଶସ ሺ−͹ሻ +                                     ሺ଴.ହሻሺଵ.ହሻሺ−଴.ହሻሺ−ଵ.ହሻሺଶ.ହሻଵଶ଴ ሺ−ͳͲሻ 

                 =32.345 

 

 

 

7. Using Gauss back ward difference formula, find y(8) from the following table 32 24 18 14 11 7 ࢟ 25 20 15 10 5 0 ࢞ 

 

 

x               y             ∆ݕ              ∆ଶݕ             ∆ଷݕ              ∆ସݕ            ∆ହݕ   

 

1901 x-3      12 y-3 

                                  3 

1911 x-2      15 y-2                           2     

                                  5                                      0    

1921 x-1      20 y-1                           2                                     3    

 ଷ−ݕଶ                                  -10∆ହ−ݕଵ                               3∆ଷ−ݕ∆ 7                                  

1931 x0       27 y0                               5 ∆ଶݕ−ଵ                                7∆ସݕ−ଶ 

                                 12                                    -4 

1941 x1       39 y1                                    1 

                                 13 

1951 x2       52 y2 
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Solution: Solution: The difference table is  

Given x=8 and let x0 =10 and h=5 then ݌ = ௫−௫బℎ = −Ͳ.Ͷ 

By Gauss backward interpolation formula we have ݕ = ଴ݕ + ଵ−ݕ∆݌ + ሺ݌ + ͳሻ݌ʹ! ∆ଶݕ−ଵ + ሺ݌ + ͳሻ݌ሺ݌ − ͳሻ͵! ∆ଷݕ−ଶ  
+  ሺ݌ + ͳሻ݌ሺ݌ − ͳሻሺ݌ − ʹሻ Ͷ! ∆ସݕ−ଶ + − 

 14+(0.4)(3)+
ሺ−଴.ସሻሺ−଴.ସ+ଵሻଶ ሺͳሻ + ሺ−଴.ସሻሺ−଴.ସ+ଵሻሺ−଴.ସ−ଵሻ଺ ሺʹሻ +ሺ−଴.ସሻሺ−଴.ସ+ଵሻሺ−଴.ସ−ଵሻሺ−଴.ସ−ଶሻଶସ ሺ−ͳሻ=12.704 

Lagrange’s Interpolation Formula: Let ݂ሺݔሻ be continuous and differentiable (n+1) 
times in the interval (a,b). Given the (n+1) points asሺx0, 0ݕሻ, ሺ1ݔ,  1ሻ, (x2, y2)….. (xn,yn) whereݕ
values of x not necessarily be equally spaced then the interpolating polynomial of degree ‘n’ 
say ݂ሺݔሻ is given by  ݂ሺݔଵሻ 

+ ሺ௫−௫బሻሺ௫−௫భሻሺ௫−௫మሻ……..ሺ௫−௫𝑛ሻሺ௫మ−௫బሻሺ௫మ−௫భሻ………ሺ௫మ−௫𝑛ሻ ݂ሺݔଶሻ +  … … . + ሺ௫−௫బሻሺ௫−௫భሻ……..ሺ௫−௫𝑛−భሻሺ௫𝑛−௫బሻሺ௫𝑛−௫భሻ………ሺ௫𝑛−௫𝑛−భሻ ݂ሺݔ௡ሻ  

Note : This formula is used when values of ࢞ are unequally spaced and equally spaced 

 

 

 

      
           

    
1 2 0 2

0

0 1 0 2 0 1 0 1 2 1

....... .....

......... ....
n n

n n

x x x x x x x x x x x x
f x f x

x x x x x x x x x x x x

     
 

     

x               y             ∆ݕ              ∆ଶݕ               ∆ଷݕ              ∆ସݕ            ∆ହݕ   

 

0 x-2      7 y-2 

                                  4 

5 x-1      11 y-1                           -1    

                                  3                             2             

10 x0      14 y0                            1                          -1 

                                  4                             1                            0 

15 x1          18 y1                                    2                           -1 

                                  6                              0  

20 x2       24y2                             2                               

                                 8                     

25 x3       32 y3                                
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PROBLEMS:-  

 

 

1. Using Lagrange formula, calculate  from the following table 

 x 0 1 2 4 5 6 

 1 14 15 5 6 19 

Solution: Given  ݔ଴ = Ͳ, ଵݔ = ͳ, ଶݔ = ʹ, ଷݔ = Ͷ, ସݔ = ͷ, ହݔ = ͸ 

  

From Lagrange’s interpolation formula 

  

 Here  then 

  

 

                                   

 

 3f

 f x
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2. Find  using Lagrange method of  and  order degree polynomials.  

 
 

 

 

Sol:      By Lagrange’s interpolation formula  For ,we have  

        

 

 ሺ͵.ͷ − ͳሻሺ͵.ͷ − ʹሻሺ͵.ͷ − Ͷሻሺ͵ − ͳሻሺ͵ − ʹሻሺ͵ − Ͷሻ ሺͻሻ + ሺ͵.ͷ − ͳሻሺ͵.ͷ − ʹሻሺ͵.ͷ − ͵ሻሺͶ − ͳሻሺͶ − ʹሻሺͶ − ͵ሻ ሺʹͺሻ 

=0.0625+(-0.625)+8.4375+8.75 

=16.625 𝑁ݓ݋  ݂ሺݔሻ = ሺݔ − ʹሻሺݔ − ͵ሻሺݔ − Ͷሻ−͸ ሺͳሻ + ሺݔ − ͳሻሺݔ − ͵ሻሺݔ − Ͷሻʹ ሺʹሻ 

++ ሺ௫−ଵሻሺ௫−ଶሻሺ௫−ସሻሺ−ଶሻ ሺͻሻ + ሺ௫−ଵሻሺ௫−ଶሻሺ௫−ଷሻ଺ ሺʹͺሻ = ሺݔଶ − ͷݔ + ͸ሻሺݔ − Ͷሻ−͸ + ሺݔଶ − Ͷݔ + ͵ሻሺݔ − Ͷሻ + ሺݔଶ − ݔ͵ + ʹሻሺݔ − Ͷሻ−ʹ ሺͻሻ+ ሺݔଶ − ݔ͵ + ʹሻሺݔ − ͵ሻ͸ ሺʹͺሻ = ଷݔ − ͻݔଶ + ʹ͸ݔ − ʹͶ−͸ + ଷݔ − ͺݔଶ + ͳͻݔ − ͳʹ + ଷݔ − ͹ݔଶ + ͳͶݔ − ͺ−ʹ ሺͻሻ+ ଷݔ − ͸ݔଶ + ͳͳݔ − ͸͸ ሺʹͺሻ 
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3. Find f (4) use Lagrange’s interpolation formulae. 

 
 
 
 

Soluiotn :      
   

   
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 Where 1 2 3 44, 0, 2, 3, 6x x x x x      

   
     

     
       

 
  
   

 

4 2 4 3 4 6
4

2 3 6

4 1 2 4 2 2
2 14

2 1 4 3 1 3 3

4 2 1
158

6 4 3

4 224 158 4 18 224 158
2

9 9 9 9

40

  
   

  

   
  

    

 

    
    

  
 

4.The following are the measurements T made on curverecorded by the oscilograph 

representing  a change of current I due to a change in condn s of anelectric current 

T 1.2 2 2.5 3 

I 1.36 0.58 0.34 0.2 

 

Solution : 

 Since data is unequispaced,we use Lagrange’s interpolation 
 
 
 
 
 
 
 

(1.6 1.2)(1.6 2)(1.6 3) (1.6 1.2)(1.6 2.5)(1.6 3)
(1.36) (0.58)

(1.6 1.2)(1.6 2)(1.6 3) (2 1.2)(2 2.5)(1.6 3)

(1.6 1.2)(1.6 2)(1.6 3) (1.6 1.2)(1.6 2)(1.6 2.5)
(0.34)

(1.6 1.2)(1.6 2)(1.6 3) (1.6 1.2)(1.6

y
     

 
     

     
 

    
(0.2)

2)(1.6 2.5)

=0.8947   ∴ ܫ = Ͳ.ͺͻͶ͹ 
 

5.Find the parabola passing through points(0,1),(1,3) and(3,55) using Lagrange’s 

Interpolation Formula. 

 

 

 

       3 2
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Y=f(x) -4 2 14 158 
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Solution :Given  Lagrange’s interpolation formula is 

 

0 21 2
0 1

0 1 0 2 1 0 1 2

0 1
2

2 0 2 1

( )( )( )( )

( )( ) ( )( )

( )( )

( )( )

x x x xx x x x
y y y

x x x x x x x x

x x x x
y

x x x x

  
 

   

 


 

 

   

( 1)( 3) ( 0)( 3)
(3)

(0 1)(0 3) (1 0)(1 3)

( 0)( 1)
(55)

(3 0)(3 1)

x x x x
y

x x

   
 

   
 


 

 

=
ଵ଺ [Ͷͺݔଶ − ͵͸ݔ + ͸] 

ଶݔ8= − ͸ݔ + ͳ 
 

6.A Curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find the slope of the 

curve at x=2. 

 

 

 

Solution :  Given data is 
 
Since data is unequispaced,we use Lagrange’s interpolation 

1 2 3 0 2 3
0 1
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0 1 3 0 1 2
2 3

2 0 2 1 2 3 3 0 3 1 3 2
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( 1)( 3)( 6) ( 0)( 3)( 6)
18 10

(0 1)(0 3)(0 6) (1 0)(1 3)(1 6)

( )( 1)( 6) ( )( 1)( 3)
( 18) 90

(3 0)(3 1)(3 6) (6)(6 1)(6 3)

x x x x x x
y

x x x x x x

     
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     
   

  
    

 

( 1)( 3)( 6) ( 0)( 3)( 6)
18 10

(0 1)(0 3)(0 6) (1 0)(1 3)(1 6)

( )( 1)( 6) ( )( 1)( 3)
( 18) 90

(3 0)(3 1)(3 6) (6)(6 1)(6 3)
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x x x x x x

     
 

     
   

  
    

 

=2x3-10x2+18 ∴ ݔ݀ݕ݀ = ͸ݔଶ − ʹͲݔ ∴ ݔ ݐܽ ݁ݒݎݑܿ ݂݋ ݁݌݋݈ܵ = ʹ 𝑖ݏ ͸ሺʹሻଶ − ʹͲሺʹሻ = −ͳ͸ 

 

 

 

 

 

x 0 1 3 6 
y 18 10 -18 90 
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UNIT - II 

NUMERICAL TECHNIQUES 

 

CURVE FITTING  

Method of Least Squares: 

       Suppose that a data is given in two variables ݕ & ݔ the problem of finding an analytical 

expression of the form  which fits the given data is called curve fitting. 

Let  be the observed set of values in an experiment and 

 be the given relation  are the error of approximations then 

we have  

  

  Where  are called the expected values of ݕ 

corresponding to  

  are called the observed values of ݕ corresponding to 

 the differences  between expected values of ݕ and 

observed values of  ݕ are called the errors, of all curves approximating a given set of points, 

the curve for which  is a minimum is called the best fitting curve (or) the 

least square curve, This is called the method of least squares (or) principles of least squares 

I. FITTING OF A STRAIGHT LINE:-  

Let the straight line be  

Let the straight line (1) passes through the data points 

 

So we have ݕ௜ = ܽ + ௜ݔܾ    → ሺʹሻ   

The error between the observed values and expected values of ݕ =  ௜ is defined asݕ

 𝐸௜ = ௜ݕ − ሺܽ + ,௜ሻݔܾ 𝑖 = ͳ,ʹ … … . . ݊ → ሺ͵ሻ 

The sum of squares of these errors is 𝐸 = ∑ 𝐸ଵଶ௡௜=ଵ = ∑ ௜ݕ] − ሺܽ + ௜ሻ]ଶ௡௜=ଵݔܾ  Now for E to be minimum  

 

 y f x

     1 1 2 2, , , ........ ,
n n

x y x y x y

 y f x 1 2& , , ,......
x

x y Let E E E

 
 
 

1 1 1

2 2 2

3 3 3

E y f x

E y f x

E y f x

 

 

 

 n n n
E y f x       1 2, ...........

n
f x f x f x

1 2, ........
n

x x x x x x  

1 2, ......
n

y y y

1 2, ........
n

x x x x x x   1 2, .....
n

E E E

2 2 2

1 2 ....
n

E E E E  

 1y a bx  

       1 1 2 2, , , ...... , . ., , , 1,2....
n n i i

x y x y x y i e x y i n

0; 0
E E

a b

 
 

 



MATHEMATICS - II NUMERICAL TECHNIQUES 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 47 
  

 

These equations will give normal equations ∑ ௜ݕ = ݊ܽ +௡
௜=ଵ ܾ ∑ ௜௡ݔ

௜=ଵ  

∑ ௜ݕ௜ݔ = ܽ ∑ ௜௡ݔ
௜=ଵ + ܾ ∑ ௜ଶ௡ݔ

௜=ଵ
௡

௜=ଵ  

The normal equations can also be written as  

 

Solving these equation for a, b substituting in (1) we get required line of best fit to the given 

data. 

II. NON LINEAR CURVE FITTING 

1. PARABOLA:- 

Let the equation of the parabola is ݕ = ܽ + ݔܾ +   ଶ   ───ሺͳሻݔܿ

The parabola (1) passes through the data points ሺݔଵ, ,ଵሻݕ ሺݔଶ, ଶሻݕ … … … . . ሺݔ௡, ,௡ሻݕ 𝑖. ݁. , ሺݔଵ, ;ଵሻݕ 𝑖 = ͳ,ʹ … … . . ݊  

We have  ݕ௜ = ܽ + ௜ݔܾ + ௜ଶݔܿ    ⟶ ሺʹሻ 

The error  𝐸௜ between the observed an expected value of  is defined as 

 𝐸௜ = ௜ݕ − ሺܽ + ௜ݔܾ + ,௜ଶሻݔܿ 𝑖 = ͳ,ʹ,͵ … … . . ݊  → ሺ͵ሻ 

The sum of the squares of these errors is  𝐸 = ∑ 𝐸ଵଶ௡
௜=ଵ = ∑ሺݕ௜ − ܽ − ௜ݔܾ − ௜ଶሻଶ௡ݔܿ

௜=ଵ   → ሺͶሻ  
for E to be minimum, we have 

 

The normal equations can also be written as  

Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ 

Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ 

Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ 

Solving these equations for a, b, c and satisfying (1) we get required parabola of best fit 

2. POWER CURVE:-   

The power curve is given by  

Taking logarithms on both sides ݈݃݋ଵ଴ݕ = ଵ଴ܽ݃݋݈ +  ݔଵ଴݃݋݈ܾ

(or) Y = A+ bX → ሺʹሻ  ݓℎ݁݁ݎ ܻ = ,ݕଵ଴݃݋݈ ܣ = ܺ ݀݊ܽ ଵ଴ܽ݃݋݈ =  ݔଵ଴݃݋݈

2

y na b x

xy a x b x

 

 

 
  

i
y y

0, 0, 0
E E E

a b c

  
  

  

 1b
y ax 



MATHEMATICS - II NUMERICAL TECHNIQUES 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 48 
  

 

Equation (2) is a linear equation in X & Y  

 The normal equations are given by ΣY = ܣ݊ + ܾΣX ΣXY = ΣXܣ + ܾΣxଶ 

From these equations, the values A and b can be calculated then a = antilog (A) substitute a & 

b in (1) to get the required curve of best fit. 

3. EXPONENTIAL CURVE:-  

1.  

Taking logarithms on both sides ݈݃݋ଵ଴ݕ = ଵ଴݃݋݈ +  ଵ଴݁݃݋݈ݔܾ

 ሺݎ݋ሻܻ = ܣ + →   ܺܤ ሺʹሻ Where ܻ = ,ݕଵ଴݃݋݈ ܣ = ,ଵ଴ܽ݃݋݈ ܤ = ܺ & ଵ଴݁݃݋݈ܾ =   ݔ

Equation (2) is a linear equation in X and Y 

So the normal equation are given by  

ΣY = ܣ݊ +  ΣXܤ

ΣXY = ΣXܣ +  ΣXଶܤ

Solving the equation for A & B, we can find 

 

Substituting the values of a and b so obtained in (1) we get 

The curve of best fit to the given data. 

2.  

Taking log on both sides ݈݃݋ଵ଴ݕ = ଵ଴ܽ݃݋݈ + ܻ ሻݎ݋ଵ଴ܾ ሺ݃݋݈ݔ = ܣ + →   ܺܤ ሺʹሻ 

Where ܻ = ,ݕଵ଴݃݋݈ ܣ = ,ଵ଴ܽ݃݋݈ ܤ = ݔ & ଵ଴ܾ݃݋݈ܾ = ܺ 

The normal equation (2) are given by 

ΣY = ܣ݊ +  ΣXܤ

ΣXY = ΣXܣ +  ΣXଶܤ

Solving these equations for A and B we can find  

Substituting a and b in (1) 

 

 

 

 

 

   1 2bx x
y ae y ab 

 1bx
y ae 

10

log &
log

B
a anti A b

e
 

 1x
y ab 

log , loga anti A b anti B 
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Problems: 

1. By the method of least squares, find the straight line that best fits the following data  

 

 

 

Solution:  The values of Σx, Σy, Σxଶ ܽ݊݀ Σxy are calculated as follows 

   

 

 

 

 

 

 

Σݔ௜ = ͳͷ; Σݕ௜ = ʹͲͶ; Σxiଶ = ͷͷ ܽ݊݀ Σݔ௜Σݕ௜ = ͹Ͷͺ   

The normal equations are  

Σݕ = ݊ܽ + ܾΣx ⟶ ሺͳሻ   Σxݕ = ܽΣx + ܾΣxଶ   ⟶ ሺʹሻ 

Solving we get  

Substituting these values a & b we get 

 

2. Fit a straight line y=a+bx from data 

 

 

 

Solution: Let the required straight line be y=a+bx…(1) 

 

 

 

 

 

 

 

 

 

 

0, 13.6a b 

0 13.6 13.6y x y x   

 68 55 40 27 14 ࢟ 5 4 3 2 1 ࢞

 ௜ݕ௜ݔ ௜ଶݔ ௜ݕ ௜ݔ
1 14 1 14 

2 27 4 54 

3 40 9 120 

4 55 16 220 

5 68 25 340 

x 0 1 2 3 4 

y 1 1.8 3.3 4.5 6.3 

x y x
2
 xy 

0 

1 

2 

3 

4 

 

1 

1.8 

3.3 

4.5 

6.3 

0 

1 

4 

9 

16 

 

0 

1.8 

6.6 

13.5 

25.2 

∑ ݔ = ͳͲ 
∑ ∑ 16.9=ݕ ∑ ଶ=30ݔ ݕݔ = Ͷ͹.ͳ 
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Normal equations are 

 

Substitute  in above we get 

5a+10b=16.9 

10a+30b=47.1 

Solving we get a=0.72; b=1.33. ∴ 𝑇ℎ݁ ܽݎݐݏ𝑖݃ℎݐ ݈𝑖݊݁ 𝑖ݕ ݏ = Ͳ.͹ʹ + ͳ.͵͵ݔ 

3. Fit a straight line y=a+bx from data 

x 0 5 10 15 20 

y 7 -11 16 20 26 

Solution: Let the required straight line be y=a+bx…(1) 

x y x
2
 xy 

0 

5 

10 

15 

20 

 

7 

-11 

16 

20 

26 

0 

25 

100 

225 

400 

 

0 

-55 

160 

300 

520 

∑ ݔ = ͷͲ 
∑ ∑ 58=ݕ ∑ ଶ=750ݔ ݕݔ =925 

Normal equations are 

 

Substitute  in above we get 

5a+50b=58 

50a+750b=925 

Solving we get a=-2; b=1.36. ∴ 𝑇ℎ݁ ܽݎݐݏ𝑖݃ℎݐ ݈𝑖݊݁ 𝑖ݕ ݏ = −ʹ + ͳ.͵͸ݔ 

4. Fit a straight line y=a+bx from data 

x 0 5 10 15 20 25 

y 12 15 17 22 24 30 

 

2

y na b x

xy a x b x

 

 

 
  

2

y na b x

xy a x b x

 

 

 
  
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Solution: Let the required straight line be y=a+bx…(1) 

x y x
2
 xy 

0 

5 

10 

15 

20 

25 

12 

15 

17 

22 

24 

30 

0 

25 

100 

225 

400 

625 

0 

75 

170 

330 

480 

750 ∑ ݔ = ͹ͷ 
∑ ∑ 120=ݕ ∑ ଶ=1375ݔ ݕݔ =1805 

 

Normal equations are 

 

Substitute in above we get 

6a+75b=58 

75a+1375b=1805 

Solving we get a=11.2862; b=0.6971. ∴ 𝑇ℎ݁ ܽݎݐݏ𝑖݃ℎݐ ݈𝑖݊݁ 𝑖ݕ ݏ = ͳͳ.ʹͺ͸ʹ + Ͳ.͸ͻ͹ͳݔ 

 

5. Fit a straight line and a parabola to the following data and find out which one is most 

appropriate. Give your reason for the conclusion  

 

 

 

Solution: Let the required straight line be y=a+bx…(1) 

x y x
2
 x

3
 x

4
 xy x

2
y 

1 

2 

3 

4 

5 

4 

3 

6 

7 

11 

1 

4 

9 

16 

25 

1 

8 

27 

64 

125 

1 

16 

81 

256 

625 

4 

6 

18 

28 

55 

4 

12 

54 

112 

275 

15 ∑ ∑ 31=ݕ ∑ ଶ=55ݔ ∑ ଷ=225ݔ ∑ ସ=979ݔ ݕݔ =111 ∑  ଶy=457ݔ

 

2

y na b x

xy a x b x

 

 

 
  

x 1 2 3 4 5 

y 4 3 6 7 11 
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Normal equations for fitting a straight line are 

 

Substitute  in above we get 

5a+15b=31 

15a+55b=111 

Solving we get a=0.8 ; b=1.8. ∴ ݕ ݏ𝑖݊݁ 𝑖݈ ݐ𝑖݃ℎܽݎݐݏ ℎ݁ݐ = Ͳ.ͺ + ͳ.ͺݔ 

Let the required parabola be y=a+bx+cx
2…(2) 

Normal equations for fitting a parabola are Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ 

Substituting values, we get 

5a+15b+55c        =31 

15a+55b+225c = 111 

55a+225b+979c =457 

Solving we get a=4.7998;b=-1.6284;c=0.5714 ∴The parabola fit is 4.7998x
2
-1.6284x+0.5714 

Conclusion: Clearly parabola fit is best fit  because error  is near to ZERO than  linear fit. 

 

6. Fit a second degree parabola to the following data 

 

 

    

Solution: Equation of parabola  

2

y na b x

xy a x b x

 

 

 
  

 2 1y a bx cx   

y Error of linear fit 

E=y-f(x) 

Error parabola fit 

E=y-g(x) 

4 

3 

6 

7 

11 

1.4 

-1.4 

-0.2 

-1 

1.2 

0.2572 

-0.8286 

0.9428 

-0.4286 

0.0572 

x 0 1 2 3 4 

y 1 5 10 22 38 
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Normal equations                          Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ 

Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ 

                                                            Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ    ⟶ ሺʹሻ 

 

 

Σx = ͳͲ, Σy = ͹͸, Σxy = ʹͶ͵, Σxଶ = ͵Ͳ, Σxଶy = ͺͷͳ, Σxଷ = ͳͲͲ, Σxସ = ͵ͷͶ 

Normal equations 

 

Solving  

Substitute in (1)  

7. Fit a second degree parabola to the following data: 

             
: 0 1 2 3 4

( ) : 1 1.8 1.3 2.5 6.3

x

f x  

Solution:

          

Let the equation of the parabola be Y= a + b x + c ݔଶ -----(1) 

The normal equations are given by  Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ 

                                                          Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ-----(2) 

              Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ 

x y ݔଶ ݔଷ ݔସ xy ݔଶݕ 

0 

1 

2 

3 

4 

1.0 

1.8 

1.3 

2.5 

6.3 

0 

1 

4 

9 

16 

0 

1 

8 

27 

64 

0 

1 

16 

81 

256 

0 

1.8 

2.6 

7.5 

25.2 

0 

1.8 

5.2 

22.5 

100.8 

 

10 12.9 30 100 354 37.1 130.3 

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get 

76 5 10 30

243 10 30 100

851 30 100 354

a b c

a b c

a b c

  
  
  

1.42, 0.26, 2.221a b c  

21.42 0.26 2.221y x x   

            

0 1 0 0 0 0 0 

1 5 5 1 5 1 1 

2 10 20 4 40 8 16 

3 22 66 9 198 27 81 

4 38 152 16 608 64 256 

x y xy 2
x

2
x y 3

x
4

x
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12.9 = 5a +10b +30c 

37.1 = 10a+30b+100c 

130.3 = 30a+100b+354c 

Solving the above equations we get a = 14.2,  b = -1.07,   c  =  0.55 

Substituting the above values in (1)   y = 14.2-1.07x + 0.55ݔଶ 

Which is the required equation of the parabola. 

8. Fit a parabola ࢟ = ࢇ + ࢞࢈ +   ૛ to the data given below࢞ࢉ

x: 1 2 3 4 5 

y: 10 12 8 10 14 

   

Solution:  Let the equation of the parabola be Y= a + b x + c ݔଶ -----(1) 

The normal equations are given by  Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ 

                                                          Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ-----(2) 

              Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ 

x y ݔଶ ݔଷ ݔସ xy ݔଶݕ 

1 

2 

3 

4 

5 

10 

12 

8 

10 

14 

1 

4 

9 

16 

25 

1 

8 

27 

64 

125 

1 

16 

81 

256 

625 

10 

24 

24 

40 

70 

10 

48 

72 

160 

350 

15 54 55 225 979 168 640 

Since there are 5 pairs of values so n=5 substituting the  above values in (2) we get 

54 = 5a +15b +55c 

168 = 15a+55b+225c 

640 = 55a+225b+979c 

Solving the above equations we get a =14,  b =-3.6857 ,   c = 0.7142  

substituting the  above values in (1)   y = 14-3.6857x + 0.7142ݔଶ 

which is the required equation of the parabola. 

 9. Fit a parabola of the form ࢟ = ૛࢞ࢇ + ࢞࢈ +  ࢉ

x: 1 2 3 4 5 6 7 

y: 2.3 5.2 9.7 16.5 29.4 35.5 54.4 

 

Solution:  Let the equation of the parabola be   ݕ = ଶݔܽ + ݔܾ + ܿ -----(1) 
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The normal equations are given by   Σݕ = ݊ܽ + ܾΣx + ܿΣxଶ 

                                                        Σxݕ = ܽΣx + ܾΣxଶ + ܿΣxଷ-----(2) 

                                                        Σxଶݕ = ܽΣxଶ + ܾΣxଷ + ܿΣxସ 

Table for calculations: 

x y ݔଶ ݔଷ ݔସ xy ݔଶݕ 

1 

2 

3 

4 

5 

6 

7 

2.3 

5.2 

9.7 

16.5 

29.4 

35.5 

54.4 

1 

4 

9 

16 

25 

36 

49 

1 

8 

27 

64 

125 

216 

343 

1 

16 

81 

256 

625 

1296 

2401 

2.3 

10.4 

29.1 

66 

147 

213 

380.8 

2.3 

20.8 

87.3 

264 

735 

1278 

2665.6 

 

        28 153 140 784 4676 848.6 5053 

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get 

153 = 7a +28b +140c 

848.6 = 28a+140b+784c 

5053 = 140a+784b+4676c 

Solving the above equations we get a =2.3705, b =-1.0924, c = 1.1928 

substituting the  above values in (1)   y = 1.1928 ݔଶ-1.0924 x+2.3705 

which is the required equation of the parabola. 

10. Fit a curve  to the following data 

 

 

 

Sol:- Let the equation of the curve be  

Taking log on both sides log ݕ = log ܽ + ܾ log  ݔ

(or) ܻ = ܣ + ܾܺ    ⟶ ሺʹሻ  Where ܻ = log ,ݕ ܣ = log ܽ, ܺ = log  ݔ

The Normal Equations are    ΣY = ܣ݊ + ܾΣX 

ΣXY = ΣXܣ + ܾΣXଶ    ⟶ ሺ͵ሻ 

 

 

b
y ax

 1b
y ax 

x 1 2 3 4 5 6 

y 2.98 4.26 5.21 6.10 6.80 7.50 
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   ܻ =  ଶܺ ܻܺ ݕ ݃݋݈

1 0 2.98 0.4742 0 0 

2 0.3010 4.26 0.6294 0.1894 0.0906 

3 0.4771 5.21 0.7168 0.3420 0.2276 

4 0.6021 6.10 0.7853 0.4728 0.3625 

5 0.6990 6.80 0.8325 0.5819 0.4886 

ΣX = ʹ.ͺͷ͹Ͷ, ΣY = Ͷ.͵ͳ͵͵, ΣXY = ʹ.ʹ͸͹ͳ, ΣXଶ = ͳ.͹͹Ͷͻ 

4.3313=6A+208574b and 2.2671=2.8574A+1.7749b 

Solving A=0.4739, b=0.5143 

A=anti log (A) =2.978 

   ∴ ݕ = ʹ.ͻ͹ͺݔ଴.ହଵସଷ 

11 . Fit a curve   y = abx    

 

 

 

Solution: Let the curve to be fitted is y = abx    

Taking log  on both sides log ݕ = log ܽ + ݔ log ܾ    ⟶ ሺͳሻ ܻ = ܣ + ⟶    ܤݔ ሺʹሻ   ܻ = log ,ݕ ܣ = log ܽ, ܤ = log ܾ 

ΣY = ܣ݊ +  Σxܤ

ΣxY = Σxܣ + ܾΣxଶ    ⟶ ሺ͵ሻ 

 

 

 

 

 

 

 

Substituting these values the normal equations are  

11.5835 = 5A + 20B 

47.1254 = 20A+90B 

Soving A and B, taking antilogarithms 

a=100, b=1.2 

Substituting in (1), the equation of the curve is y =100(1.2)
x
 

x logX x y

x 2 3 4 5 6 

y 144 172.8 207.4 248.8 298.5 

x y x2 Y  = log y xy 

2 144.0 4 2.1584 4.3168 

3 172.8 9 2.2375 6.7125 

4 207.4 16 2.3168 9.2672 

5 248.8 25 2.3959 11.9795 

6 298.5 36 2.4749 14.8494 
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NUMERICAL INTEGRATION 

INTRODUCTION: 

The process of evaluating a definite integral from a set of tabulated values of the integrand f(x), 

which is not known explicitly is called Numerical Integration. 

Newton –Cote’s Quadrature Formula: 

     We want to find Definite integral form ∫ ݂ሺݔሻ݀ݔ௕௔ , where f(x )is unknown explicitly,then  

We replace f(x) with interpolating polynomial. 

Here we replace with Newton Forward Interpolation formula 

Divide the interval (a,b) into n sub intervals of  width h so that 

a =ݔ଴ < ଵݔ = x଴ + h … … … … < ௡ݔ = x୬ + h = ܾ Then 

   

2

0 0 0 0

( 1) ( 1)( 2)......( ( 1))
( ) ...........

2! !

n

n

p p p p p p n
y x y p y y y

n

    
       

 

Where p=
௫−௫బℎ    hdp=dx   a t x=ݔ଴ ⇒   p=0 and x=ݔ௡ ⇒ p=n ∴ ∫ ݂ሺݔሻ݀ݔ௕௔ = ∫ ( )ny x

௫௡௫௢ dx=ℎ ∫ ሺ 2

0 0 0

( 1)
..........

2!

p p
y p y y


    

௫௡௫௢ )dp 

                           = ℎ ∫ ሺ 2

0 0 0

( 1)
..........

2!

p p
y p y y


    

௡଴ )dp 

                         =݊ℎ [ 2 2 3

0 0 0 0(2n 3) (n 2) ....
2 12 24

n n n
y y y y         ] 

This is Newton Cotes Quadrature Formula. 

Derive Trapezoidal Rule for numerical integration of ∫ ࢇ࢈ሻ࢞ሺࢌ dx: 

I.TRAPEZOIDAL RULE:- 

Sub n=1 in Newton Cotes Quadrature Formula and taking the curve  y = f(x)  passing through ሺݔ଴, ,ଵݔ଴ሻܽ݊݀ ሺݕ  ଵሻ as a straight line so that differences of order higher than first becomeݕ

zero( i.e.,  ∆ଶ, ∆ଷ݁݋ݎ݁ݖ ݁݉݋ܾܿ݁ ܿݐ) (n=number of intervals) ∫ ݂ሺݔሻ݀ݔ = ℎ[
0 0

1

2
y y  ]௫ଵ௫଴ =h/2[y0+y1]……………….(i) 

Similarly we get ∫ ݂ሺݔሻ݀ݔ =௫ଶ௫ଵ h/2[y1+y2]…………………..;iiͿ 

           --------------------------- 

          --------------------------- 

 



MATHEMATICS - II NUMERICAL TECHNIQUES 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 58 
  

 

Adding above we get ∫ ݔ݀ݕ = ℎଶ [ሺݕ଴ + ௡ሻݕ + ʹሺݕଵ + ଶݕ +  − − − − ௡−ଵሻ]௫𝑛௫బݕ +     

∫ ݔ݀ݕ = ℎʹ [ሺݐ ݂݋ ݉ݑݏℎ݁ 𝐼ݎ݋ ݐݏ݈ܽ & ݐݏ𝑖݀𝑖݊ܽݏ݁ݐሻ + ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݀ݎ݋. ሻ]௫𝑛
௫బ  

Geometrical interpretation of Trapezoidal Rule: 

 

Here trapezoidal rule denotes sum of areas of above trapeziums. 

Derive Simpson’s 1/3 Rule for numerical integration of ∫ ࢇ࢈ሻ࢞ሺࢌ dx 

II. Simpson’s 1/3 Rule (n=2) 

sub n=2 in  Newton Cotes Quadrature Formula and taking the curve  y = f(x)  passing through ሺݔ଴, ,଴ሻݕ ሺݔଵ, ,ଶݔଵሻ ܽ݊݀ ሺݕ   ଶሻ as a parabola so that differences of order higher than secondݕ

become zero( i.e.,  ∆ଷ, ∆ସ݁݋ݎ݁ݖ ݁݉݋ܾܿ݁ ܿݐ) ∫ ݂ሺݔሻ݀ݔ =௫మ௫బ 2

0 0 0

1
2 [y y y ]

6
h    ∆ 

We know E = 1+∆ 

then            ∫ ݂ሺݔሻ݀ݔ =௫మ௫బ ℎଷ ଴ݕ] + Ͷݕଵ +  [ ଶݕ
Similarly    ∫ ݂ሺݔሻ௫ర௫మ =ݔ݀ 2 3 42 [y 4 y y ]h  

 

----------
 

and so on   ∫ ݂ሺݔሻ݀ݔ =௫𝑛௫𝑛−మ ℎଷ ௡−ଶݕ] + Ͷݕ௡−ଵ +  [ ௡ݕ
Adding ∫ ݔ݀ݕ = ℎଷ [ሺݕ଴ + ௡ሻݕ + Ͷሺݕଵ + . +ଶݕ . ௡−ଵሻݕ + + ʹሺݕଶ + . +ସݕ . ௡−ଶሻ]௫𝑛௫బݕ +   

∫ ݔ݀ݕ = ℎ͵ [ሺݐ ݂݋ ݉ݑݏℎ݁ ݂𝑖ݎ݋ ݐݏ݈ܽ ݀݊ܽ ݐݏݎ𝑖݀𝑖݊ܽݏ݁ݐሻ + Ͷሺݐ ݂݋ ݉ݑݏℎ݁ ݀ݎ݋ ݀݀݋𝑖݊ܽݏ݁ݐሻ௫𝑛
௫బ + ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݁݀ݎ݋ ݊݁ݒ𝑖݊ܽݏ݁ݐሻ] 

This is known as Simpson’s ͳ ͵⁄  Rule (or) Simply Simpson’s Rule. .  
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III. Simpson’s 3 / 8 Rule ∫ ݔ݀ݕ = ଷℎ଼ [ሺݕ଴ + ௡ሻݕ + ͵ሺݕଵ + ଶݕ + ସݕ + .+ହݕ . ௡−ଵሻݕ + + ʹሺݕଷ + . +଺ݕ . ௡−ଷሻ]௫𝑛௫బݕ +    

Note: - 

1. Trapezoidal Rule is applicable for any number of subintervals 

2. Simpson’s ͳ ͵⁄  rule is applicable when the  number of subintervals must be even 

3. Simpson’s ͵ ͺ⁄  rule is applicable when the  number of subintervals must be multiple of 3 

Compare Trapezoidal Rule and Simpson’s 1/3 rule 

In trapezoidal rule we take n=1(no of subintervals).between every two points we are taking a st 

line(LINEAR)  where as in simpsons rule n=2 means  We are taking a PARABOLASo error is 

less compare to trapezoidalrule.  

PROBLEMS 

1. Evaluate ∫ 𝒔𝒊࢞࢞࢔𝝅૙ dx by using trapezoidal and simpson’s 1/3 rules taking n=6 

SOL: h= ࢔ࢇ−࢈  =
𝝅૟ 

Here 
𝒔𝒊࢔ ૙૙ =1 since ܔ𝐢࢞ܕ→૙ 𝒔𝒊࢞࢞࢔ =1 

i) Trapezoidal rule : ∫ ଵଵ+௫ଵ଴ dx =
ℎଶ[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ] 

               =
𝜋ଵଶ [ (1+0) +2(0.827+0.4135+0.9549+0.6366+0.1910) ] = 1.8446 

ii) Simpson’s 1/3 rule: ∫ ଵଵ+௫ଵ଴ dx= ℎଷ [ሺݐ ݂݋ ݉ݑݏℎ݁ 𝐼ݎ݋ ݐݏ݈ܽ & ݐݏ𝑖݀𝑖݊ܽݏ݁ݐሻ + Ͷሺݐ ݂݋ ݉ݑݏℎ݁ ݀ݎ݋ ݀݀݋𝑖݊ܽݏ݁ݐሻ +                                                                                  ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݁݀ݎ݋ ݊݁ݒ𝑖݊ܽݏ݁ݐሻ] 
       = 

𝜋ଵ଼[(1+0)+2(0.827+0.4135)+4(0.9549+0.6366+0.1910)] = 1.852 

x 0 𝜋͸ 
ʹ𝜋͸  

͵𝜋͸  
Ͷ𝜋͸  

ͷ𝜋͸  
𝜋 

sinx 0 0.5 0.866 1 0.866 0.5 0 

Sinx/x 1 0.9549 0.8270 0.6366 0.4135 0.1910 0 

x 0 

 

1/6 2/6 3/6 4/6 5/6 6/6 

y=
ଵଵ+௫ ݕ଴ 

 ଵݕ 1

 ଶݕ 0.8571

 ଷݕ 0.75

 ସݕ 0.6666

 ହݕ 0.6

 ଺ݕ 0.5454

0.5 
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2. Evaluate ∫ ૚૚+࢞૚૙ dx by using trapezoidal , simpson’s 1/3, Simpson’s 3/8  rules. 

SOL:   We want to use above 3 rules so take n=6 

 h= ௕−௔௡  = ͳ−Ͳ͸  = 
ଵ଺ 

i) Trapezoidal rule : ∫ ଵଵ+௫ଵ଴ dx =
ℎଶ[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ] 

  

              =
ଵଶ [ (1+0.5) +2( 0.8571+0.5454+0.75+0.6+0.6666) ]  = 0.69485 

ii) Simpson’s 1/3 rule: ∫ ଵଵ+௫ଵ଴ dx=
ℎଷ [ሺݐ ݂݋ ݉ݑݏℎ݁ ݂𝑖ݎ݋ ݐݏ݈ܽ ݀݊ܽ ݐݏݎ𝑖݀𝑖݊ܽݏ݁ݐሻ + Ͷሺݐ ݂݋ ݉ݑݏℎ݁ ݀ݎ݋ ݀݀݋𝑖݊ܽݏ݁ݐሻ +                                                                                      ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݁݀ݎ݋ ݊݁ݒ𝑖݊ܽݏ݁ݐሻ] 

               =
ଵଵ଼[(1+0.5)+2(0.75+0.6)+4(0.8571+0.6666+0.5454)] = 0.6931 

iii) Simpson’s 1/3 rule: ∫ ଵଵ+௫ଵ଴ dx  = ଷℎ଼ [ሺݕ଴ + ௡ሻݕ + ͵ሺݕଵ + ଶݕ + ସݕ + .+ହݕ . ௡−ଵሻݕ + + ʹሺݕଷ + . +଺ݕ .  [௡−ଷሻݕ +
                = ଵଵ଺[(1+0.5)+2(0.6666)+3(0.8571+0.75+0.6+0.5454)] = 0.6932 

3. Evaluate ∫ 𝒍࢞ࢍ࢕ ૞.૛૝ dx by using trapezoidal , simpson’s 1/3,Simpsons 3/8  rules from 

x 4 4.2 4.4 4.6 4.8 5 5.2 

logx 1.3863 ࢟૙ 

 ૚࢟ 1.4351

 ૛࢟ 1.4816

 ૜࢟ 1.5261

 ૝࢟ 1.5686

 ૞࢟ 1.6094

 ૟࢟ 1.6487

SOL:    Here h=4.2-4=0.2 

 i) Trapezoidal rule : ∫ ହ.ଶସ ݔ݃݋݈ dx =
ℎଶ[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) ] 

                     =
଴.ଶଶ [(1.3863+1.6487)+2(1.4351+1.4816+1.5261+1.5686+1.6094)]  = 1.8277 

ii) Simpson’s 1/3 rule: ∫ ଵଵ+௫ଵ଴ dx=
ℎଷ [ሺݐ ݂݋ ݉ݑݏℎ݁ ݂𝑖ݎ݋ ݐݏ݈ܽ ݀݊ܽ ݐݏݎ𝑖݀𝑖݊ܽݏ݁ݐሻ + Ͷሺݐ ݂݋ ݉ݑݏℎ݁ ݀ݎ݋ ݀݀݋𝑖݊ܽݏ݁ݐሻ +                                                                                     ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݁݀ݎ݋ ݊݁ݒ𝑖݊ܽݏ݁ݐሻ] 

              =
଴.ଶଷ [(1.3863+1.6487)+2(1.4816+1.5686)+4(1.4351+1.5261+1.6094)]  =1.8279 

iii) Simpson’s 3/8 rule: ∫ ଵଵ+௫ଵ଴ dx= ଷℎ଼ [ሺݕ଴ + ௡ሻݕ + ͵ሺݕଵ + ଶݕ + ସݕ + .+ହݕ . ௡−ଵሻݕ + + ʹሺݕଷ + .+଺ݕ .          [௡−ଷሻݕ +
              =

଴.଺ଵ଼[(1.3863+1.6487)+2(1.5261)+3(1.4351+1.4816+1.5686+1.6094)] = 1.8278 
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4. The velocity v (m/sec) of a particle at distance S(m) from a point on its path given by 

following table 

S 0 10 20 30 40 50 60 

v 47 58 64 65 61 52 38 

 Estimate the time taken to travel 60 meters by Simpsons 1/3 and 3/8 rules. 

SOL: Let ݒ = 𝑑𝑣𝑑௧ be the velocity of particle at any time ‘t’ 

Then ݀ݐ = 𝑑௦𝑣  Integrating on both sides with limits 0 to 60 

Then ݐ = ∫ ଵ𝑣଺଴଴   ds 

S 0 10 20 30 40 50 60 

v 47 58 64 65 61 52 38 

1/v 0.0212 0.0172 0.0156 0.0153 0.0163 0.0192 0.0263 

I) Simpson’s 
૚૜rule: 

∫ ଵ𝑣଺଴଴   ds=   
ℎଷ  [ ሺݐ ݂݋ ݉ݑݏℎ݁ ݂𝑖ݎ݋ ݐݏ݈ܽ ݀݊ܽ ݐݏݎ𝑖݀𝑖݊ܽݏ݁ݐሻ+Ͷሺݐ ݂݋ ݉ݑݏℎ݁ ݀ݎ݋ ݀݀݋𝑖݊ܽݏ݁ݐሻ+ʹሺݐ ݂݋ ݉ݑݏℎ݁ ܽ݉݁ݎ𝑖݊𝑖݊݃ ݁݀ݎ݋ ݊݁ݒ𝑖݊ܽݏ݁ݐሻ] 

     = ଵ଴ଷ [(0.0212+0.0263)+2(0.0156+0.0163)+4(0.0172+0.0153+0.0192)]= 1.0603 sec 

ii) Simpson’s 
૜𝟖 rule: ݐ = ∫ ଵ𝑣଺଴଴   ds= ଷℎ଼ [ሺݕ଴ + ௡ሻݕ + ͵ሺݕଵ + ଶݕ + ସݕ + .+ହݕ ௡−ଵሻݕ + + +ʹሺݕଷ + . +଺ݕ  [௡−ଷሻݕ +

                     =
ଷ଴଼

[(0.0212+0.0263)+2(0.0153)+3(0.0172+0.0163+0.0192)]= 0.8857 sec 

5.Evaluate ∫ 𝝅/૛૙࢞࢔𝒔𝒊ࢋ dx correct to four decimals places by Simpsons 3/8rule 

SOL: Here h=
𝜋ଵଶ 

 

 

 

 

 

Simpson’s 
૜𝟖 rule: ݐ = ∫ ଵ𝑣଺଴଴   ds= ͵ℎͅ [ሺݕ଴ + ௡ሻݕ + ͵ሺݕଵ + ଶݕ + ସݕ + .+ହݕ ௡−ଵሻݕ + + +ʹሺݕଷ + . +଺ݕ  [௡−ଷሻݕ +

                    = 
ଷ𝜋ଽ଺[(1+2.718)+2(2.0281)+3(1.2954+1.6487+2.3774+2.6272)=3.1015 

X 

 

0 𝝅૚૛ 
૛𝝅૚૛ 

૜𝝅૚૛ 
૝𝝅૚૛ 

૞𝝅૚૛ 
𝝅૛ 

Y 

 

1 1.2954 1.6487 2.0281 2.3774 2.6272 2.718 
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6. Evaluate  using Simpson’s 3/8 rule 

Sol: Divide the interval into 6 sub intervals & tabulate the values of ࢌሺ࢞𝒊ሻ = ૚૚+࢞૛ as follows

 ௜ሻ 1 0.9729 0.90 0.80 0.69231 0.59016 0.5ݔ௜ 0 1/6 2/6 3/6 4/6 5/6 6/6 ݂ሺݔ   

Here   

Using Simpson’s rule 

 𝐼 = ∫ ଵଵ+௫మଵ଴ ݔ݀ = ଷℎ଼ [ሺݕ଴ + ଺ሻݕ + ͵ሺݕଵ + ଶݕ  + ସݕ + ହሻݕ + =  [ଷݕʹ ͵ͅ.͸ [ሺͳ.Ͳ + Ͳ.ͷͲሻ + ͵ሺͲ.ͻ͹ʹͻ + Ͳ.ͻͲ + Ͳ.͸ͻʹ͵ͳ + Ͳ.ͷͻͲͳ͸ሻ + ʹሺͲ.ͺͲሻ] = ͳͳ͸ ሺͳʹ.ͷ͸͸ʹሻ= Ͳ.͹ͺͷ͵ͻͷ ≅ Ͳ.͹ͺͷͶ 

7. Find the value of , taking 5 sub internals & by using Trapezoidal rule. 

Sol:          

Construct a table of values of ݔ௜&ݕ௜ = ݂ሺݔ௜ሻ  as follows 

 ௜ 1.00 0.961538 0.832069 0.735294 0.609755 0.50ݕ ௜ 0.0 0.2 0.4 0.6 0.8 1.0ݔ   

Using Trapezoidal rule we get 

 

8. Find the area bounded by the curve  and x-axis from  ݔ௜ 7.47 7.48 7.49 7.50 7.51 7.52 ݕ௜ 1.93 1.95 1.98 2.01 2.03 2.06 

 

Sol:- Here h = 0.01 

Area formed by the curve  and x – axis from  is  

1

2

0

1

1
dx

x

1/ 6h 

1

2

0

1

1
dx

x

  2

1
, 5, 0, 1

1

1 0
0.2

5

f x n a b
x

b a
h

n

   


 
   

   
1

2

0

1 0.2
1.0 0.50 2 0.961538 0.832069 0.735294 0.609759

1 2

0.783734

        



I dx
x

 f x y 7.47 7.52x to x 

 y f x 7.47 7.52x to x 
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Applying Trapezoidal rule we get 

 

3. Evaluate 9.Evaluate 9.Find  with 5 sub intervals by Trapezoidal rule 

Sol: -    Here  

  

The values of x & y are tabulated below   

x 0.2 0.4 0.6 0.8 1 

y 0.008 0.064 0.216 0.512 1 

By Trapezoidal rule 

 ∫ ݔଷ݀ݔ = ℎଶ [ሺݕ଴ + ସሻݕ + ʹሺݕଵ + ଶݕ ଷሻ]ଵ଴ݕ +  

    = ଴.ଶଶ [ሺͲ.ͲͲͺ + ͳሻ + ʹሺͲ.Ͳ͸Ͷ + Ͳ.ʹͳ͸ + Ͳ.ͷͳʹሻ] 
    ≅ Ͳ.ʹ͸ 

10. Evaluate  using Trapezoidal rule 

Sol:- Divide the interval  in to 6 parts each of width  

The values of  are given below    

t 0       

 0 

 

0.2618 

 

0.9069 

 

1.5708 

 

1.8138 

 

1.309 

 

0 

 

By Trapezoidal rule 

   

                                  ≅ ͵.Ͳ͹ 

 
7.52

7.47

Area f x dx 

     

   

7.52

0 5 1 2 3 4

7.47

2
2

0.01
1.93 2.06 2 1.95 1.98 2.01 2.03

2

0.0996

h
Area f x dx y y y y y y        

       





1

3

0

x dx

  30, 1, 5&a b n y f x x    

1 0
0.2

5

b a
h

n

 
   

0.2592

0

sint tdt





 0,
6

h




  sinf t t t

/ 6 2 / 6 3 / 6 4 / 6 5 / 6 

 f t y

0y 1y 2y 3y 4y 5y 6y

   

   

 

0 6 1 2 3 4 5

0

sin 2
2

0 0 2 0.2618 0.9069 1.5708 1.8138 1.309
12

11.7246
12

h
t tdt y y y y y y y







        

        





3.0695
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11. Find the value of  by Simpson’s 1/3 rule. Hence obtain approx. value of 𝒍ࢋࢍ࢕૛ 

Sol:-  Divide the interval (1,2) in to 8(even) parts each of width  

x 1 1.125 1.25 1.375 1.5 1.625 1.75 1.875 2 

 
1 

 

0.8888 

 

0.8 

 

0.7272 

 

0.6666 

 

0.6153 

 

0.5714 

 

0.5333 

 

0.5 

 

By Simpson’s 1/3 rule 

 ∫ 𝑑௫௫ = ℎଷ [ሺݕ଴ + ሻ଼ݕ + Ͷሺݕଵ + ଷݕ  + ହݕ + ଻ሻݕ + ʹሺݕଶ + ସݕ + ଺ሻ]ଶଵݕ   

 

  

By actual integration, 

 

Hence , correct to four decimal places 

12. A rocket is launched from the ground. Its acceleration is registered during the first 80 

seconds and is given in the table below. Using Simpson’s 1/3 rule, find the velocity of the 

rocket at t = 80 seconds 

t (sec) 0 10 20 30 40 50 60 70 80 

 30 31.63 33.34 35.47 37.75 40.33 43.25 46.69 50.67 

Sol:-  We know that the rate of  velocity is acceleration I.e.,  

 Velocity of the rocket at  is given 

ݒ     = ∫ ଴଴଼ݐ݂݀   = ͳͲ͵ [ሺ͵Ͳ + ͷͲ.͸͹ሻ + Ͷሺ͵ͳ.͸͵ + ͵ͷ.Ͷ͹ + ͶͲ.͵͵ + Ͷ͸.͸ͻሻʹሺ͵͵.͵Ͷ + ͵͹.͹ͷ + Ͷ͵.ʹͷሻ] 
         = ଵ଴ଷ [ͺͲ.͸͹ + ͸ͳ͸.Ͷͺ + ʹʹͺ.͸ͺ] = ଵ଴ଷ ሺͻʹͷ.ͺ͵ሻ =3086.1 

13. A river is soft wide. The depth ‘d’ in feet at a distance x ft from one bank is given by 

the table 

x 0 10 20 30 40 50 60 70 80 

y 0 4 7 9 12 15 14 8 3 

Find approximately the area of cross-section 

Sol:- Here  

2

1

dx

x

0.125h 

1
y

x


0y 1y 2y 3y 4y 5y 6y 7y 8y

     0.125
1 0.5 4 0.8888 0.7272 0.6153 0.5333 2 0.8 0.6666 0.5714

3
          

 0.125
1.5 11.0584 4.076

3
    0.125

16.6344
3

 0.6931

 
2

2

1
1

log log 2 log1 log 2
dx

x
x
   

log2 0.6931

 2/ secf cm

v
f

t





 80sect 

0 1 2 3 4 5 6 7 810, 0, 4, 7, 9, 12, 15, 14, 8& 3         h y y y y y y y y y
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Area of cross section =  

Area =  

         

         

14. Evaluate  by dividing the interval  in to 8 sub intervals & using 

Simpson’s 1/3 rule  

Sol: - Given  

 

Tabulate the values of  as follows ݔ௜ 0    𝜋 ʹ⁄      sin  ௜ 0 0.38 0.71 0.92 1 0.92 0.710 0.38 0ݔ

Simpson’s 1/3 rule for n = 8 is 

 

      

15. Find the area bounded by the curve
2

2
x

y e


  , x axis between  by using 

Simpson’s 3/8 rule 

Sol:-  Divide the interval  in to 6 sub intervals     

The values of  are tabulated as follows    ݔ௜ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 ݕሺݔ௜ሻ 1.0 1.33 1.649 3.080 7.389 22.760 90.017 

By Simpson’s 3/8 rule we get 

𝐼 = ∫ ݁−௫మ ଶ⁄ଵ
଴ ݔ݀ = ͵ℎͅ [ሺݕ଴ + ଺ሻݕ + ͵ሺݕଵ + ଶݕ  + ସݕ + ହሻݕ +  [ଷݕʹ

  = ଷሺ଴.ହሻ଼ [ሺͳ.ͲͲ + ͻͲ.Ͳͳ͹ሻ + ͵ሺͳ.͵͵ + ͳ.͸Ͷͻ + ͹.͵ͺͻ + ʹʹ.͹͸Ͳሻ + ʹሺ͵.ͲͺͲሻ] 
         Square units 

80

0

ydx

     0 8 1 3 5 7 2 4 64 2
3

h
y y y y y y y y y         

     

 

10
0 3 4 4 9 15 8 2 7 12 14

3

10
3 144 66

3

          

  

710 .sq ft

0

sin x dx



  0,

 0, , 8& sina b n f x x   

0
/ 8

8

b a
h

n

  
   

sin x

/ 8 / 4 3 / 8 5 / 8 6 / 8 7 / 8 

       

     

0 8 1 3 5 7 2 4 64 2
3

0 0 4 0.38 0.92 0.92 0.38 2 0.71 1.0 0.71
8.3

b

a

h
I f x dx y y y y y y y y y



           

          



1.99

0& 3x x 

 0,3 3 0
0.5

6
h


  

2 /2 x

i
y e

36.744
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Numerical solutions of ordinary differential equations 

The important methods of solving ordinary differential equations of first order 

numerically are as follows  

1) Picard’s method  

2) Taylor’s series method 

3) Euler’s method 

4) Modified Euler’s method of successive approximations 

5) Taylor’s series method 

6) Runge- Kutta method 

To describe various numerical methods for the solution of ordinary differential equations, we 

consider the general 1
st
 order differential equation. 𝑑௬𝑑௫=f(x,y)-------(1) with the initial condition y(x0)=y0 

The methods will yield the solution in one of the two forms:  

i) A series for y in terms of powers of x, from which the values of y can be obtained by direct        

    substitution. 

ii) A set of tabulated values of y corresponding to different values of x 

The methods of Taylor and Picard belong to class (i) 

The methods of Euler, Runge - Kutta method, Adams, Milne etc, belong to class (ii) 

Picard’s method of successive approximations  

Consider the following differential equation 
𝑑௬𝑑௫=f(x,y)-------(1) initial condition  is that   

y=y0 at x=x0---- (2) 

the equation is dy=f(x,y)dx 

Integrating the equation between the limits x0 and x we get 

=  

i.e., 
0

x

x x
y


 =  

i.e., y(x)-y(x0) =  

0

x

x x
dy


0

( , )
x

x
f x y dx

0

( , )
x

x
f x y dx

0

( , )
x

x
f x y dx
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or y(x)=y0+ ----(3) 

We find that the R.H.S of (3) contains the unknown y under the integral sign. An equation of 

this kind is called an integral equation and it can be solved by a process of successive 

approximations. 

Picard’s method gives a sequence of functions y
1
(x) , y

(2)
(x) , y

 (3)(x),…. 

Which form a sequence of approximation to y converges to y(x) 

To get the 1
st
 approximation y

 (1) 
(x), put y = y0, in the integral of (3) 

We get ݕሺଵሻ(x) = y0+ ------------ (4) 

Since f(x,y0) is a function of x, it is a possible to integral it with respect to x 

To get the 2
nd

 approximation y
 (2)

 (x) for y, put  in the integral of (3) we get 

 

Similarly, a 3
rd

 approximation of ݕሺଷሻ 
for y is  ݕሺଷሻ = ଴ݕ + ∫ ,ݔ]݂ ⟶ ݔ݀[ሻݔሺଶሻሺݕ ሺ͸ሻ௫௫బ   

Proceeding in this way, we get the ݊௧ℎ approximation  for y as 

  Or ݕ௡ = ଴ݕ + ∫ ݂ሺݔ, ,ݔ௡−ଵሻ݀ݕ ݊ = ͳ,ʹ … … . .௫௫బ  

Eqn 7 gives the general iterative formula for y iterations are repeated until the two successive 

approximations y
(i)

 and y
(i-1)

 are sufficiently close. 

Eqn 7 is known as picards iteration formula. 

This method is not convenient for computer based solutions 

PROBLEMS: 

1. Obtain y(0.1) given ' , (0) 1
y x

y y
y x


 


 by picad’s method. 

SOL: Here f(x,y)=. ௬−௫௬+௫,  y0=1 and x0=0. 

By picard’s method, a sequence of successive approximation to y are given by 

, n=1,2,3,--- 

, n=1,2,3,--- 

0

( , )
x

x
f x y dx

0
0

( , )
x

x
f x y dx

   1
y y x

       2 1

0
0

( , ( )) 5
x

x
y x y f x y x dx  

   n
y x

       
0

1

0 , 7
x

n

n
x

y x y f x y x dx
    

0

( ) ( 1)

0( ) ( , )

x

n n

x

y x y f x y dx
  

( ) ( 1)

0

( ) 1 ( , )

x

n n
y x f x y dx

  
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First approximation: we have 

 

             = 1+∫ ଵ−௫ଵ+௫௫଴  dx  

             = 1+∫ ሺ ଶ ଵ+௫௫଴ − ͳሻ dx 

             = 1+ͳ + ݔ−] + ʹlog ሺͳ +  ሻ]଴௫ݔ

             = 1+[-x+2log(1+x)]-(0+2log(0)) 

             = 1-x+2log(1+x) 

Second approximation, we have 

ሺଶሻݕ     = ͳ + ∫ ,ݔ)݂ ௫଴ݔ݀(ሺଵሻݕ   

= 1+∫ ଵ−௫+ଶ l୭୥ሺଵ+௫ሻ−௫ଵ−௫+ଶ l୭୥ሺଵ+௫ሻ+௫௫଴  dx 

            = 1+∫ [ −ଶ௫ଵ+ଶl୭୥ ሺଵ+௫ሻ௫଴ + ͳ]dx      

It is clear that the resulting expressions too big as we proceed to higher approximations.  

Hence approximate value of y(x) is y
(1)

(x)=y(0.1)= 1-x+2log(1+x)=1-0.1+2log(1.1) = 1.0906 

2. Use picard’s method to approximate y when x=0.2 G.T. y=1 when x=0 and  

Sol: Consider 
𝑑௬𝑑௫ = ݂ሺݔ,  .ሻwhere y = y0 at x = x0ݕ

Here f(x,y) = x-y, x0=0 and y0=1. 

By picard’s method, picard’s iteration formula is 

 

       

First approximation: put y=1 on R.H.S at (1). 

ሺଵሻݕ = ͳ + ∫ ݂ሺݔ, ͳሻ݀ݔ = ͳ + ∫ሺݔ − ͳሻ݀ݔ = ͳ + ʹଶݔ] − ଴[ݔ
௫ = ͳ − ݔ + ଶʹ௫ݔ

଴
௫

଴  

 

dy
x y

dx
 

0

(n) ( 1)

0y y ( , )

x

n

x

f x y dx
  

 (n) ( 1)

0

y 1 ( , ) 1

x

n
f x y dx

   
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Second approximation:  

ሺଶሻݕ = ͳ + ∫ ,ݔ)݂ ݔ݀(ሺଵሻݕ = ͳ + ∫ ݂ ቆݔ, ͳ − ݔ + ଶʹቇݔ ௫ݔ݀
଴

௫
଴  

   = ͳ + ∫ ݔ] − ቀͳ − ݔ + ௫మଶ ቁ] ௫଴ݔ݀  

   =  

Third approximation: 

ሺଷሻݕ  = ͳ + ∫ ,ݔ)݂ ݔ݀(ሺଶሻݕ = ͳ + ∫ ݔ − (ͳ + ଶݔ − ݔ − ଷݔ ͸⁄ )௫
଴

௫
଴  

                   =  =  

Fourth approximation: 

ሺସሻݕ = ͳ + ∫ ,ݔ)݂ ݔ݀(ሺଷሻݕ = ͳ + ∫ ݔ − ቆͳ + ଶݔ − ݔ − ͵ଷݔ + ସʹͶቇ௫ݔ
଴

௫
଴  ݔ݀

        =

 

          

 

Fifth approximation: 

 

         =  

         =  

                    =  

When x=0.2, we have  

y0=1,  y
(1)

=0.82,  y
(2)

=0.83867,  y
(3) 

= 0.83740, y
(4)

 = 0.83746  and  y
(5)

 = 0.83746 

y=0.83746 at x=0.2 

2 3
2

0

1 (2 1 )] 1
2 6

x
x x

x dx x x      

3
2

0

1 ( 1 )
6

x
x

x x x dx    
3 4

21
3 24

x x
x x   

3 4
2

0

1 ( 1 )
3 24

x
x x

x x x dx     

2 3 2 4 5

3 4 5
2

1
2 3 2 12 120

1
3 12 120

x x x x x
x

x x x
x x

      

     

(5) (4) (4)

0 0

y 1 ( , ) 1 [ ]

x x

f x y dx x y dx     

3 4 5
2

0

1 ( 1 )
3 12 120

x
x x x

x x x dx      

3 4 5
2

0

1 (2 1 )
3 12 120

x
x x x

x x dx     

3 4 5 6
21

3 12 60 720

x x x x
x x     
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3. Find an approximate value of y for x=0.1, x=0.2, if  and y=1 at x=0 using 

picard’s method. Check your answer with the exact particular solution. 

Sol: Consider  where y = y0 at x = x0. 

Here f(x,y) = x+y, x0=0 and y0=1. 

By picard’s method, a sequence of successive approximations  

are given by.  

(or) 

 

For n=1,2,3,----     (1) 

 

For n=1,2,3,---   (2) 

when x=0.1 

First  approximation  ݕሺଵሻ = ͳ + ∫ ሺݔ + ͳሻ݀ݔ = ͳ + ݔ + ௫మଶଵ଴   

Second approximation  ݕሺଶሻ = ͳ + ∫ ݔ + ቀͳ + ݔ + ௫మଶ ቁ ௫଴ݔ݀   

         = ͳ + ∫ ቀͳ + ݔʹ + ௫మଶ ቁ ௫଴ݔ݀  = 1+x+ݔଶ + ଷݔ ͸⁄  

Third  approximation 

ሺଷሻݕ  = ͳ + ∫ ݔ] + (ͳ + x + ଶݔ + ଷݔ ͸⁄ )]௫଴   ݔ݀

         = ͳ + ∫ (ͳ + ݔʹ + ଶݔ + ଷݔ ͸⁄ ) ௫଴ݔ݀  = 1+x+ݔଶ + ௫యଷ + ௫రଶସ 

dy
x y

dx
 

( , )
dy

f x y
dx



0

( ) ( 1)

0( ) ( , ( ))

x

n n

x

y x y f x y x dx
  

0

( ) ( 1)

0 ( , )

x

n n

x

y y f x y dx
  

( ) ( 1)

0

1 ( , )

x

n n
y f x y dx

  
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y=0.1 

 

       =  

       = 1.1+0.01+0.0003+0.0000041 

       = 1.1103041 ~ 1.1103 

 y=0.2 

 

       = 1.2+0.04+0.00266+0.0000666 = 1.2427 

y=1.1103 at x=0.1 and y=1.2427 at x=0.2 

Analytical solution: 

The exact solution of , y(0)=1 can be found as follows. 

The equation can be written as  

This is a linear equation in y [i.e, ] 

then p=-1,  Q.   

General solution is y . I.F= (X means multiplication) 

  y.e
-x

=  

  y.e
-x

= - e
-x

(x+1)+c. or y= -(x+1)+ce
+x

 

when x=0, y=1 i.e, i=-(0+1)+c or c=2 

Hence the particular solution of the equation is 

y=-(x+1)+2e
x
=2e

x
-x-1. 

For x=0.1, y = e
0.1

-0.1-1=2(1.1052)-0.1-1=1.1104 

For x=0.2, y= 2e
0.2

-0.2-1 = 2(1.2214)-0.2-1=1.2428. 

 

3 4
(3) 2 (0.1) (0.1)

1 (0.1) (0.1)
3 24

y     

(0.001) 0.0001
1.1 0.01

3 24
  

3 4
(3) 2 (0.2) (0.2)

1 (0.2) (0.2)
3 24

y     

dy
x y

dx
 

dy
y x

dx
 

.
dy

p y Q
dx

 

( 1)

.
pdx dx x

I F e e e
    

.QXI Fdx c

. x
x e dx c

 
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4. Find the value of y for x=0.4 by picard’s method, given that 

, y(0)=0. 

Sol: Consider  and y=y0 at x=x0 i.e.,  y(x0)=y0 

Here  and x0=0, y0=0. 

By picard’s method, the successive approximation are given by 

, n=1,2,3,--- 

 

, n=1,2,3-----  (1) 

The first approximation: 

 

The second approximation: 

 

Calculation of y
(3)

 is tedions and hence approximate value is y
(2)

. 

For x=0.4, y
(1)

= =0.02133 

y
(2)

= =0.0213333+0.0000303. 

                     =0.0213636 ~ 0.0214(correct to 4 decimal places) 

y=0.0214 at x=0.4. 

 

2 2dy
x y

dx
 

( , )
dy

f x y
dx



2 2( , )f x y x y 

0

( ) ( 1)

0( ) ( , )

x

n n

x

y x y f x y dx
  

( ) ( 1)

0

( ) 0 ( , )

x

n n
y x f x y dx

  

( ) ( 1)

0

( ) ( , )

x

n n
y x f x y dx

 

3
(1) (0) 2

0 0 0

( ) ( , ) ( ,0)
3

x x x
x

y x f x y dx f x dx x dx     

3 3 7
(2) (1) 2 2

0 0

( ) ( , ) [ ( ) ]
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x x
x x x

y x f x y dx f x dx     

3(0.4)

3
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3 54
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5. Given that  and y(0)=1, compute y(0.1) and y(0.2) using picard’s method. 

Sol: Consider  and y(x0)=y0. 

Here f(x,y)=1+xy and y0=1, x0=0. 

By picard’s method, the successive approximations are given by 

, n=1,2,3,--- 

, n=1,2,3--- 

The first approximation: 

 

The second approximation: 

 

The third approximation: 

 

            =  

It is clear that the resulting expressions too big, as we proceed to higher approximations. Hence 

approximative value is y
(3)

. 

For x=0.1,  

 

    =1+0.1+0.005+0.000333+0.0000125+0.000000666+0.00000002 

    =1.105346 1.10535 

y(0.1)=1.10534. 

1
dy

xy
dx

 

( , )
dy

f x y
dx



0

( ) ( 1)

0( ) ( , )

x

n n

x

y x y f x y dx
  

( ) ( 1)

0

( ) 1 ( , )

x

n n
y x f x y dx

  
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( ) 1 ( , ) 1 ( ,1) 1 (1 ) 1
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2 3 8
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  
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  
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 
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2 3 8
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For x=0.2,  

 

       = 1.2+0.02+0.0026666+0.0002+0.00002133+0.000001333 

       = 1.222889 ~ 1.22289 

y(0.2)=1.22289. 

6. Using picard’s method, obtain the solution of , y(0)=1 and compute y(0.1) 

correct to four decimal places. 

Sol: Consider  and y(x0)=y0. 

Here f(x,y)=x-y
2
,  y0=1 and x0=0. 

By picard’s method, a sequence of successive approximation to y are given by 

, n=1,2,3,--- 

, n=1,2,3,--- 

First approximation: we have 

 

Second approximation, we have 

 

           =  

           = =  

It is clear that the resulting expressions too big as we proceed to higher approximations. Hence 

approximate value of y(x) is y
(2)

(x). 

 

2 3 4 5 6
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For x=0.1 ݕሺଶሻ 
=  

       = 1-0.1+0.015-0.0006666+0.000025-0.0000005 

       = 1.015025-0.1006671 

       = 0.9143579 ~ 0.9143 (correct to four decimal places) 

y = 0.9143 at x=0.1. 

7. Find the value of y for x=0.25, 0.5, 1 by Picard’s method, given that  and 

x0=0, y0 = 0. 

Sol: Consider  and y(x0)=y0 or y=y0 at x=x0 

Here  and x0=0, y0=0 

By picard’s method a sequence of approximations are given by 

, n=1,2,3,--- 

, n=1,2,3---  (1) 

First approximation: we have 

 

Second approximation, we have 

 

 =  [by putting =t]  =  

Third approximation, we have 

 

5
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The integration is difficult, this is the drawback of the method. Hence the approximation value 

of y is y
(2)

(x). 

 

  = ( ) 

For x=0.25, 

 

at x=0.5, 

 

At x=1, 

 

y=0.0052082 at x=0.25 

y=0.0416425 at x=0.5 

y=0.32180699 at x=1 

8. Given , y(0)=0, determine y(0.1), y(0.2) and y(1) using picard’s method. 

Sol: Consider  and y(x0)=y0 

Here f(x,y)= , x0=0 and y0=0 

By picard’s method, a sequence of approximations are given by 

,  n=1,2,3,--- 

, n=1, 2, 3,---- (1) 

First approximation, we have 
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Second approximation, we have 

 

Third approximation, we have 

 

The integration is difficult, Hence the approximate value of y is . 

 

for x=0.1,  

for x=0.2,  

For x=1,              ݕሺଶሻ(1) =݁భమ 

TAYLOR’S SERIES METHOD 

To find the numerical solution of the differential equation  (1) 

With the initial condition  (2) 

 Can be expanded about the point  in a Taylor’s series in powers of  as ݕሺݔሻ = ଴ሻݔሺݕ + ሺ௫−௫బሻଵ! ଴ሻݔ𝐼ሺݕ + ሺ௫−௫బሻమଶ! .+଴ሻݔ𝐼𝐼ሺݕ + ሺ௫−௫బሻ𝑛௡! →  ..+଴ሻݔ௡ሺݕ ሺ͵ሻ 

In equation (3),  is known from initial condition equation. The remaining coefficients 

etc are obtained by successively differentiating equation (1) and 

evaluating at . Substituting these values in equation, at any point can be calculated from 

equation. Provided  is small. 

When , then Taylor’s series equation can be written as 

(4) 

Note: We know that the Taylor’s expansion of y(x) about the point x0 in a power of  

(x – x0) is. 

 
2 2
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y(x) = y(x0) + y
’
(x0) + y

’’
(x0) + y

’’’
(x0) + … (1)  Or 

y(x) = y0 +  +  +  + ….. 

If we let x – x0 = h. (i.e. x = x0 + h = x1) we can write the Taylor’s series as  

y(x) = y(x1) = y0 +   +  +  +  + …. 

i.e. y1 = y0 +  +  +  +  + …..               (2) 

Similarly expanding y(x) in a Taylor’s series about x = x1. We will get. 

y2 = 1y +  +  +  +  + …….                                                  (3) 

Similarly expanding y(x) in a Taylor’s series about x = x2 We will get. 

y3 = y2 +  +  +  + + …...   (4) 

In general, Taylor’s expansion of y(x) at a point x= xn is 

yn+1 = yn +  +  +  +  + …. …………... (I) 

Merits and Demerits of Taylor series method: 

In this method taking h very small and taking upto order h
4 

terms we get less error but finding 

derivatives may be complicate in some of the problems 

PROBLEMS:  

1. Solve 1
dy

xy
dx

   and y(0) = 1 using Taylor’s series method and compute y(0.1).  

    SOL:. Given that  - 1 = xy and y(0) = 1 

Here  = 1 + xy and y0 = 1, x0 = 0. 

Differentiating repeatedly w.r.t ‘x’ and evaluating at x0 = 0 

y
I
(x) = 1 + xy,                y

I
(0) = 1+0(1) = 1 . 

y
II
(x) =ݔ. 𝐼ݕ + y             ,ݕ

II
(0) = 0+1=1  
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y
III

(x) = ݔ. 𝐼𝐼ݕ + 𝐼ݕ + 𝐼   yݕ
III

(0) = 0.(1) + 2(1) =2 

The Taylor series for f(x) about x0 = 0 is 

y(x) = y(0) + x.y
’
(0) +  y

’’
 (0) + y

’’’
(0)      (Neglecting higher order terms) 

Substituting the values of y(0) , y
’
(0) , y

’’
(0) , ….  

y(x) = 1 + x +  + (2)  

y(x) = 1 + x +  +            (1) 

Now put x = 0.1 in equ (1), 

y(0.1) = 1 + 0.1 +  + . 

= 1 + 0.1 +0.005 + 0.000333 = 1.105 

2. Solve the equation 2dy
x y

dx
   with the conditions y(0) = 1 and y`(0) =1. Find y(0.2) and 

y(0.4) using Taylor’s series method. 

SOL: Given that Here ,  

Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0 

 

The Taylor’s series for f(x) about x0 = 0 is 

y(x) = y(0) + y
1
(0) + y

11
(0) + y

111
(0) (Neglecting higher order terms) 

Substituting the value of y(0), y
1
(0), y

11(0),….. 

y(x) = 1 – x + x
2
 - x

3
  

y(x) = 1 – x + x
2
 - x

3
     (1) 

2
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x
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Now put x = 0.1 in (1) 

y(0.1) = 1 – 0.1 + (0.1)
2
 +  (0.1)

3
 = 0.9138 

Similarly put x = 0.2 in (1) 

y(0.2) = 1 – 0.2 + (0.2)
2
 -  (0.2)

3
  = 0.8516. 

  3. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given that y
1
 = y

2 
+ x          

      and y(0) = 1. 

     Sol: Given y
1
 = y

2
 + x   (1)  and  y(0) = 1    (2) 

Here x0 = 0, y0 = 1.Take h=0.1then x1=x0+h=0.1;x2=0.2;x3=0.3 

Differentiating (1) w.r.t ‘x’, we get 

 = 2y y
I
 + 1                                (3) 

 = 2[y  + (y
I
)
2
]                     (4) 

 = 2[y  + y
I

+ 2 y
I

] = 2[y  + 3 y
I

]                  (5) 

Put x0 = 0, y0 = 1 in (1), (3), (4) and (5), we get  

 = (1)
2
 + 0 = 1 

 = 2(1) (1) + 1 = 3, 

 = 2((1) (3) + (1)
2
) =  

 = 2[(1)(8) + 3(1)(3)] = 34 

Take h = 0.1. 

Step1: By Taylor’s series expansion, we have  

y(x1) = y1 = y0 +  +  +  +  + ….    (6) 

on substituting the values of yo, ,  etc in (6),we get 

y(0.1) = y1
 
= 1 + (0.1)(1) + (3) + (8) + (34) + …. 

          = 1 + 0.1 + 0.015 + 0.001333 + 0.000416    ⇒  y1 = 1.116749 
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Step2: Let us find y(0.2),we start with (x1,y1) as the starting values 

Here x1 = x0 + h = 0 + 0.1 = 0.1 and y1 = 1.116749 

Putting these values in (1),(3),(4) and (5), we get 

 = +x1 = (1.116749)
2
 + 0.1 = 1.3471283 

 = 2y1  + 1 = 2(10116749) (1.3471283) + 1 = 4.0088 

 = 2(y1  + ( )
2
) = 2((1.116749) (4.0088) + (1.3471283)

2
] = 12.5831 

=2y1  +6 =2(1.116749) (12.5831) + 6(1.3471283) (4.0088) = 60.50653 

By Taylor’s expansion 

y(x2) = ݕଶ = y1 +  +  +  + + …. 

y(0.2)=ݕଶ=1.116749 + (0.1)(1.3471283)+ (4.0088)+ (12.5831)+ (60.50653) 

y2 = 1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252 = 1.27385 

y(0.2) = 1.27385 

Step3: Let us find y(0.3),we start with (x2,y2) as the starting value. 

Here x2 = x1 + h = 0.1 + 0.1 =0.2 and y2 = 1.27385 

Putting these values of x2 and y2 in eq (1), (3), (4) and (5), we get  

 =  + x2 = (1.27385)
2
 + 0.2 = 1.82269 

= 2y2  + 1 = 2(1.27385) (1.82269) + 1 = 5.64366 

= 2[y2  + ( )
2 

] = 2[(1.27385) (5.64366) + (1.82269)
2
] 

       = 14.37835 + 6.64439 = 21.02274 

= 2y2 +  + 6  = 2(1.27385) (21.00274) + 6(1.82269) (5.64366) 

       = 53.559635 + 61.719856   = 115.27949 

By Taylor’s expansion, 

y(x3) = y3 = y2 +  +  +  +  + ….. 
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y(0.3)=y3=1.27385+(0.1)(1.82269)+ (5.64366)+ (21.02274)+ (115.27949) 

         = 1.27385 + 0.182269 + 0.02821 + 0.0035037 + 0.00048033 = 1.48831 

y(0.3) = 1.48831 

4. Solve y
1

 = x
2
 – y, y(0) = 1 using Taylor’s series method and evaluate y(0.1),y(0.2),y(0.3) 

and y(0.4) (correct to 4 decimal places) 

Sol: Given y
1

 = x
2
 – y                (1) and y(0) = 1                       (2) 

Here x0 = 0, y0 = 1 

Differentiating (1) w.r.t ‘x’, we get  

y
II
 = 2x – y

1
               (3) 

y
III

 = 2- y
II     

              (4) 

y
IV

 = -y
III 

                   (5) 

put x0 = 0, y0 = 1 in (1),(3),(4) and (5), we get  

=  - y0 = 0-1 = -1, 

= 2x0 -  = 2(0) – (-1) = 1 

= 2-  = 2-1 = 1, 

= -  = -1  Take h = 0.1 

Step1: by Taylor’s series expansion 

y(x1) = y1= y0 +  +  +  +  + ….        (6) 

On substituting the values of y0, ,  etc in (6), we get  

y(0.1) = y1 = 1+ (0.1) (-1) + (1) + (1) + (-1)+…. 

          = 1-0.1 + 0.005 + 0.01666 – 0.0000416+…. 

          = 0.905125 ~ 0.9051 (4 decimal place). 

Step2: Let us find y(0.2) we start with (x1,y1) as the starting values   

Here x = x0 + h = 0 + 0.1 = 0.1 and y1 = 0.905125, 

Putting these values of x1 and y1 in (1), (3), (4) and (5), we get 
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 =  - y1 = (0.1)
2
 – 0.905125 = -0.895125 

= 2x1 -  = 2(0.1) – (-0.895125) = 1.095125, 

= 2 -  = 2 – 1.095125 = 0.904875, 

= -  = -0.904875, 

By Taylor’s series expansion, 

y(x2) = ݕଶ = y1 +  +  +  + +…. 

y(0.2)=ݕଶ=0.905125+(0.1)(-0.895125)+ (1.09125)+ (0.904875)+ (-

0.904875)+…. 

y(0.2) =ݕଶ= 0.905125 – 0.0895125 + 0.00547562 + 0.000150812 – 0.00000377 

          = 0.8212351 ~ 0.8212 (4 decimal places) 

Step3: Let us find y(0.3), we start with (x2,y2) as the starting value 

Here x2 = x1 + h = 0.1+ 0.1 = 0.2 and ݕଶ = 0.8212351 

Putting these values of x2 and y2 in (1),(3),(4), and (5) we get  

ଶ = (0.2)ݕ -  = 
2
 – 0.8212351= 0.04 – 0.8212351 = - 0.7812351 

= 2x2 -  = 2(0.2) + (0.7812351) = 1.1812351, 

= 2 -  = 2 – 1. 1812351 = 0.818765, 

= -  = -0.818765, 

By Taylor’s series expansion, 

y(x3) = y3 = y2 +  +  +  + +…. 

y(0.3)=y3=0. 8212351+(0.1)(-0.7812351)+ (1.1812351)+ (0.818765)+ (-

0.818765)+…. 

y(0.3) = y3 = 0. 8212351– 0.07812351+ 0.005906 + 0.000136 – 0.0000034 

= 0.749150 ~ 0.7492 (4 decimal places) 
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2

III
y 2

II
y

2

IV
y 2

III
y

1!

h
2

I
y

2

2!

h
2

II
y

3

2
3!

IIIh
y

4

2
4!

IVh
y

2(0.1)

2

3(0.1)

6

4(0.1)

24
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Step4: Let us find y(0.4), we start with (x3,y3) as the starting value 

Here x3 = x2 + h = 0.2+ 0.1 = 0.3 and y3 = 0.749150 

Putting these values of x3 and y3 in (1),(3),(4), and (5) we get  

 =  - y3 = (0.3)
2
 – 0.749150= -0.65915, 

= 2x3 -  = 2(0.3) + (0.65915) = 1.25915, 

= 2 -  = 2 – 1. 25915 = 0.74085, 

= -  = -0.74085, 

By Taylor’s series expansion, 

y(ݔସ) = ݕସ=ݕଷ+  +  +  + +…. 

y(0.4)= ݕସ=.749150+(.1)(-.65915)+ (1.25915)+ (.74085)+ (-.74085)+…. 

y(0.4) = ݕସ = 0. 749150 – 0.065915+ 0.0062926+ 0.000123475 – 0.0000030 

= 0.6896514 ~ 0.6897 (4 decimal places) 

      5. Using Taylor’s expansion evaluate the integral of , at  

a) ݔ = Ͳ.ͳ, Ͳ.ʹ, Ͳ.͵,    b) Compare the numerical solution obtained with exact solution. 

Sol: Given equation can be written as  

Differentiating repeatedly w.r.t to‘x’ and evaluating at  

 

In general,  or  

The Taylor’s series expansion of  about  is 

ሻݔሺݕ = ሺͲሻݕ + ଵሺͲሻݕݔ + !ʹଶݔ ଵଵሺͲሻݕ + !͵ଷݔ ଵଵଵሺͲሻݕ + !ସͶݔ ଵ𝑣ሺͲሻݕ + !ହͷݔ 𝑉ሺͲሻݕ + ⋯ 

Substituting the values of  

1

3y
2

3x

3

II
y

1

3y

3

III
y 3

II
y

3

IV
y 3

III
y

1!

h
3

I
y

2

2!

h
3

II
y

3

3
3!

IIIh
y

4

3
4!

IVh
y

2(0.1)

2

3(0.1)

6

4(0.1)

24

2 3 , (0) 0x
y y e y   

2 3 , (0) 0x
y e y y  

0x 

0

0

0

0

( ) 2 3 , (0) 2 (0) 3 2(0) 3(1) 3

( ) 2 3 , (0) 2 (0) 3 2(3) 3 9

( ) 2. ( ) 3 , (0) 2 (0) 3 2(9) 3 21

( ) 2. ( ) 3 , (0) 2(21) 3 45

( ) 2. 3 , (0) 2(45) 3

x

x

x

iv x iv

v iv x v

y x y e y y e

y x y e y y e

y x y x e y y e

y x y x e y e

y x y e y

       

         

         

    

    0 90 3 93e   

( 1) ( )( ) 2. ( ) 3n n x
y x y x e

   ( 1) ( ) 0(0) 2. (0) 3n n
y y e

  

( )y x
0 0x 

(0), (0), (0), (0),..........y y y y  
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  ሺͳሻ 

Now put  in equation 

 

Now put  in equation 

 

Now put ݔ = Ͳ.͵ 𝑖݊ ݁ݐܽݑݍ𝑖݊݋ሺͳሻ 

 

Analytical Solution: 

The exact solution of the equation  with  can be found as follows 

 This is a linear in y. 

Here   

I.F =݁∫ ௣ሺ௫ሻ𝑑௫ = ݁∫ −ଶ௫𝑑௫ =݁−ଶ௫ 

General solution is  

Where   

The particular solution is  or  

Put in the above particular solution, 

 

Similarly put  

 

put           

2 3 4 59 21 45 93
( ) 0 3 ........

2 6 24 120
y x x x x x x      

2 3 4 59 7 15 31
( ) 3 ........

2 2 8 40
y x x x x x x     

0.1x 

2 3 4 59 7 15 31
(0.1) 3(0.1) (0.1) (0.1) (0.1) (0.1)

2 2 8 40
y      0.34869

0.2x 

2 3 4 59 7 15 31
(0.2) 3(0.2) (0.2) (0.2) (0.2) (0.2)

2 2 8 40
y      0.811244

2 3 4 59 7 15 31
(0.3) 3(0.3) (0.3) (0.3) (0.3) (0.3)

2 2 8 40
y      1.41657075

2 3 xdy
y e

dx
  (0) 0y 

2 3 xdy
y e

dx
 

2, 3 x
P Q e  

2 2. 3 . 3x x x x
y e e e dx c e c

      
23 x x

y e ce    0, 0x y  0 3 c   3c 

23 3x x
y e e  2( ) 3 3x x

y x e e 

0.1x 

0.2 0.13. 3 0.34869y e e  

0.2x 

0.4 0.23 3 0.811265y e e  

0.3x 
0.6 0.33 3 1.416577y e e  
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6. Using Taylor’s series method, solve the equation  for  given that  

y = 0 when x = 0 

Sol: Given equation is   and  when  i.e.  

Here ,  

Differentiating repeatedly w.r.t ‘x’ and evaluating at  ݕଵሺݔሻ = ଶݔ + ,ଶݕ ଵሺͲሻݕ = Ͳ + ଶሺͲሻݕ = Ͳ + Ͳ = Ͳ ݕଵଵሺݔሻ = ݔʹ + 𝐼ݕ . ,ݕʹ ଵଵሺͲሻݕ = ʹሺͲሻ + .ʹଵሺͲሻݕ ݕ = Ͳ  ݕଵଵଵሺݔሻ = ʹ + ଵଵݕݕʹ + .ଵݕʹ ,ଵݕ ଵଵଵሺͲሻݕ = ʹ + ʹ. .ሺͲሻݕ ଵሺͲሻݕ + ʹ. ଵሺͲሻଶݕ = ሻݔ𝐼𝑉ሺݕ  ʹ = ʹ. ଵଵଵݕݕ + ʹ. ,ଵଵݕ ଵݕ + Ͷ. .ଵଵݕ ,ଵݕ ଵሺͲሻݕ = Ͳ  

The Taylor’s series for f(x) about  is  

 

Substituting the values of  

(Higher order terms are neglected) 

 

7. Find y (0.1),y (0.2), z(0.1), z(0.2) given 
2, (0) 2, (0) 1

dy dz
x y x y and y z

dx dx
      by 

Using Taylor’s series method 

SOL: Given y
I
 =x+z, take x0 = 0 , y0 = 2 ,h=0.1 

We have to find y1 = y(0.1)  and y2 = y(0.2)  

Now   y
I
 = x+z,    ݕଵଵ= 1+ݖଵ,    ݕଵଵଵ= ݖଵଵ              ………………….(I) 

Given  ݖଵ =x-y
2                                  

 

take x0 = 0 , z0 = 1 ,h=0.1 

we have to find z1 = z(0.1) and  z2 = z(0.2) 

 now ݖଵ =x-y
2
,  

ଵଵ =1-2y.yݖ     
1
ଵଵଵ=-2[y.yݖ      ,

11 
+ (y

1
)
2    ………………………………(II) 

2 2dy
x y

dx
  0.4x 

2 2dy
x y

dx
  0y  0x  (0) 0y 

0 0y  0 0x 

0x 

0 0x 

2 3 4

( ) (0) (0) (0) (0) (0) ...
2! 3! 4!

x x x
y x y xy y y y        

(0), (0), (0),.....y y y 

3 32
( ) 0 (0) 0 0 ........

3! 3

x x
y x x       

3(0.4) 0.064
(0.4) 0.02133

3 3
y   
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By Taylor’s   series   ,for  y
1

 and z
1
 ,we have  

y(x) = y0 + h.y
I
0+ 

ℎమଶ!  y0
II
 + 

ℎయଷ! y0
III

 (neglecting higher order terms)….(1) 

z(x) = z0 + h.z
I
0+ 

ℎమଶ!  z0
II
 + 

ℎయଷ!z0
III

 (neglecting higher order terms)……………….(2) 

From (I) and (II), we get  

y0=2;                                                                  z0 =   1;  

y0
I
 =x0+z0=0+1=1                        ݖ଴ଵ= x0-y0

2
= -4 

y
II

଴ଵ =1+ x0-y0ݖ+1= 0
2 

=1+0-4= -3
   

଴ଵଵ =1-2y0.y0ݖ    ;
1

଴ଵଵଵ ==-2[y0.y0ݖ    ;                               ଴ଵଵ  =-3ݖ  =଴ଵଵଵݕ 3-=1(2)1-2 =
11  

+ ሺݕ଴ሻଶ = ͳͲ 

Substituting these values in (1) and(2) 

y1=y(0.1)= 2+(0.1)1+ 
଴.଴ଵଶ  (-3) + 

଴.଴଴ଵ଺ (-3)=2.0845. 

z1=z(0.1)= 1+(0.1)(-4)+ ଴.଴ଵଶ  (-3)+ ଴.଴଴ଵ଺ (10)=0.5867. 

Similarly 

By Taylor’s series for y2,z2 are 

y2=y1 + h.y
I
1+ 

ℎమଶ!  y1
II
 + 

ℎయଷ! y1
III………………..(3) 

z2 =z1 + h.z
I
1+ 

ℎమଶ!  z1
II
 + 

ℎయଷ! z1
III…………………..(4) 

Now we have 

 y1=2.01845;                                                                            z1 =   1;  

y1
I
 =x1+z1=0.1+0.5867=0.6867                       ݖଵଵ= x1-y1

ଵIIݕ 4.2451- =2
ଵଵ =1+ x1-y1ݖ+1= 

2 
= -3.2451

   
ଵଵଵ =1-2y1.y1ݖ                             ;

1
ଵଵଵଵ ==-2[y1.y1ݖ    ;                               ଵଵଵ  =-1.8628ݖ  =ଵଵଵଵݕ 1.8628- =

11  
+ ሺݕଵሻଶ = ͳʹ.ͷͺͷ͸ 

Substituting in (3) and (4).We get  

 y2=y(0.2)= 2.0845+(0.1)(0.6867)+ 
଴.଴ଵଶ  (-3.2451) + 

଴.଴଴ଵ଺ (-1.8628)=2.1367. 

z2=z(0.2)= 0.5867+(0.1)(-4.2451)+ ଴.଴ଵଶ  (-1.8628)+ ଴.଴଴ଵ଺ (12.5856)=0.15497. 
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EULER’S METHOD:- 

It is the simplest one-step method and it is less accurate. Hence it has a limited application. 

Consider the differential equation   = f(x,y)  (1)          With  y(x0) = y0      (2) 

Consider the first two terms of the Taylor’s expansion of y(x) at x = x0 

y(x) = y(x0) + (x – x0) y
1
(x0)                 (3) 

from equation (1) y
1
(x0) = f(x0,y(x0)) = fሺݔ଴,  ଴ሻݕ

Substituting in equation (3) 

y(x) = y(x0) + (x – x0) fሺݔ଴, ,଴ݔ଴ሻAt x = x1, y(x1) = y(x0) + (x1 – x0) fሺݕ ,଴ݔ଴+  h fሺݕ=ଵݕ ଴ሻݕ  ଴ሻ        where h = x1 – x0ݕ

Similarly at x = x2 ,  ݕଶ=ݕଵ+  h fሺݔଵ,        ଵሻݕ

Proceeding as above, yn+1 = yn + h f(xn,yn) 

This is known as Euler’s Method  

From the fig, 

Tan𝛼=
௢௣௣௔𝑑௝ = ௢௣௣ℎ  

Implies opp = h Tan𝛼 

But Tan𝛼=slope at ሺݔ଴,   =   ଴ሻݕ
𝑑௬𝑑௫ ,଴ݔሺݐܽ  ,଴ݔ଴ሻ= fሺݕ  ଴ሻݕ

∴opp=h fሺݔ଴,  ଴ሻݕ

Hence y1=y0+opp   implies ݕଵ=ݕ଴+  h fሺݔ଴,  ଴ሻ      [NEGLECTING ERROR]ݕ

We remove that error by using EULER’S MODIFIED METHOD. 

PROBLEMS:  

1. Using Euler’s method, solve for y at x = 2 from  = 3x
2
 + 1,y(1) = 2,taking step size  (i) 

h =  0.5 and (ii) h=0.25 

       Sol:  Here f(x,y) = 3x
2
 + 1, x0 = 1,y0 = 2 

dy

dx





dy

dx
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 Euler’s algorithm is yn+1 = yn + h  f(xn,yn), n = 0,1,2,3,…..                 (1) 

(i) h = 0.5                                    x1 = x0 + h = 1+0.5 = 1.5 

Taking n = 0 in (1) , we have               x2 = x1 + h = 1.5 + 0.5 = 2 

y1 = y0 + h f(x0,y0) 

i.e. y1 = y(1.5) = 2 + (0.5) f(1,2) = 2 + (0.5) (3 + 1) = 2 + (0.5)(4) =4 

Here x1 = x0 + h = 1 + 0.5 = 1.5 

y(1.5) = 4 = y1 

Taking n = 1 in (1),we have  

 y2 = y1 + h f(x1,y1) 

 i.e. y(x2) = y2 = 4 + (0.5) f(1.5,4) = 4 + (0.5)[3(1.5)
2
 + 1] = 7.875 

 Here x2 = x4 + h = 1.5 + 0.5 = 2 

y(2) = 7.875 

(ii) h = 0.25                                    x1 = 1.25, x2 = 1.50, x3 = 1.75, x4 = 2 

Taking n = 0 in (1), we have                

y1 = y0 + h f(x0,y0) 

i.e. y(x1) = y1 = 2 + (0.25) f(1,2) = 2 + (0.25) (3 + 1) = 3 

y(x2) = y2 = y1 + h f(x1,y1) 

i.e. y(x2) = y2 = 3 + (0.25) f(1.25,3) = 3 + (0.25)[3(1.25)
2
 + 1] = 5.42188 

Here x2 = x1 + h = 1.25 + 0.25 = 1.5 

y(1.5) = 5.42188 

Taking n = 2 in (1), we have                

i.e. y(x3) = y3 =ݕଶ + h f(x2,y2)  

                 = 5.42188 + (0.25) f(1.5,5.42188)  

         = 5.42188 + (0.25) [3(1.5)
2
 + 1]= 7.35938 








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Here x3 = x2 + h = 1.5 + 0.25 = 1.75 

y(1.75) =7. 35938  

Taking n = 4 in (1),we have  

y(x4) = y4 = y3 + h f(x3,y3) 

i.e. y(x4) = y4 = 7.35938 + (0.25) f(1.75,7.35938)  

             = 7.35938 + (0.25)[3(1.75)
2
 + 1] = 9.90626 

Note that the difference in values of y(2) in both cases (i.e. when h = 0.5 and when h = 

0.25).The accuracy is improved significantly when h is reduced to 0.25 (Exact solution of the 

equation is y = x
3 

+ x and with this y(2) = y2 = 10. 

2. Solve by Euler’s method,y
1
 = x + y, y(0) = 1 and find y(0.3) taking step size h = 0.1. 

compare the result obtained by this method with the result obtained by analytical 

solution 

 Sol:  Here f(x,y) = x+y, x0 = 0,y0 = 1 

Euler’s algorithm is yn+1 = yn + h  f(xn,yn), n = 0,1,2,3,…..                 (1) 

Given  h = 0.5                                    x1 = x0 + h = 0+0.1= 0.1 

Taking n = 0 in (1) , we have               x2 = x1 + h = 0.1+ 0.1 = 0.2 

y1 = y0 + h f(x0,y0) 

i.e. y1 = y(0.1) = 1 + (0.1) f(0,1) = 1.1 

y(0.1) = 1.1  

Here x2 = x1 + h = 0.1+ 0.1 = 0.2 

Taking n = 1 in (1),we have    y2 = y1 + h f(x1,y1) 

i.e. y(x2) = y2 = 1.1 + (0.1) f(0.1.1.1) =1.22 

Similarly we get         y3 = y(0.3) = 1.362 

Analytical solution: 

The exact solution of , y(0)=1 can be found as follows. 







dy
x y

dx
 
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The equation can be written as  

This is a linear equation in y [i.e, ] 

then p=-1, Q=x.   

General solution is y . I.F=  

   y.e
-x

=  

   y.e
-x

= - e
-x

(x+1)+c. or y=-(x+1)+ce
+x

 

when x=0, y=1 i.e, i=-(0+1)+c or c=2 

Hence the particular solution of the equation is 

y=-(x+1)+2e
x
=2e

x
-x-1. 

Particular solution is y = 2e
x
 – (x + 1) 

Hence y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) = 1.5997 

We shall tabulate the result as follows 

 

 

 

 

The value of y deviate from the exact value as x increases. This indicate that the method is not 

accurate 

3. Given ' 2 , (0) 1y x y y    find correct to four decimal places the value of y (0,1), 

by using Euler’s method. 

Sol:   We have  ݂ሺݔ, ሻݕ = ଶݔ − ଴ݔ    ݕ = Ͳ;  ଴=1 and h=0.1ݕ

By Euler’s algorithm  

yn+1 = yn + h f(xn,yn)            (1) 

From (1), for n = 0, we have 

y1 = y0 + h f(x0,y0) = 1+(0.1)݂ሺͲ,ͳሻ = 1+0.1(0-1) = 0.9 

 ∴  ૚=0.9࢟

dy
y x

dx
 

.
dy

p y Q
dx

 

( 1)

.
pdx dx x

I F e e e
    

.QXI Fdx c

. x
x e dx c

 



X 0 0.1 0.2 0.3 

Euler y 1 1.1 1.22 1.362 

Exact y 1 1.11034 1.3428 1.5997 
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4. Use Euler’s method of find y(0.1),y(0.2) given    , 3 2 , 0 1x
y x xy e y

    

Sol: Given     , 3 2 , 0 1x
y x xy e y

  
 

Consider h = 0.1
 

Here f(x,y) = (x
3
+xy

2
)݁−௫, x0 = 0, y0 = 1,x1=x0+h=0.1,x2=x1+h=0.2 

Euler’s algorithm is yn+1 = yn + h f(xn,yn)            (1) 

From (1), for n = 0, we have 

y1 = y0 + h f(x0,y0) = y0+h(ݔ଴3
଴2ݕ଴ݔ+

)݁−௫బ = 1+(0.1)(0) =1 ∴ ሺͲ.ͳሻݕ = ͳ 

Again   x2=x1+h=0.2 

 From (1), for n = 1, we have 

y2 = y1 + h f(x1,y1) = y1+ h(ݔଵ3
ଵ2ݕଵݔ+

)݁−௫భ 

         = 1 + (0.1)[(0.1)
3
 + (0.1)(1)

2
] = 1.0091 

 ∴ ሺͲ.ʹሻݕ = ͳ.ͲͲͻͳ 

5. Given that  = xy ,y(0) = 1 determine y(0.1),using Euler’s method. 

         Sol: The given differentiating equation is = xy, y(0) = 1     

a=0, b=0.1       

Here f(x,y) = xy , x0 = 0 and y0 = 1 

Since h is not given much better accuracy is obtained by breaking up the interval (0,0.1) in to 

five steps. 

i.e. h =  =  = 0.02 

Euler’s algorithm is yn+1 = yn + h f(xn,yn)                         (1) 

From  (1) for n = 0, we have 

y1 = y0 + h f(x0,y0) = 1 + (0.02) f(0,1) = 1 + (0.02) (0) =1 

Next we have x1 = x0 + h = 0 + 0.02 = 0.02 

From (1), for n = 1, we have  

y2 = y1 + h f(x1,y1) = 1 + (0.02) f(0.02,1)  = 1 + (0.02) (0.02) = 1.0004 



dy

dx

dy

dx

5

b a 0.1

5







MATHEMATICS - II NUMERICAL TECHNIQUES 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 93 
  

 

Next we have x2 = x1 + h = 0.02 + 0.02 =0.04  

From (1), for n = 2,we have  

y3 = y2 + h f(x2,y2) = 1.004 + (0.02) (0.04) (1.000) = 1.0012 

Next we have x3 = x2 + h = 0.04 + 0.02 =0.06 

From (1), for n = 3,we have  

y4 = y3 + h f(x3,y3) = 1.0012 + (0.02) (0.06) (1.00012)= 1.0024. 

Next we have x4 = x3 + h = 0.06 + 0.02 =0.08 

From (1), for n = 4,we have  

y5 = y4 + h f(x4,y4) = 1.0024 + (0.02) (0.08) (1.00024)= 1.0040. 

Next we have x5 = x4 + h = 0.08 + 0.02 =0.1 

When x = x5, y≅y5 

 y = 1.0040 when x = 0.1 

6. Given that  = 3x
2
 + y, y(0) = 4.Find y(0.25) and y(0.5) using Euler’s method 

      Sol: Given  = 3x
2
 + y and y(1) = 2. 

Here f(x,y) = 3x
2
 + y , x0 = (1), y0 = 4 

Consider h = 0.25 

Euler’s algorithm is yn+1 = yn + h f(xn,yn)            (1) 

From (1), for n = 0, we have 

y1 = y0 + h f(x0,y0) = 2 + (0.25)[0 + 4] = 2 + 1 = 3 

Next we have x1 = x0 + h = 0 + 0.25 = 0.25 

 When x = x1, y1 ~ y 

y = 3 when x = 0.25 

From (1), for n = 1, we have 

y2 = y1 + h f(x1,y1) = 3 + (0.25)[3.(0.25)
2
 + 3] = 3.7968 

Next we have x2 = x1 + h = 0.25 + 0.25 = 0.5 

 When x = x2, y ~ y2 y = 3.7968 when x = 0.5. 







dy

dx

dy

dx








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MODIFIED EULER’S METHOD 

From fig  

Avg slope = parallel line slope 

               =
୤ሺ୶଴,୷଴ሻ+୤ሺ୶ଵ,௬భሺబሻሻଶ  

Hence 

ଵሺ଴ሻݕ  
= y0+ hfሺx଴, y଴ሻ 

ଵሺଵሻݕ   
=y0+

୤ሺ୶଴,୷଴ሻ+୤ሺ୶ଵ,௬భሺబሻሻଶ  

       --------------------------- 

ଵሺ௡+ଵሻݕ   
=y0+ fሺxͲ,yͲሻ+fሺxͳ,ݕͳሺ݊ሻሻʹ     

Continue till any two consecutive  iterations nearly same upto three or four decimal places. 

To find ݕଶ,  ..…ଷݕ

The formula is given by ݕ௞+ଵሺ௜ሻ = ௞ݕ + ℎ ʹ [݂ሺݔ௞, ௞ሻݕ + ݂ቀݔ௞+ଵ, [௞+ଵሺ௜−ଵሻቁݕ , 𝑖 = ͳ,ʹ … . ܽ݊݀ ݇ = Ͳ,ͳ … …⁄  

Working rule  for Modified Euler’s method ݕ௞+ଵሺ௜ሻ = ௞ݕ + ℎ ʹ [݂ሺݔ௞, ௞ሻݕ + ݂ ቀݔ௞+ଵ, [௞+ଵሺ௜−ଵሻቁݕ , 𝑖 = ͳ,ʹ … . ܽ݊݀ ݇ = Ͳ,ͳ … …⁄  

ii) When  can be calculated from Euler’s method 

iii) K=0, 1……… gives number of iteration.  

gives number of times, a particular iteration k is repeated
 

Suppose consider dy/dx=f(x, y) -------- (1) with y(x0) =y0----------- (2) 

To find y (ݔଵ) = y1 at x = x1 = x0+h 

Now take k=0 in modified Euler’s method 

……We get ……………………… (3) 

Taking i=1, 2, 3...k+1 in eqn (3), we get 

1i  0

1k
y 

1,2...i 

      1 1

1 0 0 0 1 1/ 2 , ,
i

y y h f x y f x y
    
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଴ሺ଴ሻݕ = ଴ݕ + ℎ[݂ሺݔ଴,  ଴ሻ] (By Euler’s method)ݕ

 

 

------------------------ 

 

If two successive values of are sufficiently close to one another, we will take the 

common value ………..as ݕଵ = ଶሻݔሺݕ = ଵݔሺݕ + ℎሻ  

Now we have 
ݕ݀ ⁄ݔ݀ = ݂ሺݔ, ݕ ℎݐ𝑖ݓሻݕ = ݔ ݐܽ ଵݕ = ଶݕ ݐ݁݃ ݋ݐ ଵݔ = ଶሻݔሺݕ = ଵݔሺݕ + ℎሻ 

Now we have 
ݕ݀ ݀݊⁄  =f(x,y) with y=y , at x=x To get ݕଶ=y(ݔଶ)=y(ݔଵ + ℎሻ 

We use the above procedure again  

PROBLEMS       

1. Using modified Euler’s method find the approximate value of when  

given that  

sol: Given  

Here  

Take h = 0.1 which is sufficiently small 

Here  

The formula for modified Euler’s method is given by 

       

Step1: To find y1= y(x1) = y (0.1) 

Taking k = 0 in eqn(1) 

ଵሺ௜ሻݕ  = ଴ݕ + ℎଶ [݂ሺݔ଴ + ଴ሻݕ + ݂ቀݔଵ, [ଵሺ௜−ଵሻቁݕ      → ሺʹሻ 

      

      1 0

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

      2 1

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

      1

1 0 0 0 1 1/ 2 , ,
k k

y y h f x y f x y
     

   1

1 1,
k k

y y


x 0.3x 

 / 0 1dy dx x y and y  

 / 0 1dy dx x y and y  

  0 0, , 0, 1f x y x y x and y   

0 1 0 2 1 3 20, 0.1, 0.2, 0.3x x x h x x h x x h         

        1

1 1 1/ 2 , 1
i i

k k k k k k
y y h f x y f x y


  

      
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when  i = 1  in eqn (2) ݕଵሺଵሻ = ଴ݕ + ℎʹ [݂ሺݔ଴ + ଴ሻݕ + ݂ቀݔଵ,    [ଵሺ଴ሻቁݕ
First apply Euler’s method to calculate ݕଵሺ଴ሻ

 = y1 

   

                = 1+(0.1)f(0,1)=1+(0.1)(0+1) 

                = 1+(0.1) = 1.10 

Now [ݔ଴ = Ͳ, ଴ݕ = ͳ, ଵݔ = Ͳ.ͳ, ଵሺͲሻݕ = ͳ.ͳͲ] 
  

             = 1+0.1/2[f(0,1) + f(0.1,1.10) 

              = 1+0.1/2[(0+1)+(0.1+1.10)]= 1.11 

When i=2 in eqn (2) 

     

             = 1+0.1/2[f(0.1)+f(0.1,1.11)] 

             = 1 + 0.1/2[(0+1)+(0.1+1.11)]= 1.1105 

     

                 = 1+0.1/2[f(0,1)+f(0.1 , 1.1105)] 

             = 1+0.1/2[(0+1)+(0.1+1.1105)] = 1.1105 

Since  

 y1 = 1.1105 

Step:2    To find y2 = y(x2) = y(0.2) 

Taking k = 1 in eqn (1) , we get  

 where     i = 1,2,3,4,….. 

 For i = 1 

        

    0

1 0 0 0,y y h f x y 

       1 0

1 0 0 0 1 10.1/ 2 , ,y y f x y f x y    

      2 1

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

      3 2

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

   2 3

1 1y y



        1

2 1 1 1 2 2/ 2 , , 3
i i

y y h f x y f x y
     

      1 0

2 1 1 1 2 2/ 2 , ,y y h f x y f x y    
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       is to be calculate from   Euler’s method  

       

              = 1.1105 + (0.1) f(0.1 , 1.1105) 

              = 1.1105+(0.1)[0.1+1.1105]= 1.2316 

ଶሺଵሻݕ 
  =  

              = 1.1105 +0.1/2[0.1+1.1105+0.2+1.2316]= 1.2426 

        

              = 1.1105 + 0.1/2[f(0.1 , 1.1105) , f(0.2 . 1.2426)] 

              = 1.1105 + 0.1/2[1.2105 + 1.4426] 

              = 1.1105 + 0.1(1.3266)= 1.2432 

 

              = 1.1105+0.1/2[f(0.1,1.1105)+f(0.2 , 1.2432)] 

              = 1.1105+0.1/2[1.2105+1.4432)] 

              = 1.1105 + 0.1(1.3268) = 1.2432 

Since  

Hence y2 = 1.2432 

Step:3 To find y3 = y(x3) = y y(0.3) 

Taking k =2 in eqn (1) we get  

 

For  i = 1 ,  

 0

2y

   0

2 1 1 1,y y h f x y 

    1.1105 0.1/ 2 0.1,1.1105 0.2,1.2316f f   

      2 1

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

      3 2

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

   3 3

2 2y y

        1 1

3 2 2 2 3 3/ 2 , , 4
i

y y h f x y f x y
     

      1 0

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    
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 is to be evaluated from Euler’s method . 

 

             = 1.2432 +(0.1) f(0.2 , 1.2432)        

             = 1.2432+(0.1)(1.4432) = 1.3875 

   = 1.2432+ ଴.ଵଶ  [f(0.2 , 1.2432)+f(0.3, 1.3875)] 

             = 1.2432  + 0.1/2[1.4432+1.6875] 

             = 1.2432+0.1(1.5654) = 1.3997 

  

           = 1.2432+0.1/2[1.4432+(0.3+1.3997)] 

           = 1.2432+ (0.1) (1.575) = 1.4003 

 

         = 1.2432+0.1/2[f(0.2 , 1.2432)+f(0.3 , 1.4003)] 

         = 1.2432 + 0.1(1.5718) = 1.4004 

 

         = 1.2432 + 0.1/2[1.4432+1.7004] 

         = 1.2432+(0.1)(1.5718) =  1.4004 

Since  

Hence  

  The value of y at x = 0.3 is 1.4004 

 0

3y

   0

3 2 2 2,y y h f x y 

  1

3y

      2 1

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

      3 2

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

      4 3

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

   3 4

3 3y y

3 1.4004y 


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2. Using Modified Euler’s method find y(0.2 ) y(0.4 )with h=0.2,given that 
 ,x + siny=࢞ࢊ࢟ࢊ

y(0)=1 

SOL:   ݂ሺݔ, ሻݕ = ݔ + ଴ݔ    ݕ𝑖݊ݏ = Ͳ;  ଴=1 and h=0.2ݕ

Here  

x1=x0+h=0.2;             x2=x1+h=0.4 

The formula for modified Euler’s method is given by 

       

Step1: To find y1= y(x1) = y (0.2) 

Euler’s modified method is given by ݕଵሺଵሻ = ଴ݕ + ℎ ʹ⁄ [݂ሺݔ଴, ଴ሻݕ + ݂ቀݔଵ,  ଵሺ଴ሻቁ]  (k=0    ,     i=1)ݕ

 First apply Euler’s method to calculate ݕଵሺ଴ሻ
 = y1 

   

       = 1+(0.2)f(0,1)=1+(0.2)(0+sin1)  

  = 1.163 

   Now [ݔ଴ = Ͳ, ଴ݕ = ͳ, ଵݔ = Ͳ.ʹ, ଵሺ଴ሻݕ = ͳ.ͳ͸͵] 

ଵሺଵሻݕ                
    = 1+0.2/2[f(0,1) + f(0.2,1.163) 

              = 1+0.1/2[1+1.163] 

              = 1.1916 

   When i=2 in eqn (2) 

     

             = 1+0.2/2[f(0.1)+f(0.2,1.1916)] 

             =1.2038 

     

                   = 1+0.2/2[f(0,1)+f(0.2 , 1.2038)] 

             =1.2045 

0 1 0 2 1 3 20, 0.1, 0.2, 0.3x x x h x x h x x h         

        1

1 1 1/ 2 , 1
i i

k k k k k k
y y h f x y f x y


  

      

    0

1 0 0 0,y y h f x y 



      2 1

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

      3 2

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    
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Since  

 y1 = 1.204 

Step:2    To find y2 = y(x2) = y(0.4) 

Taking k = 1 in eqn (1) , we get  

 where     i = 1,2,3,4,….. 

 For i = 1,  

is to be calculate from   Euler’s method  

 

            = 1.204 + (0.2) f(0.2 , 1.204) 

            = 1.4313 

ଶሺଵሻݕ 
    = 1.204 +0.1[1.1337+1.4313] 

            = 1.4611 

           

            = 1.204 + 0.1/2[f(0.2 , 1.204) , f(0.4 . 1.416) 

            = 1.462 

    

            = 1.204+0.1/2[f(0.2,1.204)+f(0.4 , 1.462)]  = 1.464 

Since  

Hence y2 = 1.46  

3. Using modified Euler’s method find the approximate value of when  

given that 
࢞ࢊ࢟ࢊ = ࢞ − ሺ૙ሻ࢟ ࢊ࢔ࢇ ࢟ = ૚ 

   2 3

1 1y y



        1

2 1 1 1 2 2/ 2 , , 3
i i

y y h f x y f x y
     

      1 0

2 1 1 1 2 2/ 2 , ,y y h f x y f x y    

 0

2y

   0

2 1 1 1,y y h f x y 

      2 1

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

      3 2

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

   3 3

2 2y y

x 0.3x 
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Sol: Given 
d୷d୶ = x − y and yሺͲሻ = ͳ 

Here f(x,y) = x - y, x0 = 0and y0 = 1 

Take h = 0.1 

Here  

Step1: To find y1= y(x1) = y (0.1) 

First apply Euler’s method to calculate ݕଵሺ଴ሻ
 = y1 

 

        = 1+(0.1)(0-1) 

        = 1-(0.1) 

        = 0.9 

Now [ݔ଴ = Ͳ, ଴ݕ = ͳ, ଵݔ = Ͳ.ͳ, ଵሺ଴ሻݕ = Ͳ.ͻ] 
ଵሺଵሻݕ  = ଴ݕ + ℎ ʹ⁄ [݂ሺݔ଴, ଴ሻݕ + ݂ቀݔଵ,  [ଵሺ଴ሻቁݕ

         = 1+0.1/2[-1 - 0.8] 

         = 1-0.09 

         = 0.91 

 

         = 1+0.1/2[-1 + (0.1-0.91)] 

         = 1+0.1/2[-1.81] 

         = 1-0.0905 

         = 0.9095 

 

         = 1+0.1/2[-1+(0.1-0.9095)] 

         = 1+0.1/2[-1.8095] 

         = 1-0.090475 

         = 0.909525 

0 1 0 2 1 3 20, 0.1, 0.2, 0.3x x x h x x h x x h         

   0

1 0 0 0,y y h f x y 

      2 1

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    

      3 2

1 0 0 0 1 1/ 2 , ,y y h f x y f x y    
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Since  

 y1 = 0.9095 

Step:2    To find y2 = y(x2) = y(0.2) 

is to be calculate from Euler’s method 

 

= 0.9095+(0.1)(-0.8095) 

= 0.82855 

 

 = 0.9095+0.1/2[-0.8095-0.62855] 

= 0.9095-0.0719 

 = 0.8376 

 

= 0.9095+0.1/2[-0.8095-0.6376] 

= 0.9095-0.075355 

= 0.837145 

 

 = 0.9095+0.1/2[-10446645] 

 = 0.9095-0.07233 

 = 0.83716 

Since  

Hence y2 = 0.8371 

   2 3

1 1y y



 0

2y

   0

2 1 1 1,y y h f x y 

      1 0

2 1 1 1 2 2/ 2 , ,y y h f x y f x y    

      2 1

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

      3 2

2 1 1 1 2 2/ 2 ,y y h f x y f x y    

   3 3

2 2y y
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Step:3  To find y3 = y(x3) = y(0.3) 

 is to be evaluated from Euler’s method 

 

= 0.8371+0.1(-0.6371) = 0.7734 

 

= 0.8371+ 0.1/2[-0.6371-0.4734] 

= 0.8371-0.0555 = 0.7816 

 

 = 0.8371+ 0.1/2[-1.1187] 

 = 0.8371-0.056 = 0.7811 

 

 = 0.8371+ 0.1/2[-1.1182] 

 = 0.8371-0.05591 = 0.7812 

 

 = 0.8371-0.0559 = 0.7812 

Since  

Hence y3 = 0.7812 

 The value of y at x = 0.3 is 0.7812 

 

 

 0

3y

   0

3 2 2 2,y y h f x y 

      1 0

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

      2 1

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

      3 2

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

      4 3

3 2 2 2 3 3/ 2 , ,y y h f x y f x y    

   3 4

3 3y y
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Runge-Kutta Methods           

I.First order R-K Method 

EULER’S METHOD is the R-K method of the first order. 

II. Second order R-K Method 

yi+1 = yi+1/2 (K1+K2), 

Where K1 = h (xi, yi) 

K2 = h (xi+h, yi+k1) 

For i= 0,1,2------- 

NOTE:EULER’S MODIFIED METHOD IS R-K METHOD OF SECOND ORDER 

III. Third order R-K Formula 

yi+1 = yi+1/6 (K1+4K2+ K3), 

Where K1 = h (xi, yi) 

 K2 = h (xi+h/2, y0+k1/2) 

K3 = h (xi+h, yi+2k2-k1) For i= 0,1,2------ 

IV. Fourth order R-K Formula 

yi+1 = yi+1/6 (K1+2K2+ 2K3 +K4), 

Where K1 = h (xi, yi) 

 K2 = h (xi+h/2, yi+k1/2) 

 K3 = h (xi+h/2, yi+k2/2) 

 K4 = h (xi+h, yi+k3) 

For i= 0,1,2------- 
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 Advantages of Runge kutta method Over Taylor series method. 

In RK METHOD no need to find derivatives where as we find derivatives in taylors 

method. Sometimes it may be complicate to find derivative of some function, sowe go for RK 

Method at that time. 

 

PROBLEMS:  

1. solve 
dy

xy
dx

  using R-K method for x=0.2,0.4 given y(0) =1, y`(0)-0 taking h = 0.2 

SOL:  Given  
dy

xy
dx

  ;   y(0) = 1 . 

Here f(x, y) = xy  , x0 = 0, y0=1 and h = 0.2 

 x1 = x0+h = 0+0.2 = 0.2. , x2 = x1+h =0.2+0.2 = 0.4 

By 4
th

 order R-K method, we have 

y1 = y0+
ଵ଺ (k1+2k2+2k3+k4) 

Where k1=h f(x0,y0)=(0.2)f(0,1)= 0 

k2= h f (x0+
ℎଶ, y0+

௞భଶ ) = (0.2)[݂ሺͲ.ͳ, ͳሻ] = ሺͲ.ʹሻሺͲ.ͳሻ = Ͳ.Ͳʹ 

k3= h f((x0+
ℎଶ,y0+

௞మଶ )=(0.2)f (0.1,1.01) = 0.202 

k4= h f(x0+h,y0+k3)=(0.2)f(0.2,1.202)=0.04808 

Hence y1=1+ 
ଵ଺ (0+0.04808+2(0.02+0.202)=1.08201 

Step2: To find y(0.4)= y2 

Here x1 = 0.2, y1=1.08201 and h = 0.2 

Again by 4
th

 order R-K method, we have 

 y2 = y1+ 
ଵ଺ (k1+2k2+2k3+k4) 

Where k1=h f(x1,y1)=(0.2)[fሺͲ.ʹ,ͳ.ͲͺʹͲͳሻ] =0.04328 
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k2= hf (x1+
ℎଶ, y1+

௞భଶ )=0.2(f(0.3,1.10364)=0.0662 

k3=hf(x1+
ℎଶ, y1+

௞మଶ )=(0.2)[fሺͲ.͵,ͳ.ͳͳͷͳሻ] =0.0669  

k4 =h f(x1+h,y1+k3)=(0.2)[fሺͲ.Ͷ,ͳ.ͳͶͺͻሻ]=0.0919 

y2=1.082+ 
ଵ଺ (0.04328+0.0919+2(0.0662+0.0669)=1.14889 

2. Solve the following using R-K fourth method 
' , (0) 2, 0.2y y x y h     Find y(0.2). 

SOL: Given 
dy

y x
dx

   ;   y(0) =2 

Here f(x, y) =  y-x     , x0 = 0, y0=2 and h = 0.2 

 x1 = x0+h = 0+0.2 = 0.2.  

By 4
th

 order R-K method, we have 

y1 = y0+
ଵ଺ (k1+2k2+2k3+k4) 

Where k1=h f(x0,y0)=(0.2)f(0,2)= 0.2(0.2-0)=0.4 

k2= h f (x0+
ℎଶ, y0+

௞భଶ ) 

    = (0.2)[݂ሺͲ.ͳ, ʹ.ʹሻ] = ሺͲ.ʹሻሺʹ.ʹ − Ͳ.ͳሻ = Ͳ.Ͷʹ 

k3= h f((x0+
ℎଶ,y0+

௞మଶ ) 

   =(0.2)f (0.1,2.21)=0.2(2.21-0.1)= 0.422 

k4= h f(x0+h,y0+k3) 

   =(0.2)f(0.2,2.422)=0.4444 

Hence y1=2+ 
ଵ଺ [0.4+0.4444+2(0.42+0.422)] 

∴  ሺͲ.ʹሻ=2.4214ݕ

3. Using Runge-Kutta method of second order, find from  =  , y(2)=2 ,  

     taking h = 0.25 . 

 2.5y dy

dx

x y

x


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Sol:  Given      =    , y(2) = 2 . 

Here f(x, y) =  , x0 = 2 , y0=2 and h = 0.25 

 x1 = x0+h = 2+0.25 = 2.25 , x2 = x1+h =2.25+0.25 = 2.5 

 By R-K method of second order, ݕ௜+ଵ = ௜ݕ + ͳ ʹ⁄ ሺ݇ଵ + ݇ଶሻ, ݇ଵ = ℎ݂ሺݔ௜, ,௜ሻݕ ݇ଶ = ℎ݂ሺݔ௜ + ℎ, ௜ݕ + ݇ଵሻ, 𝑖 = Ͳ,ͳ …  ⟶ ሺͳሻ 

Step -1:- To find y(x1)i.e y(2.25) by second order R - K method taking i=0 in eqn(i) 

We have  

Where k1= hf (x0,y0 ), k2= hf (x0+h,y0+k1) 

f (x0,y0 )=f(2,2)=2+2/2=2 

k1=hf (x0,y0 )=0.25(2)=0.5 

k2= hf (x0+h,y0+k1)=(0.25)f(2.25,2.5) 

   =(0.25)(2.25+2.5/2.25)=0.528 

y1=y(2.25)=2+1/2(0.5+0.528)=2.514 

Step2: 

To find y(x2) i.e., y(2.5) 

i=1 in (1) 

x1=2.25,y1=2.514,and h=0.25 

y2=y1+1/2(k1+k2) 

where  k1=h f((x1,y1 )=(0.25)f(2.25,2.514) 

=(0.25)[2.25+2.514/2.25]=0.5293 

dy

dx

x y

x



x y

x





 1 0 1 2

1

2
y y k k  


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݇ଶ = ℎ݂ሺݔଵ + ℎ, ଵݕ + ݇ଵሻ 

     =(0.25)[2.5+2.514+0.5293/2.5]=0.55433 

 (2.5)=2.514+1/2(0.5293+0.55433)=3.0558 

y =3.0558 when x = 2.5 

4. Obtain the values of y at x=0.1,0.2 using R-K method of 

(i)second order (ii)third order (iii)fourth order for the differential equation y
1
+y=0, 

y(0)=1 

Sol: Given dy/dx = -y, y(0)=1 

f(x,y) = -y, x0 = 0, y0 = 1 

Here f (x,y) = -y, x0 = 0, y0 = 1 take h = 0.1 

 x1 = x0+h = 0.1,  x2 = x1+h = 0.2 

Second order: 

step1: To find y(x1) i.e y(0.1) or y1 

by second-order R-K method,we have 

y1 = y0+1/2(k1+k2) 

where k1=hf(x0,y0)=(0.1) f(0,1) = (0.1)(-1)= - 0.1 

k2= hf (x0+h, y0+k1)= (0.1) f (0.1, 1-0.1) = (0.1)(-0.9) = -0.09 

y1=y(0.1)=1+1/2(-0.1-0.09)=1-0.095=0.905 

y =0.905 when x=0.1 

Step2: 

To find y2 i.e y(x2) i.e y(0.2) 

Here x1 = 0.1, y1 = 0.905 and h=0.1 

2y y






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By second-order R-K method, we have 

y2 = y(x2)= y1+1/2(k1+k2) 

Where =(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905 

 

y2 =  y(0.2)=0.905+1/2(-0.0905-0.08145) 

    = 0.905- 0.085975 = 0819025 

(ii)  Third order 

Step1: To find y1 i.e y(x1)= y(0.1) 

By Third order Runge - Kutta method 

 

where k1 = h f(x0, y0) = (0.1) f (0,1) =  (0.1) (-1) = -0.1 

 

and k3 = h f((x0+h,y0+2k2-k1) 

=(0.1)[f ሺͲ.ͳ,ͳ + ʹሺ−Ͳ.Ͳͻͷሻ + Ͳ.ͳሻ] =  -0.905 

Hence y1 = 1+1/6(-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905 

y1=0.905 i.e y(0.1)= 0.905 

Step2: To find y2,i.e y(x2)= y(0.2) 

Here x1=0.1,y1=0.905 and h = 0.1 

Again by 3
rd

 order R-K method 

y2 = y1+1/6(k1+4k2+k3) 

 1 1 1,k h f x y

     
      

2 1 1 1, 0.1 0.2,0.905 0.0905

0.1 0.2,0.8145 0.1 0.8145

0.08145

k h f x h y k f

f

    

  

 

 1 0 1 2 31/ 6 4y y k k k   

         
  

2 0 0 1/ 2, / 2 0.1 0.1/ 2,1 0.1/ 2 0.1 0.05,0.95

0.1 0.95 0.095

k h f x h y k f f     

   
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Where k1=h f(x1, y1) = (0.1)f (0.1,0.905)= -0.0905 

k2 = h f (x1+h/2,y1+k1/2)=(0.1)f(0.1+0.05,0.905 - 0.04525)= (0.1) f (0.15, 0.85975) 

    = (0.1) (-0.85975)= -0.085975 

k3 = h f((x1+h,y1+2k2-k1)=(0.1)f(0.2,0.905+2(0.085975)+0.0905= -0.082355 

y2 = 0.905+1/6(-0.0905+4(-0.085975)-0.082355)=0.818874 

y = 0.905 when x = 0.1 and y =0.818874 when x =0.2 

iii) Fourth order: 

step1: x0=0,y0=1,h=0.1 To find y1 i.e y(x1)=y(0.1) 

By 4
th

 order R-K method, we have 

y1 = y0+1/6(k1+2k2+2k3+k4) 

Where k1=h f(x0,y0)=(0.1)f(0,1)= -0.1 

k2= h f (x0+h/2, y0+
௞భଶ ) = (0.1)[݂ሺͲ.Ͳͷ, Ͳ.ͻͷሻ] = ሺͲ.ͳሻሺ−Ͳ.ͻͷሻ = −Ͳ.Ͳͻͷ 

k3= h f((x0+h/2,y0+k2/2)=(0.1)f (0.1/2,1-0.095/2)=(0.1)(-0.9525)= -0.09525 

 k4= h f(x0+h,y0+k3) = (0.1) [fሺͲ.Ͳͷ,ͳ − Ͳ.Ͳͻͷʹͷሻ] =(0.1)f(0.05,0.90475) = -0.090475 

Hence y1=1+1/6(-0.1+2(-0.095)+2(0.09525)-0.090475) 

=1+1/6(-0.570975)=1-0.0951625 = 0.9048375 

Step2: To find  

Here x1 = 0.1, y1=0.9048375 and h = 0.1 

Again by 4
th

 order R-K method, we have 

y2 = y1+1/6(k1+2k2+2k3+k4) 

Where k1=h f(x1,y1)=(0.1)[fሺͲ.ͳ,Ͳ.ͻͲͶͺ͵͹ͷሻ] =-0.09048375 

k2= hf (x1+h/2,y1+k1/2)=(0.1)[fሺͲ.ͳ + Ͳ.ͳ/ʹ,Ͳ.ͻͲͶͺ͵͹ͷ − Ͳ.ͲͻͲͶͺ͵͹ͷ /ʹሻ] =-0.08595956 

k3=hf(x1+h/2, y1+k2/2)=(0.1)[fሺͲ.ͳͷ,Ͳ. ͺ͸ͳͺͷ͹͹ሻ] = -0.08618577 



     2 2 1, . ., 0.2 , 0.9048375, . ., 0.1 0.9048375y i e y x y y i e y  
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k4 =h f(x1+h,y1+k3)=(0.1)[fሺͲ.ʹ,Ͳ.ͺͳͺ͸ͷͳ͹ሻ]= -0.08186517 

Hence y2 = 0.9048375+1/6(-0.09048375-2(0.08595956)-2(0.08618577)- 0.08186517 

=0.9048375-0.0861065 = 0.818731 

y = 0.9048375 when x =0.1 and y =0.818731 where ݔ = Ͳ.ʹ 

5. Apply the 4
th

 order R-K method to find an approximate value of y when x=0.2 in steps 

of 0.1, given that y
1 
= x

2
+y

2
, y (1)=1.5 

Sol. Given y
1
= x

2
+y

2
,and  y(1)=1.5 

Here f(x,y)= x
2
+y

2, 
y0 =1.5 and x0=1,h=0.1 

So that x1=1.1 and x2=1.2 

Step1: To find y1 i.e., y(x1)  

by 4
th

  order R-K method we have 

y1=y0+1/6 (k1+2k2+2k3+k4) 

k1=hf(x0,y0)=(0.1)f(1,1.5)=(0.1) [1
2
+(1.5)

2
]=0.325 

k2= hf (x0+h/2,y0+k1/2)=(0.1)[fሺͳ + Ͳ.Ͳͷ,ͳ.ͷ + ଴.ଷଶହଶ ሻ] =0.3866 

k3=hf((x0+h/2,y0+k2/2)=(0.1)f(1.05,1.5+0. 3866/2)=(0.1)[(1.05)
2
+(1.6933)

2
]=0.39698 

k4=hf(x0+h,y0+k3)=(0.1)f(1.05,1.89698)=0.48085 

Hence  

 

Step2: To find y2, i.e.,  

Here x1=0.1,y1=1.8955 and h=0.1 

by 4
th

  order R-K method we have 

   1

1
1.5 0.325 2 0.3866 2 0.39698 0.48085

6

1.8955

y       



   2 1.2y x y
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y2 = y1+1/6(k1+2k2+2k3+k4) 

k1=hf(x1,y1)=(0.1)f(1.10,1.8955)=(0.1) [ሺͳ.ͳͲሻଶ+(1.8955)
2
]=0.48029 

k2= hf (x1+h/2,y1+k1/2)=(0.1)f(1.1+
଴.ଵଶ ,1.8937+

଴.ସ଻ଽ଺ଶ ) =0.58834 

k3=hf((x1+h/2,y1+k2/2)=(0.1)f(1.15,1.8937+
଴.ହ଼଼ଷସଶ ) =(0.1)[(1.15)

2
+(2.189675)

2
]=0.611715 

k4=hf(x1+h,y1+k3)=(0.1)f(1.2,1.8937+0.610728)=0.77261 

Hence y2=1.8955+1/6(0.48029+2(0.58834)+2(0.611715)+0.7726) =2.5043 

 y =2.5043 where x=0.2 

6. Use R-K method, to approximate y when x=0.2 given that y
1
=x+y, y(0)=1 

Sol: Here f(x,y)=x+y,y0=1,x0=0 

Since h is not given for better approximation of y 

Take h=0.1 

x1=0.1, x2=0.2 

Step1 To find y1 i.e y(x1)=y(0.1) 

By R-K method,we have  

y1=y0+1/6 (k1+2k2+2k3+k4) 

Where k1=hf(x0,y0)=(0.1)f(0,1)=(0.1) (1)=0.1 

k2= hf (x0+h/2,y0+k1/2)=(0.1)[fሺͲ.Ͳͷ,ͳ.Ͳͷሻ] =0.11 

k3=hf((x0+h/2,y0+k2/2)=(0.1)[fሺͲ.Ͳͷ,ͳ + Ͳ. ͳͳ/ʹሻ] =(0.1)[(0.05) +(1.055)]=0.1105 

k4=h f (x0+h,y0+k3)=(0.1)[fሺͲ.ͳ,ͳ.ͳͳͲͷሻ] =(0.1)[0.1+1.1105]=0.12105 

Hence  ݕଵ = ሺͲ.ͳሻݕ = ͳ + ଵ଺ ሺͲ.ͳ + Ͳ.ʹʹ + Ͳ.ʹʹͳͲ + Ͳ.ͳʹͳͲͷሻ
 

y = 1.11034 




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Step2: To find y2 i.e y(x2) = y(0.2) 

Here x1=0.1, y1=1.11034 and h=0.1 

Again By R-K method,we have  

y2=y1+1/6(k1+2k2+2k3+k4) 

k1=h f(x1,y1)=(0.1)[fሺͲ.ͳ,ͳ.ͳͳͲ͵Ͷሻ] =(0.1) [1.21034]=0.121034 

k2= h f (x1+h/2, y1+k1/2)=(0.1)[fሺͲ.ͳ + Ͳ.ͳ/ʹ,ͳ.ͳͳͲ͵Ͷ + Ͳ.ͳʹͳͲ͵Ͷ/ʹሻ]=0.1320857 

 k3=h f((x1+h/2,y1+k2/2)=(0.1)[fሺͲ.ͳͷ,ͳ.ͳͳͲ͵Ͷ + Ͳ.ͳ͵ʹͲͺͷ͹/ʹሻ]=0.1326382 

k4=h f(x1+h,y1+k3)=(0.1)[fሺͲ.ʹ,ͳ.ͳͳͲ͵Ͷ + Ͳ.ͳ͵ʹ͸͵ͺʹሻ]=(0.1)(0.2+1.2429783)=0.1442978 

Hence y2=1.11034+1/6(0.121034+0.2641714+0.2652764+0.1442978) 

=1.11034+0.1324631 =1.242803 

y =1.242803 when x=0.2 

7. Compute y(0.1) and y(0.2) by R-K method of 4
th

 order for the D.E.  y
1 

= xy+y
2
, y(0)=1 

Sol. Given y
1 

= xy+y
2
 and y(0)=1 

Here f(x,y)= xy+y
2, 

y0 =1 and x0=0, h=0.1 

So that x1=0.1 and x2=0.2 

Step1: To find y1 =  y(x1) = y(0.1) 

by 4
th

  order R-K method we have 

y1=y0+1/6 (k1+2k2+2k3+k4) 

k1=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0+1]=0.1 

k2= hf (x0+h/2,y0+k1/2)=(0.1)[fሺͲ.Ͳͷ, ͳ.Ͳͷሻ] =0.1155 

k3=hf((x0+h/2,y0+k2/2)=(0.1)f(0.05, 1.05775)=0.11217 

k4=hf(x0+h,y0+k3)=(0.1)f(0.1, 1.11217)=0.1248 
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Hence y1 = y(0.1) = y0 + 1/6[k1+2k2+2k3+k4] 

     = 1+1/6[0.1+0.0231+0.22434+0.1248] 

     = 1.1133 

Step2: To find y2 = y(x2) = y(0.2) 

Here x1=0.1,y1=1.1133 and h=0.1 

by 4
th

 order R-K method we have 

y2 = y1+1/6(k1+2k2+2k3+k4) 

k1=hf(x1,y1)=(0.1)f(0.1, 1.1133)=0.1351 

k2= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 1.18085) =0.1571 

k3=hf((x1+h/2,y1+k2/2)=(0.1)f(0.15, 1.19185) =0.1599 

k4=hf(x1+h,y1+k3)=(0.1)f(0.2, 1.2732) =1.1876 

Hence y2 = y(0.2) = y1 + 1/6[k1+2k2+2k3+k4] 

     = 1.1133+1/6(0.1351+0.3142+0.3198+0.1876) 

     = 1.2728 

8. Find y(0.1) and y(0.2) by R-K method of 4
th

 order for the D.E.  y
1 

= x
2
 – y and y(0)=1 

Sol. Given y
1 

= x
2
 – y and y(0)=1 

Here f(x,y)= x
2
 – y, 

 
y0 =1 and x0=0, h=0.1 

So that x1=0.1 and x2=0.2 

Step1: To find y1 =  y(x1) = y(0.1) 

by 4
th

  order R-K method we have 

y1=y0+1/6 (k1+2k2+2k3+k4) 

k1=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0-1]=-0.1 
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k2= hf (x0+h/2,y0+k1/2)=(0.1)[fሺͲ.Ͳͷ, Ͳ.ͻͷሻ] =-0.09475 

k3=hf((x0+h/2,y0+k2/2)=(0.1)f(0.05, 0.952625)=-0.095 

k4=hf(x0+h,y0+k3)=(0.1)f(0.1, 0.905)=-0.0895 

Hence y1 = y(0.1) = y0 + 1/6[k1+2k2+2k3+k4] 

     = 1+1/6[-0.1-0.1895-0.19-0.0895] = 0.9052 

Step2: To find y2 = y(x2) = y(0.2) 

Here x1=0.1,y1=0.9052 and h=0.1 

by 4
th

 order R-K method we have 

y2 = y1+1/6(k1+2k2+2k3+k4) 

k1=hf(x1,y1)=(0.1)f(0.1, 0.9052)=-0.08952 

k2= hf (x1+h/2,y1+k1/2)=(0.1)f(0.15, 0.86044) =-0.08379 

k3=hf((x1+h/2,y1+k2/2)=(0.1)f(0.15, 0.8633) =-0.0841 

k4=hf(x1+h,y1+k3)=(0.1)f(0.2, 0.8211) =-0.07811 

Hence y2 = y(0.2) = y1 + 1/6[k1+2k2+2k3+k4] 

     = 0.9052+1/6(-0.08952-0.16758-0.1682-0.07811) = 0.8213 
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UNIT – III 

Fourier series 
 

Fourier series 

Suppose that a given function  f x  defined in  ,   (or)  0,2  (or) in any other  

interval can be expressed as  

    0

1

cos sin
2

n n

n

a
f x a nx b nx





  
  

 

The above series is known as the Fourier series for  f x  and the constants 

 0 , , 1,2,3 
n n

a a b n  are called Fourier coefficients of  f x  

Periodic Function 

 A function  f x  is said to be periodic with period 0T   if for all 𝑥, ݂ሺ𝑥 + 𝑇ሻ =݂ሺ𝑥ሻ,and T is the least of such values 

Example:-  

      (1)    sin sin 2 sin 4x x x        the function sin x  is periodic with                

       period 2 . There is no positive value T, 0 2T    such that  sin sin  x T x x
        ሺʹሻ 𝑇ℎ݁ ݎ݁݌𝑖݊ܽݐ ݂݋ ݀݋ 𝑥 𝑖ݏ 𝜋  

       (3) The period of sin݊݊𝑥 𝑖ݏ ଶ𝜋௡    𝑖. 𝑖݊݊𝑥ݏ ݁ = 𝑖݊݊ݏ ቀଶ𝜋௡ + 𝑥ቁ 

Euler’s Formulae 

 The Fourier series for the function  f x  in the interval 𝐶 ≤ 𝑥 ≤ 𝐶 + ʹ𝜋 is given by 

    0

1

cos sin
2

n n

n

a
f x a nx b nx





    

Where ܽ଴ = ଵ𝜋 ∫ ݂ሺ𝑥ሻ݀𝑥𝐶+ଶ𝜋𝐶  

 ܽ௡ = ଵ𝜋 ∫ ݂ሺ𝑥ሻ cos ݊𝑥. ݀𝑥𝐶+ଶ𝜋𝐶  and  

 ܾ௡ = ଵ𝜋 ∫ ݂ሺ𝑥ሻ sin ݊𝑥. ݀𝑥𝐶+ଶ𝜋𝐶  

 These values of 0 , ,
n n

a a b  are known as Euler’s formulae 

Corollary 1:  If  f x  is to be expanded as a Fourier series in the interval 0 2x   , put 𝐶 = Ͳ then the formulae (1) reduces to  
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   

 

2 2

0
0 0

2

0

1 1
cos .

1
sin .

n

n

a f x dx a f x nx dx

b f x nx dx

 



 



 



 


 

Corollary 2:- If  f x  is to expanded as a Fourier series in  ,   put c   , the 

interval becomes x     and the formulae (1) reduces to 

 

   

 

0

1 1
cos .

1
sin .

n

n

a f x dx a f x nx dx

b f x nx dx

 

 





 



 



 



 


 Functions Having Points Of Discontinuity  

In Euler’s formulae for 0 , ,
n n

a a b  it was assumed that  f x  is continuous. Instead a 

function may have a finite number of discontinuities. Even then such a function is expressible 

as a Fourier series 

Let  f x  be defined by  ݂ሺ𝑥ሻ = 𝜙ሺ𝑥ሻ, ܿ < 𝑥 < 𝑥଴    

         = 𝜙ሺ𝑥ሻ, 𝑥଴ < 𝑥 < ܿ + ʹ𝜋 

Where 0x  is the point of discontinuity in  , 2c c   in such cases also we obtain the Fourier 

series for  f x  in the usual way. The values of 0 , ,
n n

a a b  are given by 

 

   

   

   

0

0

0

0

0

0

2

0

2

2

1

1
cos . cos .

1
sin . sin .

x c

c x

x c

n
c x

x c

n
c x

a x dx x dx

a x nx dx x nx dx

b x nx dx x nx dx







 


 


 








    

    

    

 

 

 

 

Note :- 

(i) ∫ cos ݉𝑥 cos ݊𝑥. ݀𝑥 = { Ͳ ݂ݎ݋ ݉ ≠ ݊𝜋, ݉ ݎ݋݂ = ݊ > Ͳʹ𝜋, ݉ ݎ݋݂ = ݊ > Ͳ𝜋−𝜋  

(ii) ∫ sin ݉𝑥 sin ݊𝑥. ݀𝑥 = { Ͳ ݂ݎ݋  ݉ = ݊ = Ͳ𝜋, ݉ ݎ݋݂ ≠ ݊ > Ͳ𝜋−𝜋  
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Problems:- ۴ܚ܍ܑܚܝܗ 𝐒܎ ܚܗ܎ ܛ܍ܑܚ܍ሺܠሻ ܑܖ [૙, ૛𝛑] ͳ. 𝐎܎ ܖܗܑܜ܋ܖܝ܎ ܍ܐܜ ܚܗ܎ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ۴ ܍ܐܜ ܖܑ܉ܜ܊ሺܠሻ = ܠ ܕܗܚ܎  = [Ͳ,ʹπ] 

Sol: Let    0

1 1

cos sin 1
2

n n

n n

a
a nx b nx

 

 

        
Then  ao =  ͳπ      = ͳπ   =  ͳπ ሺexሻ଴ଶπ   =  ͳπ ሺeଶπ     −  ͳሻ and   an =  ͳπ     =  ͳπ   

=  ͳπ  =   

Finally     bn =  ͳπ   = ͳπ   

    =  ͳπ     =   

Hence  =   +   +    
=    

2.Obtain the Fourier series for the function f(x) = x sinx, 0 < x < 2𝝅 . 

Sol. Given, f(x) = x sinx, 0 < x < 2𝜋 

Let x sinx = 
𝑎బଶ  + ∑ ܽ௡∞௡=ଵ  cos nx + ∑ ܾ௡∞௡=ଵ  sinnx     ……………(1) 

Then ܽ଴ =  
ଵ𝜋 ∫ ݂ሺ𝑥ሻ݀𝑥ଶ𝜋଴  

         =   
ଵ𝜋 ∫ 𝑥 ݏ𝑖݊𝑥 ݀𝑥ଶ𝜋଴  

         =  
ଵ𝜋 [𝑥ሺ−ܿݏ݋𝑥ሻ − ͳ ሺ−ݏ𝑖݊𝑥ሻ]଴ଶ𝜋 

         =  
ଵ𝜋 [– 𝑥ܿݏ݋𝑥 + 𝑖݊𝑥]଴ଶ𝜋ݏ

 

         =  
ଵ𝜋 [ሺ−ʹ𝜋 + Ͳሻ −  ሺͲ + Ͳሻ] 

          = -2 

And  an =  
ଵ𝜋 ∫ ݂ሺ𝑥ሻ ܿ݊ݏ݋𝑥 ݀𝑥ଶ𝜋଴  

       = 
ଵ𝜋 ∫ 𝑥 ݏ𝑖݊𝑥 ܿ݊ݏ݋𝑥 ݀𝑥ଶ𝜋଴  

       = ଵଶ𝜋 ∫ 𝑥 ሺ ʹݏ𝑖݊𝑥 ܿ݊ݏ݋𝑥ሻ ݀𝑥ଶ𝜋଴  
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      = 
ଵଶπ ∫ x {sinሺn + ͳሻx − sinሺn − ͳሻx} dxଶπ଴  

      = 
ଵଶπ [x {− ୡ୭sሺ୬+ଵሻx୬+ଵ +  ୡ୭sሺ୬−ଵሻx୬−ଵ  } − ͳ{− s୧୬ሺ୬+ଵሻxሺ୬+ଵሻమ + s୧୬ሺ୬−ଵሻxሺ୬−ଵሻమ }]଴ଶπ

(n≠ ͳሻ 

      = ଵଶπ [ʹπ {− ୡ୭s ଶሺ୬+ଵሻπ୬+ଵ +  ୡ୭s ଶሺ୬−ଵሻπ୬−ଵ  }] (n ≠ ͳሻ 

      = - ଵ୬+ଵ + 
ଵ୬−ଵ 

      = 
ଶ୬మ− ଵ     (n ≠ ͳሻ 

If n = 1, we have 

 a1 =  
ଵଶπ ∫ x sinʹx dxଶπ଴  

     = 
ଵଶπ [x ቀ−ୡ୭sଶxଶ ቁ −  ͳ ሺ−s୧୬ଶxସ ሻ]଴ଶπ

 

     = 
ଵଶπ (-πሻ 

     = - 
ଵଶ 

Finally, bn =  
ଵπ ∫ fሺxሻsinnx dxଶπ଴  

            = 
ଵπ ∫ x sinx sinnx dxଶπ଴  

            =  ଵଶπ ∫ x ሺ ʹsinx sinnxሻ dxଶπ଴                   …………..(2) 

            =  
ଵଶπ ∫ x {cosሺn − ͳሻx − cosሺn + ͳሻx} dxଶπ଴  

                                             [ʹsinAsinB = cosሺA − Bሻ −  cos ሺA + Bሻ]  
            = 

ଵଶπ [x {s୧୬ሺ୬−ଵሻx୬−ଵ −  s୧୬ሺ୬+ଵሻx୬+ଵ  } − ͳ{− ୡ୭sሺ୬−ଵሻxሺ୬−ଵሻమ + ୡ୭sሺ୬+ଵሻxሺ୬+ଵሻమ }]଴ଶπ
(n≠ ͳሻ 

            =  
ଵଶπ [ୡ୭s ଶሺ୬−ଵሻπሺ୬−ଵሻమ − ୡ୭s ଶሺ୬+ଵሻπሺ୬+ଵሻమ − ଵሺ୬−ଵሻమ + ଵሺ୬+ଵሻమ ]  (n≠ ͳሻ 

            = 
ଵଶπ [ ଵሺ୬−ଵሻమ − ଵሺ୬+ଵሻమ − ଵሺ୬−ଵሻమ + ଵሺ୬+ଵሻమ ]  (n≠ ͳሻ 

Therefore bn = 0 for n≠ ͳ 

If n = 1, then  

 b1 = 
ଵଶπ ∫ x ʹsinଶଶπ଴ x dx    [Putting n =1 in (2)] 

      = 
ଵଶπ ∫ x ሺͳ − cosʹxሻଶπ଴  dx   [ Integration by parts ]   

      = 
ଵଶπ  [x ቀx − s୧୬ଶxଶ ቁ − ͳሺ xమଶ + ୡ୭sଶxସ  ሻ]଴ଶπ

 

     = ଵଶπ [ʹπ. ʹπ − ସπమଶ − ଵସ + ଵସ] 
     = π 



         MATHEMATICS - II FOURIER SERIES  

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 120 
 

Substituting the values of a0, an and bn in (1), we get 

         xsinx = -1 - 
ଵଶ cosx + ∑ ଶ୬మ−ଵ∞୬=ଶ  cosnx + πsinx 

                   = -1 + πsinx − ଵଶcosx + 2 ∑ ୡ୭s୬x୬మ−ଵ∞୬=ଶ  

This  is the required Fourier  series. ૜. 𝐎܎   ܖܗܑܜ܋ܖܝ܎ ܍ܐܜ ܜܖ܍ܛ܍ܚܘ܍ܚ ܗܜ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ۴ ܍ܐܜ ܖܑ܉ܜ܊ሺܠሻ  = ሺ𝛑ܠܓ  − ૙ ܖܑ ሻܠ < ܠ < ʹ𝛑𝐖ܜܖ܉ܜܛܖܗ܋ ܉ ܛܑ ܓ ܍ܚ܍ܐ. 
Sol. Given fሺxሻ =  kxሺπ − xሻ in Ͳ < x < ʹπ fourier series  of the function fሺxሻ  
  f(x)= kxሺπ − xሻ ୟబଶ + ∑ a୬ cos nx +∞୬=ଵ ∑ b୬ sinnx∞୬=ଵ − − − − − − − − − ሺͳሻ 

a଴ = ͳπ ∫ fሺxሻdx = ͳπ ∫ kxሺπ − xሻ dx = kπଶπ
଴  ଶπ

଴ [π xଶʹ − xଷ͵]଴
ଶπ = − ʹπଶk͵  

a୬ = ͳπ ∫ fሺxሻ cosnx dx = ͳπ ∫ kxሺπ − xሻ cosnx dxଶπ
଴  ଶπ

଴  

= k
π

[ሺπx − xଶሻ sin nxn − ሺπ − ʹxሻ ቀ− cos nxnଶ ቁ + ሺ−ʹሻ (− sin nxnଷ )]଴
ଶπ

 

= kπ [{Ͳ + −͵πnଶ cosʹnπ + Ͳ} − {Ͳ + πnଶ + Ͳ}] = kπ (−Ͷπnଶ ) = − Ͷknଶ ሺn ≠ Ͳሻ 

b୬ = ͳπ ∫ fሺxሻ sinnx dx = ͳπ ∫ kxሺπ − xሻsin nx dxଶπ
଴  ଶπ

଴  

= kπ [ሺπx − xଶሻ ቀ− cos nxn ቁ − ሺπ − ʹxሻ (− sin nxnଶ ) + ሺ−ʹሻ ቀcos nxnଷ ቁ]଴
ଶπ

 

= kπ [{ʹπଶn + Ͳ − nʹଷ} − {Ͳ + Ͳ − nʹଷ}] = ʹkπn  

put the values of a଴, a୬, b୬ in ሺͳሻ we get fሺxሻ = − πଶk͵ − Ͷk ∑ ͳnଶ cos nx +∞୬=ଵ ʹkπ ∑ ͳn sin nx∞

୬=ଵ  

૝. ሻܠሺ܎ ܖܗܑܜ܋ܖܝ܎                             ܍ܐܜ ܎ܗ ܖܗܑܛܖ܉ܘܠ܍ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ܎ ܍ܐܜ ܌ܖ۴ܑ = ሺ𝛑 − ሻ૛૝ܠ ૙ ܔ܉ܞܚ܍ܜܖܑ ܍ܐܜ ܖܑ  < ܠ < ૛𝛑 

Sol: Given fሺxሻ = ሺπ − xሻଶͶ Ͳ < x < ʹπ  Fourier series  of the function fሺxሻ is given by 
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fሺxሻ = ሺπ − xሻଶͶ = a଴ʹ + ∑ a୬ cos nx +∞
୬=ଵ ∑ b୬ sinnx∞

୬=ଵ − − − − − − − −ሺͳሻ 

a଴ = ͳπ ∫ fሺxሻdx = ͳπ ∫ ሺπ − xሻଶͶ dx = ͳͶπଶπ
଴  ଶπ

଴ [ሺπ − xሻଷ͵ ]଴
ଶπ = πଶ͸ − − − −ሺʹሻ 

a୬ = ͳ
π

∫ fሺxሻ cosnx dx = ͳ
π

∫ ሺπ − xሻଶͶ cosnx dxଶπ

଴  ଶπ

଴  

= [ ͳͶπ
[ሺπ − xሻଶ sin nxn − {ʹሺπ − xሻ} ቀ− cos nxnଶ ቁ + ʹ (− sin nxnଷ )]]଴

ଶπ

 

= ͳͶπ
[ʹπnଶ + ʹπnଶ] = ͳnଶ − − − − − ሺ͵ሻ 

b୬ = ͳπ ∫ fሺxሻ sinnx dx = ͳπ ∫ ሺπ − xሻଶͶ sin nx dxଶπ
଴  ଶπ

଴  

= [ ͳͶπ
[ሺπ − xሻଶ ቀ− cos nxn ቁ − {ʹሺπ − xሻ} (− sin nxnଶ ) + ʹ ቀcos nxnଷ ቁ]]଴

ଶπ

 

= [ቆ− πଶn + nʹଷቇ − ቆ− πଶn + nʹଷቇ] = Ͳ ; b୬ = Ͳ − − − − − −ሺͶሻ   put the values of a଴, a୬, b୬ in ሺͳሻ we get fሺxሻ = ሺπ − xሻଶͶ = πଶͳʹ + ∑ cos nxnଶ∞

୬=ଵ = πଶͳʹ + cosxͳଶ + cosʹxʹଶ + cos͵x͵ଶ + …. 
5. Expand ܎ሺܠሻ = {૚;      ૙ < x < π૙    𝛑 < x < ʹ𝛑  as a Fourier Series. 

Sol:- The Fourier series for the function in (0,ʹ𝜋ሻ is given fሺxሻ = ୟబଶ + ∑ a୬ cos nx +∞୬=ଵ ∑ b୬ sinnx∞୬=ଵ … … . . ሺͳሻ 

 a଴ = ଵπ ∫ fሺxሻdx = ଵπ [∫ ͳ dx + ∫ Ͳ dxଶπππ଴ ] = ଵπ ሺxሻ଴  πଶπ଴ =1 

   
2 2

0 0

0

1 1
cos . 1 cos . (0)cos .

1 sin 1
(0) 0 ( sin 0 0,sin 0)

n
a f x nx dx nx dx nx dx

nx
n

n

  





 


 

     

      
 

  
 

b୬ = ͳ
π

∫ fሺxሻ sin nx. dxଶπ

଴ = ͳ
π

[∫ሺͳሻ sin nx. dxπ

଴ + ∫ Ͳ. sin nx. dxଶπ

π

] 

= ͳπ [∫ሺͳሻ sin nx. dxπ
଴ ] = ͳπ ቀ− cos nxn ቁ଴π 
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                                            = − ଵ௡𝜋 ሺܿݏ݋ ݊𝜋 − ݏ݋ܿ Ͳሻ = − ଵ௡𝜋 [ሺ−ͳሻ௡ − ͳ] 
׵ ܾ௡ = {Ͳ   when n is evenʹ݊𝜋   when n is odd 

put the values of a଴, a୬, b୬ in ሺͳሻ we get fሺxሻ =  ଵଶ + 
ଶ୬π ∑ ଵ୬ sin nx = ∞୬=ଵ,ଷ,ହ ଵଶ + 

ଶ୬π ሺsinx + ଵଷ sin ͵x + ଵହ sin ͷx+. . ሻ 

6. Obtain Fourier series expansion of  in  and deduce the value        

      of     

Sol:-Given fሺxሻ = ሺπ − xሻଶ Ͳ < x < ʹπ  Fourier series  of the function fሺxሻ is given by fሺxሻ = ሺπ − xሻଶ = a଴ʹ + ∑ a୬ cos nx +∞

୬=ଵ ∑ b୬ sinnx  ∞

୬=ଵ − − − ሺͳሻ 

a଴ = ͳπ ∫ fሺxሻdx = ͳπ ∫ ሺπ − xሻଶdxଶπ
଴  ଶπ

଴  ͳπ ∫ [πଶ + xଶ − ʹπx]ଶπ
଴ dx = ʹπଶ͵  − − − − − ሺʹሻ 

a୬ = ͳπ ∫ fሺxሻ cosnx dx = ͳπ ∫ ሺπ − xሻଶcosnx dxଶπ
଴  ଶπ

଴  

= [ͳ
π

[ሺπ − xሻଶ sin nxn − {ʹሺπ − xሻ} ቀ− cos nxnଶ ቁ + ʹ (− sin nxnଷ )]]଴
ଶπ = ͳ

π
[ʹπnଶ + ʹπnଶ]

= Ͷnଶ − − − −ሺ͵ሻ 

b୬ = ͳ
π

∫ fሺxሻ sinnx dx = ͳ
π

∫ ሺπ − xሻଶsin nx dxଶπ
଴  ଶπ

଴  

= [ͳ
π

[ሺπ − xሻଶ ቀ− cos nxn ቁ − {ʹሺπ − xሻ} (− sin nxnଶ ) + ʹ ቀcos nxnଷ ቁ]]଴
ଶπ

 

= ͳ
π

[ቆ−πଶn + nʹଷቇ − ቆ− πଶn + nʹଷቇ] = Ͳ ; b୬ = Ͳ − − − − − −ሺͶሻ   put the values of a଴, a୬, b୬ in ሺͳሻ we get fሺxሻ = ሺπ − xሻଶ = πଶ͵ + Ͷ ∑ cos nxnଶ∞

୬=ଵ = πଶ͵ + Ͷcosxͳଶ + Ͷcosʹxʹଶ + Ͷcos͵x͵ଶ +  − − − 

Deduction:- 

   2
f x x  0 2x  

2

2 2 2

1 1 1

1 2 3 6


    
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Putting 0x   in the above equation we get 

fሺͲሻ = ሺπ − Ͳሻଶ = πଶ͵ + Ͷ ∑ cos nxnଶ∞
୬=ଵ = πଶ͵ + ͶcosͲͳଶ + ͶcosͲʹଶ + ͶcosͲ͵ଶ +  − − − 

πଶ=
πమଷ + ସଵమ + ସଶమ + ସଷమ +  − − − 

πଶ − πమଷ  = 4[ ଵଵమ + ଵଶమ + ଵଷమ +  − − −] 

 

 

Fourier Series in [−𝝅, 𝝅] 

 ܛܛ܍ܚܘܠ1.۳ f x x x ܔ܉ܞܚ܍ܜܖܑ ܍ܐܜ ܖܑ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ۴ ܛ܉      Sol.  Let the function x  be represented by the Fourier series as 

 0

1 1

( ) cos sin 1
2

n n

n n

a
f x x a nx b nx

 

 

       

a଴ = ͳπ ∫ fሺxሻdx = ͳπ ∫ fሺxሻdxπ
−π

π
−π = Ͳ        ሺ׶ x is odd functionሻ   

                    a୬ = ͳπ ∫ fሺxሻ cos nx. dxπ
−π= Ͳ ( cosx nx  is odd function and cosnx  is even functionሻ                            

           b୬ = ͳπ ∫ fሺxሻ sin nx. dxπ
−π = ͳπ ∫ሺxሻ sin nx. dx =π

−π = ͳπ [ ∫ x sin nx. dxπ
−π ]

= ͳπ [ʹ ∫ x sin nx. dxπ
−π ׶]  [ x sin nx  is even function] 

             = πʹ [x ቀ− cos nxn ቁ − ͳ (− sin nxnଶ )]଴
π  = πʹ [ቀ−π cos nπn ቁ − ሺͲ + Ͳሻ]  ሺ׶ sin nπ = Ͳ, sin Ͳ = Ͳሻ        12 2 2

cos 1 1 1,2,3.....
n n

n n
n n n

 
         Substituting the values of 

0 , ,
n n

a a b  in ሺͳሻ, We get  

2

2 2 2

1 1 1

1 2 3 6


    
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x − π = −π + ∑ሺ−ͳሻ୬+ଵ nʹ sin nx∞
୬=ଵ   

= −π + ʹ [sin x ͳʹ sin ʹx + ͳ͵ sin ͵x − ͳͶ sin Ͷx + … … .] 

2. Obtain the Fourier series for the function f(x) = |࢞| in –𝝅 < ࢞ < 𝝅 and                          

deduce that 
૚૚૛ + ૚૜૛ + ૚૞૛ + ⋯ … . = 𝝅૛𝟖  

Sol. Given f(x) = |𝑥| in –𝜋 < 𝑥 < 𝜋 

Since f(-x) = |−𝑥| = x = |𝑥| = f(x) 

Therefore f(x) = |𝑥| is an even function. 

 Hence the Fourier series will consist of cosine terms only. 

Therefore f(x) = |𝑥| = 
𝑎బଶ  + ∑ ܽ௡∞௡=ଵ  cosnx             …………….(1) 

 Where ܽ଴ = 
ଶ𝜋 ∫ ݂ሺ𝑥ሻ݀𝑥𝜋଴  

             =  
ଶ𝜋 ∫  |𝑥|݀𝑥𝜋଴  

             =   
ଶ𝜋 ∫  𝑥 ݀𝑥𝜋଴  

             =   
ଶ𝜋 [𝑥మଶ ]଴𝜋 

             =   
ଶ𝜋 [𝜋మଶ ] 

        ܽ଴ =  𝜋                             ……………(2) 

  And     an   =  
ଶ
π
 ∫ fሺxሻ cosnx dxπ଴  

              =  
ଶ
π
 ∫  |x| cosnx dxπ଴  

              =  
ଶ
π
 ∫  x cosnx dxπ଴  

               =  
ଶ
π
 [x s୧୬୬x୬ − ͳ ቀ−ୡ୭s୬x୬మ ቁ]଴π  

               =  
ଶ
π
 [ୡ୭s୬π୬మ − ଵ୬మ] 

               = 
ଶ

π୬మ [ሺ−ͳሻ୬ − ͳ] 
 Therefore a୬ = {Ͳ, if n is evenସ୬మ , if n is odd           ………………(3) 

Substituting the values of a0 and an from (2) and (3) in (1), we get |x| =  πଶ − ସπ ቀୡ୭sxଵమ + ୡ୭sଷxଷమ + ୡ୭sହxହమ + ⋯ … … … . ቁ  ………;4Ϳ 
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Deduction: 

When x=0, |𝑥|= |Ͳ| = 0 

Therefore x = 0,|𝑥| = |Ͳ| = 0 ׵ Putting x = 0 in (4) ,we have  Ͳ =  𝜋ଶ − ସ𝜋 ቀ ଵଵమ + ଵଷమ + ଵହమ + ⋯ ቁ  

    = ଵଵమ + ଵଷమ + ଵହమ + ⋯  =  𝜋మ଼
 

 ܛܛ܍ܚܘܠ۳ .3 f x x   x ܔ܉ܞܚ܍ܜܖܑ ܍ܐܜ ܖܑ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ۴ ܛ܉      

Sol. Let the function x   be represented by the Fourier series 

 f x x   =  0

1 1

cos sin 1
2

n n

n n

a
a nx b nx

 

 

        
Then,a଴ = ଵπ ∫ fሺxሻdx = ଵπ ∫ fሺx − πሻdxπ−ππ−π    = ଵπ [∫ xdx = π ∫ dxπ−ππ−π ]                                  

 = ͳπ [Ͳ − π. ʹ ∫ dxπ
଴ ]  ሺ׶ x is odd functionሻ 

 = ͳπ [−ʹπሺxሻ଴π]       = −ʹሺπ − Ͳሻ = −ʹπ 

and  a୬ = ଵπ ∫ fሺxሻ cos nx. dxπ−π   = ଵπ ∫ ሺx − πሻ cos nx. dxπ−π  

  = ͳx [ ∫ x cos nx. dx − π ∫ cos nx. dxπ
−π

π
−π ]      

0

1
0 2 cos .nx dx





      

( cosx nx ฀ is odd function and cosnx  is even functionሻ  ׵  a୬ = −ʹ ∫ cos nx. dxπ
଴ = −ʹ (sin nxn )଴

π
 

         = −nʹ ሺsin nπ − sinͲሻ =   −nʹ ሺͲ − Ͳሻ = Ͳ  for n = ͳ,ʹ,͵ … … … . 
׵  b୬ = ͳπ ∫ fሺxሻ sin nx. dxπ

−π = ͳπ ∫ሺx − πሻ sin nx. dxπ
−π = ͳπ [ ∫ x sin nx. dxπ

−π − π ∫ sin nx. dxπ
−π ] 

= ͳπ [ʹ ∫ x sin nx. dxπ
−π − πሺͲሻ]  [׶ x sin nx  is even function] 

= πʹ [x ቀ− cos nxn ቁ − ͳ (− sin nxnଶ )]଴
π = πʹ [ቀ−π cos nπn ቁ − ሺͲ + Ͳሻ] ሺ׶ sin nπ = Ͳሻ 



         MATHEMATICS - II FOURIER SERIES  

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 126 
 

      12 2 2
cos 1 1 1,2,3.....

n n
n n

n n



 

      
 Substituting the values of 0 , ,

n n
a a b  in ሺͳሻ, 

 We get  , x − π = −π + ∑ሺ−ͳሻ୬+ଵ nʹ sin nx∞

୬=ଵ  
= −π + ʹ [sin x ͳʹ sin ʹx + ͳ͵ sin ͵x − ͳͶ sin Ͷx + … … .] 

 

4. Fܑܖܗܑܜ܋ܖܝ܎ ܍ܐܜ ܜܖ܍ܛ܍ܚܘ܍ܚ ܗܜ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ۴ ܍ܐܜ ܌ܖ ax
e from x     ܜ܉ܐܜ ܛܑܐܜ ܕܗܚ܎ ܍܋ܝ܌܍۲     .

2 2 2

1 1 1
2

sinh 2 1 3 1 4 1

        



    

Sol. Let the function ax
e
  be represented by the Fourier series 

ax
e


=  0

1 1

cos sin 1
2

n n

n n

a
a nx b nx

 

 

     

Then  0

0

1 1 1

1 sinh

2 2

ax a a
ax a a

a a

e e e
a e dx e e

a a a

a e e a

a a

    




 

   


 

 
 






   
      

 
   

 



׵    a୬ = ଵ
π ∫ e−ୟx cos nx. dxπ−π = ଵ

π
[ e−axୟమ+୬మ ሺ−a cos nx + n sin nxሻ]−π

π
׶]                 ∫ e−ୟx cos bx. dx = eaxୟమ+ୠమ ሺa cos bx + b sin bxሻ]  ׵ a୬ = ଵ

π
{ e−aπୟమ+୬మ ሺ−a cos nπ + Ͳሻ − e−aπୟమ+୬మ ሺ−a cos nπ + Ͳሻ}  

          = ୟ
πሺୟమ+୬మሻ ሺeୟπ − e−ୟπሻ cos nπ = ଶୟ ୡ୭s ୬π  s୧୬୦ ୟπ

πሺୟమ+୬మሻ                = ሺ−ଵሻ౤ଶୟ s୧୬୦ ୟπ
πሺୟమ+୬మሻ ሺ׶ cos nπ = ሺ−ͳሻ୬ሻ  Finallyb୬ = ଵ
π ∫ e−ୟx sin nx. dxπ−π ׶]        ∫ eୟx sin bx. dx = eaxୟమ+ୠమ ሺa sin bx − b cos bxሻ]  

       =  
ଵπ [ e−axୟమ+୬మ ሺ−asinnx − ncosnxሻ]−ππ

 

  =
  = ଵ

π
[ e−aπୟమ+୬మ ሺͲ − n cos nπሻ − eaπୟమ+୬మ ሺͲ − n cos nπሻ] 

        = ୬ ୡ୭s ୬πሺeaπ−e−aπሻ 
πሺୟమ+୬మሻ = ሺ−ଵሻ౤ଶ୬ s୧୬୦ ୟπ

πሺୟమ+୬మሻ    
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Substituting the values of  0 ,
2

n n

a
a and b  in ሺͳሻ we get  

e−ୟπ = s୧୬୦ ୟπୟπ
+ ∑ [ሺ−ଵሻ౤ଶୟ s୧୬୦ ୟπ

πሺୟమ+୬మሻ cos nx + ሺ−ͳሻ୬ʹn  s୧୬୦ ୟπ
πሺୟమ+୬మሻ sin nx]∞୬=ଵ   

                     = ଶs୧୬୦ ୟπୟ {ቀ ଵଶୟ − ୟ ୡ୭sxଵమ+ୟమ + ୟ ୡ୭s ଶxଶమ+ୟమ − ୟ ୡ୭s ଷxଷమ+ୟమ + ⋯ ቁቀ s୧୬ xଵమ+ୟమ − ଶ s୧୬ ଶxଶమ+ୟమ + ଷ s୧୬ ଷxଷమ+ୟమ  … ቁ }  ──ሺʹሻ  

Putting 0x :ܖܗܑܜ܋ܝ܌܍۲   and 1a   in ሺʹሻ, we get 
                       

2 2 2

2 2 2

2sinh 1 1 1 1 1
1

2 2 2 1 3 1 4 1

1 1 1
2

sinh 2 1 3 1 4 1






          
         ૞. ሻܠሺ܎ ܎ܗ ܛ܍ܑܚ܍𝐒 ܚ܍ܑܚܝܗ۴ ܍ܐܜ ܌ܖ۴ܑ = ܠ  + ,૛ܠ − < ܠ < − iሻ       ܛ܍ܑܚ܍ܛ ܍ܐܜ ܍܋ܝ܌܍܌ ܍܋ܖ܍ܐ ܌ܖ܉        − − −=   iiሻ − −=  Sol: Let x +  xଶ  =    +   cos nx +    →  ሺͳሻ 

find a଴  =  ଵ
π

  =  ଵ
π

 =   

find an =  ଵπ   

                =   ଵ
π

   

                =  
ଵ
π

฀  

                =   [  

  =   [  

  = ฀ =   

Find an  =  ଵ
π

   

               =     

=   =         
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 Substituting in ሺͳሻ, the required Fourier series is, x + xଶ  = πଶ͵  –  ͶሺCos x –  Cos ʹxͶ +  Cos ͵xͻ +. . ሻ  +  ʹሺSin x –  Sin ʹxͶ   + Sin ͵xͻ  + ⋯ ሻ 

6.Obtain the fourier series for ܎ሺܠሻ = ܠ − ∑ ૛ in the interval [-π, π] . Hence show thatܠ ሺ−૚ሻ𝒏−૚𝒏૛ = 𝝅૛૚૛∞𝒏=૚  

Sol:  The fourier series of fሺxሻ = x − xଶ in [-π, π] is given by  x − xଶ= 
𝑎బଶ + ∑ ሺa୬cosnx + b୬sinnxሻ∞௡=ଵ               ….ሺͳሻ 

Using Euler’s formulae , we determine a୬ and b୬ 

ao= ଵπ ∫ fሺxሻdx = ଵπ ∫ x − xଶπ−ππ−π dx = ଵπ [∫ x dx − ∫ xଶ dxπ−ππ−π ]   

    = [Ͳ − ʹ ∫ xଶ dxπ଴ ]  (ሺsince x is odd function and xଶis even functionሻ 

    = −ଶ
π

(
xయଷ ሻ଴π    

−ଶଷπ
ሺπଷ − Ͳሻ = − ଶπమଷ  

And  a୬ = ଵ
π ∫ ሺx − xଶሻcosnx dxπ−π  

  = ଵ
π

[ሺx − xଶሻ s୧୬୬x୬ − ሺͳ − ʹxሻ ቀ−ୡ୭s୬x୬మ ቁ + ሺ−ʹሻሺ−s୧୬୬x୬య ሻ]−π
π  , integration by parts 

  = −ସୡ୭s୬π୬మ  = −ସሺ−ଵሻ౤୬మ  ሺn ≠ Ͳሻ[since cosnπ = ሺ−ͳሻ୬] 
Finally b୬ = ଵπ ∫ ሺx − xଶሻsinnx dxπ−π  = ͳπ [ሺx − xଶሻ ቀ−cosnxn ቁ − ሺͳ − ʹxሻ (−sinnxnଶ ) + ሺ−ʹሻ ቀcosnxnଷ ቁ]−π

π = −ʹcosnπn= −ʹሺ−ͳሻ୬n  

Sub the values of ܽ଴ ,ܽ௡ and ܾ௡ in (1) ,we get 

x − xଶ = −πଶ͵ + ∑ (−Ͷሺ−ͳሻ୬nଶ cosnx + −ʹሺ−ͳሻ୬sinnxn )∞

୬=ଵ  

= −πଶ͵ + ∑[Ͷ ሺ−ͳሻ୬+ଵnଶ∞

୬=ଵ cosnx + ʹ ሺ−ͳሻ୬n sinnx] 
= −πమଷ + Ͷ [ୡ୭sxଵమ − ୡ୭sଶxଶమ + ୡ୭sଷxଷమ − ୡ୭sସxସమ + ⋯ . ]+ʹ [s୧୬xଵ − s୧୬ଶxଶ + s୧୬ଷxଷ − s୧୬ସxସ + ⋯ . ] ….;2Ϳ 

Deduction:  
X = Ͳ is a point of continuity of fሺxሻ. Hence the fourier series of fሺxሻat  x = Ͳ converges to fሺͲሻ 

Putting x = Ͳ in ሺʹሻ, we get 
0 = 

−𝜋మଷ + Ͷ ቀ ଵଵమ − ଵଶమ + ଵଷమ − ଵସమ + ⋯ ቁ    i.e.,   ଵଵమ − ଵଶమ + ଵଷమ − ଵସమ + ⋯ = 𝜋మଵଶ 
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Or  ∑ ሺ−ଵሻ𝑛−భ௡మ∞௡=ଵ = 𝜋మଵଶ 

7.Find the Fourier series of the periodic function defined  

as ܎ሺܠሻ = [−𝛑, −𝛑 < x < Ͳܠ, ૙ < ܠ < π ]  hence deduce that 
2

2 2 2

1 1 1

1 3 5 8


      

Sol.   Let    0

1 1

cos sin 1
2

n n

n n

a
f x a nx b nx

 

 

        then  

     
2

0

0
0

0

2 2
2

1 1 1

2

1 1

2 2 2

o x
a f x dx dx xdx x


 

 
 

  

  
 

 

                 
    

       
   

  
 

   
0

0

2 2 2

0

1 1
cos . cos . cos .

1 sin sin cos 1 1 1
0 cos

o

na f x nx dx nx dx x nx dx

nx nx nx
x n

n n n n n

 

 






 

 
  

 



      
                         

  
                                    

          = ଵπ୬మ ሺcos nπ − ͳሻ = ଵπ୬మ [ሺ−ͳሻ−ଵ୬ ]  aଵ = −ʹͳଶ. π , aଶ = Ͳ, aଷ = −ʹ͵ଶ. π , aସ = Ͳ, aହ = −ʹͷଶ. π  − − − 

  b୬ = ͳ
π

∫ fሺxሻ sin nx. dxπ

−π

= ͳ
π

[ ∫ሺ−πሻ sin nx. dx଴
−π

+ ∫ x sin nx. dxπ

଴ ] 

        = ͳ
π

[π ቀcos nxn ቁ−π

଴ + (−x cos nxn + sin nxnଶ )଴
π] 

        = ͳ
π

[πn ሺͳ − cos nπሻ − πn cos nπ] = ͳn ሺͳ − ʹcos nπሻ 

 
1 2 3 4

1 1
3, , 1,

2 4
b b b b

 
     and so  on  

Substituting the values of 0 ,
n n

a a and b  in (1), we get ݂ሺ𝑥ሻ = −𝜋Ͷ − 𝜋ʹ (cos 𝑥 + cos ͵𝑥͵ଶ + cos ͷ𝑥ͷଶ +. . ) +                                                           ቀ͵ sin 𝑥 − s୧୬ ଷ𝑥ଶ + ଷ s୧୬ ଷ𝑥ଷ +   s୧୬ ସ𝑥ସ +. ቁ − ሺʹሻ  

Deduction:     Putting  0x   in (2), we obtain ݂ ሺͲሻ = −𝜋ସ − ଶସ ቀͳ + ଵଷమ + ଵହమ +  … . ቁ . . ሺ͵ሻ  

Now  f x  is discontinuous at 0x   
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   

     

0 0 0 0 0

1
0 0 0 0 0

2 2

f and f

f f f




    


      

 

Now (3) becomes
−𝜋ଶ = −𝜋ସ − ଶ𝜋 ቀͳ + ଵଷమ + ଵହమ +  − − −ቁ → ଵଵమ + ଵଷమ + ͳ ͷଶ⁄ + ⋯ = 𝜋మ଼

 

8. Find the Fourier series of the periodic function defined as ܎ሺܠሻ = [−𝛑, −𝛑 < x < Ͳ𝛑, ૙ < ܠ < π ] 

Sol.   Let    0

1 1

cos sin 1
2

n n

n n

a
f x a nx b nx then

 

 

    
 

   

     

0
0

0 2 2

0

1 1

1 1 1
0 0

o

a f x dx dx dx

x x

 

 





 
 

   
  

 



      

            

  

   
0

0

0

1 1
cos . cos . cos .

1 sin sin

1
(0) ( sin 0 0,sin 0)

o

n
a f x nx dx nx dx nx dx

nx nx

n n

n

 

 





 
 

 





 



      
          

     

  

  

Q

 

bn =  ଵ
π ∫ fሺxሻ sin nx. dxπ−π = ଵ

π
[∫ ሺ−πሻ sin nx. dx଴−π + ∫ π sin nx. dxπ଴ ] = ͳ

π
[π ቀcos nxn ቁ−π

଴ + ቀ−π
cos nxn ቁ଴π] 

           = ͳ
π

[πn ሺͳ − cos nπሻ − πn ሺcos nπ − cosͲሻ] 
                                                  = ଵ୬ ሺʹ − ʹcos nπሻ = ଵ୬ ሺʹ − ʹሺ−ͳሻ୬ሻ = {Ͳ when n is evenସ୬  when n is odd  

Substituting the values of 
0 ,

n n
a a and b  in (1), we get fሺxሻ = ∑ ସ୬ sinሺnxሻ where n is odd∞୬=ଵ  fሺxሻ = Ͷ (sin x + ͳ͵ sinሺ͵xሻ + ͳͷ sinሺͷxሻ ± − −)    

Even and Odd Functions:- 

A function  f x  is said to be even    if f x f x   and odd if    f x f x  
 

Example:-   
2 4 2, 1, x x

x x x e e
    are even functions 

   
3, ,sin ,cosx x x ecx  are odd functions 

Note1:-  

1.Product of two even (or) two odd functions will be an even function  
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2.Product of an even function and an odd function will be an odd function 

Note 2:-   0
a

a
f x dx


  when  f x  is an odd function 

                        
0

2
a

f x dx   when  f x  is even function 

Fourier series for even and odd functions:- 

 We know that a function  f x  defined in  ,   can be represented by the Fourier series 

  0

1 1

cos sin
2

n n

n n

a
f x a nx b nx

 

 

     

Where  0

1
a f x dx



 
   

  1
cos .

n
a f x nx dx



 
   

and         1
sin .

n
b f x nx dx



 
   

Case (i):- when  f x  is an even function 

   0
0

1 2
a f x dx f x dx

 

 
    

Since cosnx  is an even function,  cosf x nx  is also an even function 

Hence       a୬ = ଵ
π ∫ fሺxሻ cos nx dxπ−π  

                         = ଶ
π ∫ fሺxሻ cos nx  dxπ଴  

Since sin nx  is an odd function,  sinf x nx  is an odd function 

 1
sin . 0

n
b f x nx dx



 
    

 If a function  f x  is even in  ,  , its Fourier series expansion contains only cosine 

terms 

  0

1

cos
2

n

n

a
f x a nx





    

Where  
0

2
cos . , 0,1,2,

n
a f x nx dx n




    

 

Case 2:- when   f x  is an odd function in  ,   
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 0

1
0a f x dx



 
   Since  f x  is odd 

Since cosnx  is an even function,  cosf x nx  is an odd function and hence 

 1
cos . 0

n
a f x nx dx



 
   

Since sin nx  is an odd function;  sinf x nx  is an even function

 

׵  ܾ௡ = ଵ𝜋 ∫ ݂ሺ𝑥ሻ sin ݊𝑥 ݀𝑥𝜋−𝜋  

           = ଶ𝜋 ∫ ݂ሺ𝑥ሻ sin ݊𝑥 ݀𝑥𝜋−𝜋  

Thus, if a function  f x  defined in  ,  is odd, its Fourier expansion contains only sine 

terms ׵ ݂ሺ𝑥ሻ = ∑ ܾ௡ sin ݊𝑥𝜋௡=ଵ    Where  
0

2
sin .

n
b f x nx dx




 

 

Problems 

1. 1. Expand the function   2
f x x  as a Fourier series in[−𝝅, 𝝅], hence deduce that 

(i) 
2

2 2 2 2

1 1 1 1

1 2 3 4 12


       

Sol. Since      2 2    f x x x f x
 

 
׵ ݂ሺ𝑥ሻ is an even function        

Hence in its Fourier series expansion, the sine terms are absent 

׵   𝑥ଶ = 𝑎బଶ 
1n

ܽ௡ cos ݊𝑥 … … ሺͳሻ 

Where  ܽ ଴ = ଶ𝜋 ∫ 𝑥ଶ݀𝑥𝜋଴  = ଶ𝜋 ቀ𝑥యଷ ቁ଴𝜋 = ଶ𝜋మଷ   ……  ሺʹሻ 

              an= ଶπ ∫ fሺxሻ cos nx. dxπ଴  

= πʹ ∫ xଶ cos nx. dxπ
଴ = πʹ [xଶ (sin nxn ) − ʹx ቀ−cos nxnଶ ቁ + ʹ (− sin nxnଷ )]଴

π
 

                                          = ଶπ [Ͳ + ʹπ ୡ୭s ୬π୬మ + ʹሺͲሻ] = ସ ୡ୭s ୬π୬మ = ସ୬మ ሺ−ͳሻ୬ ------ሺ͵ሻ 

Substituting the values of 0 n
a and a  from (2) and (3) in (1) we get 
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   

 

12 2
2

2 2
1 1

2

2 2 2

14
1 cos 4 cos

3 3

cos2 cos3 cos4
4 cos 4

3 2 3 4

n

n

n n

x nx nx
n n

x x x
x

 



 

 


    

           
 

 
 

Deduction: Putting 0x   in (4), we get 

2 2

2 2 2 2 2 2

1 1 1 1 1 1
0 4 1 1

3 2 3 4 2 3 4 12

                    
 

 

2.Find the Fourier series to represent the function   sin ,f x x x      

Sol:   Since sin x  is an even function,   0
n

b for all n  

 Let    0

1

sin cos 1
2

n

n

a
f x x a nx





   
 

Where a଴ = ଵ
π ∫ |sin x|dxπ−π   = ଶ

π ∫ sin x dxπ଴  = ଶ
π

ሺ− cos xሻ଴π      

               = −
πʹ

ሺ−ͳ − ͳሻ = Ͷ
π

 

and  a୬ = ଵπ ∫ fሺxሻ cos nx. dxπ−π = ଶπ ∫ sin x. cos nx dxπ଴  

 = ଵπ ∫ [sinሺͳ + nሻx + sinሺͳ − nሻx]π଴ dx = ଵπ [− ୡ୭sሺଵ+୬ሻxଵ+୬ − ୡ୭sሺଵ−୬ሻxଵ−୬ ]଴π ሺn ≠ ͳሻ 

= − ͳπ [cosሺͳ + nሻπͳ + n + cosሺͳ − nሻπͳ − n − ͳͳ + n − ͳͳ − n]଴
π ሺn ≠ ͳሻ 

 
     

1 1

11 1 1 11 1 1 1 1 1
1

1 1 1 1 1 1

n n

n

n n n n n n 

 
                                

      = −ଵπ [ሺ−ͳሻ୬+ଵ ଶଵ−୬మ − ଶଵ−୬మ] = ଶπሺ୬మ−ଵሻ [ሺ−ͳሻ୬+ଵ − ͳ] 
                = −ଶπሺ୬మ−ଵሻ [ͳ + ሺ−ͳሻ୬]     ሺn ≠ ͳሻ  

׵ a୬ = {Ͳ  if n is odd and n ≠ ͳ−ସπሺ୬మ−ଵሻ   if n is even         

For n = ͳ, aଵ = ଶ
π ∫ sin x. cons x dxπ଴      = ଵ

π ∫ sin ʹx dxπ଴    

                         = ଵ
π

ቀ− ୡ୭s ଶxଶ ቁ଴π   = −ଵଶπ
ሺcos ʹπ − ͳሻ = Ͳ 

Substituting the values of 
0 1,

n
a a and a  in (1)   We get  2

2,4,

2 4
sin cos

1n

x nx
n 



 


 


  
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2 2

2,4 1

2 4 cos 2 4 cos2

1 4 1n n

nx nx

n n   

 

  

   
   (Replace n by 2n) 

Hence 2 4 cos 2 cos 4
sin

3 15

x x
x

 
      
   

2 2 2 2 2 2

2sin sin 2sin 2 3sin3
, sin ..3.  

2
 ....

1 3

a x x x
x ax

a a
Show that f

a
or

 


               

        (a is not an integer) 

Sol: - As sin ax is an Odd function. It’s Fourier series expansion will consist of 

sine terms only  

1

sin sin (1)
n

n

ax b nx




  

0 0

0

2 2
( )sin sinax.sin

2
[cos( ) x cos(a n) x]

n
where b f x nx dx nx dx

a n dx

 



 



 

   

 

  

                  [ 2sin sin cos(A B) cos(A B)]A B    

   

0

1 sin( ) sin( )

1 sin a cos n cos sin n sina cosn cos a sin n

n

a n x a n x
b

a n a n

a n a n




       



      
           

 1 sin a .cos n sin .cos
sin 0

n

a n
b n

a n a n

    

      

 

     
2 2 2 2

1 1 1
sin cos

1 ( 1) 2
sin ( 1) sin

( )

n
n

a n
a n a n

a n a n n
a a

a n a n

 


 
 

     
         

 

Substituting these values in (1), we get 

1

2 2 2 2
1 1

2 2 2 2 2 2

2sin ( 1) 2sin ( 1)
sin sin sin

( ) ( )

2sin sin 2sin 2 3sin 3
......

1 2 3

n n

n n

a n a n
ax nx nx

a n n a

a x x x

a a a

 
 




 

 

 
 

 

        

 
 

4. Find the Fourier series to represent the function  ܎ሺܠሻ = 𝐒ܑܠ ܖ, −𝛑 < 𝑥 < π. 

Sol:- since sin x  is an odd function ܽ଴ = ܽ௡ = Ͳ 
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  Let fሺxሻ = ∑ b୬ sin nx, where b୬ = πʹ ∫ sin x sin nx dx = ͳπ ∫ [cosሺͳ − nሻ x − cosሺͳ + nሻ x] dxπ
଴  π

଴  

= ଵπ [s୧୬ሺଵ−୬ሻxଵ−୬ − s୧୬ሺଵ+୬ሻxଵ+୬ ]଴π(n≠ ͳሻ     = Ͳሺn ≠ ͳሻ 

If n=1  bଵ = ଶπ ∫ sinଶx dx = ଶπ ∫ ଵ−ୡ୭s ଶxଶ  dx = ଵπ π଴  π଴ ቀx − S୧୬ଶxଶ ቁ଴π =  ଵπ ሺπ − Ͳሻ =  ͳ ׵ fሺxሻ = bଵsinx = sinx
2 2 2 2 2 2

2sink sin 2sin 2 3sin3
, sink ..... 

3
 .

1 2
5.

x x x
xShow t x

k
hat for

k k

 


              

 

    (k is not an integer) 

Sol: - As sin kx is an Odd function. 

 It’s Fourier series expansion will consist of sine terms only  

1

sin k sin
n

n

x b nx




 
------------- (1) 

0 0

0

2 2
( )sin sin kx.sin

2
[cos(k ) x cos(k n) x]

n
b f x nx dx nx dx

n

Whe

dx

re

 



 



 

   

 

  

                 [ 2sin sin cos(A B) cos(A B)]A B    
 

                 

0

1 sin(k ) sin(k )

1 sin cos n cos sin n sink cosn cos sin n

n

n x n x
b

k n k n

k k

k n k n




       



      
      

 

                

 1 sin .cos n sink .cos
sin 0

n

k n
b n

k n k n

    

        

                   
2 2 2 2

1 1 1 1 ( 1) 2
sink cos sin k ( 1) sink

(k )

n
n k n k n n

n
k n k n k n n

   
  

                     

Substituting these values in (1), we get

  

1

2 2 2 2
1 1

2 2 2 2 2 2

2sink ( 1) 2sink ( 1)
sink sin sin

(k ) ( )

2sink sin 2sin 2 3sin 3
......

1 2 3

n n

n n

n n
x nx nx

n n k

x x x

k k k

 
 




 

 

 
 

 

        

 
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Half –Range Fourier Series :-   To obtain Fourier series of function f(x) in 

the interval (o,π) 
1) The sine series 

 
1

sin




 n

n

f x b nx  
0

2
sin . n

where b f x nx dx



 

2) The cosine series 

  0

1

cos
2

n

n

a
f x a nx





 
 

 

 0
0

2
where a f x dx and




       

    
0

2
cos .

n
a f x nx dx




   

Note:-  

1.Suppose    0,f x x in  .It can have Fourier cosine series expansion as well as Fourier 

sine series expansion in  0,  

2.If    2 0,f x x in   can have Fourier cosine series expansion as well as Fourier  sine 

series expansion in 0,  

Half –Range Fourier Series:- 

Problems 

1.Find the half range sine series for
 
ሻܠሺ܎ = ሺ𝛑ܠ − ,ሻܠ 𝒏 ૙࢏ < 𝑥 < 𝜋  Deduce that 

3

3 3 3 3

1 1 1 1

1 3 5 7 32
     


 

Sol.   The Fourier sine series expansion of  f x  in  0,  is  

 ݂ሺ𝑥ሻ = 𝑥ሺ𝜋 − 𝑥ሻ = ∑ ܾ௡ sin ݊𝑥∞௡=ଵ  

Where ܾ௡ = ଶ𝜋 ∫ ݂ሺ𝑥ሻ sin ݊𝑥. ݀𝑥𝜋଴ ;   ܾ௡ = ଶ𝜋 ∫ 𝑥ሺ𝜋 − 𝑥ሻ sin ݊𝑥. ݀𝑥𝜋଴            

 2

0

2
sin .x x nx dx





   
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     

    

2

2 3

0

3 3

2 cos sin cos
2 2

2 2 4
1 cos 1 1

n

nx nx nx
x x x

n n n

n
n n



 



 

                  

       

3

0,

8
,

n

when n is even

b
when n is odd

n


 


 

Hence 

       
3 3 3

1,3,5...

8 8 sin3 sin5
sin sin 1

3 5n

x x
x x nx or x x x

n
 

 

             
 

  

Deduction:  Putting 
2

x


  in (1), we get

 

𝜋ʹ ቀ𝑥 − 𝜋ʹቁ = 𝜋ͅ 𝑖݊ݏ) 𝜋ʹ + ͳ͵ଷ 𝑖݊ݏ ͵𝜋ʹ + ͳͷଷ 𝑖݊ݏ ͷ𝜋ʹ +  − − −) 

⟹ 𝜋ଶͶ = 𝜋ͅ [ͳ + ͳ͵ଷ 𝑖݊ݏ ቀ𝜋 + 𝜋ʹቁ + ͳͷଷ 𝑖݊ݏ ቀʹ𝜋 + 𝜋ʹቁ + ͳ͹ଷ 𝑖݊ݏ ቀ͵𝜋 + 𝜋ʹቁ +  − − −] 

   (or) 𝜋మଷଶ = ͳ + ଵଷయ + ଵହయ + ଵ଻య +  − − − 

2.Find the half- range sine series for the function    0,
ax ax

a a

e e
f x in

e e
  









 

Sol.Let fሺxሻ = ∑ b୬ sin nx───ሺͳሻ ∞୬=ଵ
 Then b୬ = ଶπ ∫ fሺxሻ sin nx. dxπ଴ = ଶπ ∫ eax−e−axeaπ−e−aπ . sin nx. dxπ଴   

    = ଶπሺeaπ−e−aπሻ [∫ eୟxsin nx. dxπ଴ − ∫ e−ୟxsin nx. dxπ଴ ] 
= ʹπሺeୟπ − e−ୟπሻ [[ eୟxaଶ + nଶ ሺa sin nx − n cos nxሻ]଴

π − [ e−ୟxaଶ + nଶ ሺ−a sin nx − n cos nxሻ]଴
π] 

= ʹπሺeୟπ − e−ୟπሻ [ −eୟπaଶ + nଶ nሺ−ͳሻ୬ + naଶ + nଶ + −eୟπaଶ + nଶ nሺ−ͳሻ୬ − naଶ + nଶ] 

 = ʹnሺ−ͳሻ୬πሺeୟπ − e−ୟπሻ [e−ୟx − eୟxnଶ + aଶ ] = ʹnሺ−ͳሻ୬+ଵπሺnଶ + aଶሻ − − ───ሺʹሻ 

Substituting (2) in (1), we get    

  ݂ሺ𝑥ሻ = ଶ𝜋 ∑ ௡ሺ−ଵሻ𝑛+భ𝑎మ+௡మ∞௡=ଵ sin ݊𝑥 = ଶ𝜋 [ s୧୬ 𝑥𝑎మ+ଵమ − ଶ s୧୬ ଶ𝑥𝑎మ+ଶమ + ଷ s୧୬ ଷ𝑥𝑎మ+ଷమ − − − − −] 
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3.Obtain the half-range sine and cosine series for the function                                                                                

f(x)= 
𝝅𝟖࢞  (𝝅 − ≥ሻ in the range 0࢞ ࢞ ≤ 𝝅 

 Sol. Half – Range Fourier Sine Series 

The Fourier Sine series of f(x) in (0,πሻ is 

       f(x) =  
πx଼

 (π − xሻ 

              =  ∑ b୬∞୬=ଵ  sinnx                        ………..(1) 

  Where b୬ = 
ଶ
π
 ∫ fሺxሻ sinnx dxπ଴  

                     = 
ଶ
π
 ∫ πx଼  ሺπ − xሻ sinnx dxπ଴  

                     = ଶ
π
 ቀπ଼ቁ ∫ ሺπx − xଶπ଴ ) sinnx dx 

                     = 
ଵସ [ሺπx − xଶሻ ቀ−ୡ୭s୬x୬ ቁ − ሺπ − ʹxሻ ቀ−s୧୬୬x୬మ ቁ + ሺ−ʹሻ ቀୡ୭s୬x୬య ቁ]଴π 

                     = 
ଵସ [ ଶ୬య  ሺͳ − cosnπሻ] 

                      =  
ଵଶ [ଵ−ሺ−ଵሻ౤୬య ] 

                b୬ = { Ͳ, when n is evenଵ୬య , when n is odd  

Substituting the values of b୬ in (1), we get 

  
πx଼

 (π − xሻ = ∑ ଵ୬య∞୬=ଵ,ଷ,ହ,…  sinnx 

                     = 
ଵଵయ sinx + 

ଵଷయ sin3x + 
ଵହయ sin5x + ………. 

Half – Range Fourier Cosine Series : 

The Fourier Sine series of f(x) in (0,𝜋ሻ is f(x) = 
𝑎బଶ  + ∑ ܽ௡∞௡=ଵ  cosnx                    ……….(2) 

Where ܽ଴ = 
ଶ𝜋  ∫ ݂ሺ𝑥ሻ݀𝑥𝜋଴  

                   = 
ଶ𝜋 ∫ 𝜋𝑥଼  ሺ𝜋 − 𝑥ሻ ݀𝑥𝜋଴  

                   = 
ଵସ ∫ ሺ𝜋𝑥 − 𝑥ଶሻ𝜋଴  dx 

                   = 
ଵସ  [𝜋𝑥మଶ − 𝑥యଷ ]଴𝜋 

                    = 
ଵସ [𝜋యଶ − 𝜋యଷ ] 

                    = 
𝜋యଶସ 

 

And a୬ = 
ଶπ ∫ fሺxሻ cosnx dxπ଴  
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               = 
ଶ
π
 ∫ πx଼  ሺπ − xሻ cosnx dxπ଴  

              = 
ଵସ ∫ ሺπx − xଶሻ cosnx dxπ଴  

             = 
ଵସ [ሺπx − xଶሻ ቀs୧୬୬x୬ ቁ − ሺπ − ʹxሻ ቀ−ୡ୭s୬x୬మ ቁ + ሺ−ʹሻ ቀ−s୧୬୬x୬య ቁ]଴π  

             = 
ଵସ [ሺπx − xଶሻ ቀs୧୬୬x୬ ቁ + ሺπ − ʹxሻ ቀୡ୭s୬x୬మ ቁ + ሺʹሻ ቀs୧୬୬x୬య ቁ]଴π  

              = 
ଵସ [{Ͳ − πୡ୭s୬π୬మ + Ͳ} − {Ͳ + π୬మ + Ͳ}] 

             =  
ଵସ [–πୡ୭s୬π−π୬మ ] 

            = 
−πସ [ଵ+ୡ୭s୬π୬మ ] 

             =  
−πସ [ଵ+ሺ−ଵሻ౤୬మ ] 

Therefore a୬ = { Ͳ, When n is odd−πమଶ୬మ , when n is even 

Substituting the values of a0 and an in (2), we get 

f(x) = 
πయସ଼ - 

πଶ ∑ ଵ୬మ∞୬=ଶ,ସ,଺,଼……  cosnx  

       = 
πయସ଼ - 

πଶ [ ଵଶమ cosʹx + ଵସమ cosͶx + ଵ଺మ cos͸x + ⋯ … . . ] 
4 .Find Fourier Cosine and Sine series  for the function 

   
 

0
2

2

kx for x

f x

k x for x



 

   
   


 

Sol:  Fourier Cosine  series  is  fሺxሻ = ୟబଶ + ∑ a୬∞୬=ଵ cosnx 

Where             a଴ =
πʹ

∫ fሺxሻdxπ

଴  

                 =  
ଶ
π

[∫ kxdxπమ଴ + ∫ kሺπ − xሻdxπ
πమ ] 

                 = ଶ୩
π

[ቀxమଶ ቁ଴
πమ + ቀπx − xమଶ ቁπ ଶ⁄π ] 

                 = ଶ୩
π

[πమ଼ + ሺπଶ − πమଶ − πమଶ + πమ଼ሻ]   = π୩ଶ  

          a୬ = ଶ
π ∫ fሺxሻcosnx dxπ଴  

         = ଶ୩
π

[∫ x cosnx dxπమ଴ + ∫ ሺπ − xሻcosnx dxπ
πమ ] 
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         = ଶ𝑘𝜋 [{𝑥 ቀ𝑠𝑖௡௡𝑥௡ ቁ − ͳ ቀ−𝑐௢𝑠௡𝑥௡మ ቁ}଴𝜋 ଶ⁄ + {ሺ𝜋 − 𝑥ሻ ቀ𝑠𝑖௡௡𝑥௡ ቁ − ሺ−ͳሻ ቀ−𝑐௢𝑠௡𝑥௡మ ቁ}𝜋 ଶ⁄𝜋 ] 
         = ଶ𝑘𝜋 [𝜋ଶ (s୧୬ ሺ𝑛𝜋మ ሻ௡ ) + (ୡ୭s ሺ𝑛𝜋మ ሻ௡మ ) − ଵ௡మ − ሺ−ଵሻ𝑛௡మ − 𝜋ଶ (s୧୬ ሺ𝑛𝜋మ ሻ௡ ) + (ୡ୭s ሺ𝑛𝜋మ ሻ௡మ )] 
          = ଶ𝑘𝜋 [(ʹ 𝑐௢𝑠 ሺ𝑛𝜋మ ሻ௡మ ) − ଵ௡మ − ሺ−ଵሻ𝑛௡మ ]  (n # 0) 

           =  0  for n  is odd 

           = ସ𝑘𝜋 [ቆሺ−ଵሻ𝑛మ௡మ ቇ − ଵ௡మ] 

 for n is even  (since ܿݏ݋ ௡𝜋ଶ  = 0  for ‘n’ is odd and ܿݏ݋ ௡𝜋ଶ = ሺ−ͳሻ𝑛మ) ׵Fourier Cosine  series  is given by 

݂ሺ𝑥ሻ = 𝑘𝜋Ͷ + Ͷ𝑘𝜋 ∑ [ቌሺ−ͳሻ௡ଶ݊ଶ ቍ − ͳ݊ଶ]∞

௡=ଶ,ସ….  𝑥݊ݏ݋ܿ

           =
𝑘𝜋ସ − ଶ𝑘𝜋 [𝑐௢𝑠 ଶ𝑥ଵమ + 𝑐௢𝑠 ଺𝑥ଷమ + 𝑐௢𝑠 ଵ଴𝑥ହమ + ⋯ . . ] 

Fourier Sine series  is 

fሺxሻ = ∑ b୬∞
୬=ଵ sinnx 

Whereb୬ = ଶπ ∫ fሺxሻsinnx dxπ଴  

                  = ଶ𝑘𝜋 [∫ 𝑥 ݏ𝑖݊݊𝑥 ݀𝑥𝜋మ଴ + ∫ ሺ𝜋 − 𝑥ሻݏ𝑖݊݊𝑥 ݀𝑥𝜋𝜋మ ] 
                 =  

ଶ𝑘𝜋 [{𝑥 ቀ−𝑐௢𝑠௡𝑥௡ ቁ − ͳ ቀ−𝑠𝑖௡௡𝑥௡మ ቁ}଴𝜋 ଶ⁄ + {ሺ𝜋 − 𝑥ሻ ቀ−𝑐௢𝑠௡𝑥௡ ቁ − ሺ−ͳሻ ቀ−𝑠𝑖௡௡𝑥௡మ ቁ}𝜋 ଶ⁄𝜋 ] 
                = ଶ𝑘𝜋 [−𝜋ଶ (𝑐௢𝑠𝑛𝜋మ௡ ) + (𝑠𝑖௡𝑛𝜋మ௡మ ) + 𝜋ଶ (𝑐௢𝑠𝑛𝜋మ௡ ) + (𝑠𝑖௡𝑛𝜋మ௡మ )] 
                =    ସ𝑘𝑠𝑖௡ ௡𝜋/ଶ𝜋௡మ    = 0 for ‘n’ is even 

                =  ସ𝑘ሺ−ଵሻ𝑛−భమ𝜋௡మ  for ‘n ’ is odd ׵ Fourier Sine series  is given by fሺxሻ = ∑  ସ୩ሺ−ଵሻ౤−భమπ୬మ∞୬=ଵ,ଷ….. sinnx =[s୧୬xଵమ − s୧୬ଷxଷమ + s୧୬ହxହమ … … . ] 
 

 

5. Find  Half range Cosine  series  for the function 
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 
0

2

2

k for x

f x

k for x



 

   
  


 

Sol: Fourier Cosine  series  is  ݂ሺ𝑥ሻ = ܽ଴ʹ + ∑ ܽ௡∞

௡=ଵ  𝑥݊ݏ݋ܿ

Where  ܽ଴ = ଶ𝜋 ∫ ݂ሺ𝑥ሻ݀𝑥𝜋଴      =  
ଶ𝜋 [∫ ሺ−𝑘ሻ݀𝑥𝜋మ଴ + ∫ 𝑘݀𝑥𝜋𝜋మ ]     =

−ଶ𝑘𝜋 [-
𝜋ଶ + 𝜋 − 𝜋ଶ]    =  0 

ܽ௡ = 𝜋ʹ ∫ ݂ሺ𝑥ሻܿ݊ݏ݋𝑥 ݀𝑥𝜋
଴  

      =
ଶ𝑘𝜋 [− ∫ 𝑥 ݀𝑥𝜋మ଴݊ݏ݋ܿ  + ∫ 𝑥 ݀𝑥𝜋𝜋మ݊ݏ݋ܿ ] 

    =
ଶ𝑘𝜋 [ቀ𝑠𝑖௡௡𝑥௡ ቁ଴

𝜋మ + ቀ𝑠𝑖௡௡𝑥௡ ቁ𝜋మ
𝜋]      =ଶ𝑘𝜋 [− (𝑠𝑖௡𝑛𝜋మ௡ ) + (− 𝑠𝑖௡𝑛𝜋మ௡ )] 

      =
−ସ𝑘𝜋 (𝑠𝑖௡𝑛𝜋మ௡ )      =  0 if ‘n’ is even 

      =
−ସ𝑘𝜋௡ ሺ−ͳሻ𝑛−భమ  if ‘n’ is odd  

  [since ݏ𝑖݊ ௡𝜋ଶ = ሺ−ͳሻ𝑛−భమ  if ‘n’ is odd  

                        =  0 if ‘n’ is even  ] ׵Fourier Cosine  series  is given by 

݂ሺ𝑥ሻ = −Ͷ𝑘𝜋 ∑ ͳ݊ ሺ−ͳሻ௡−ଵଶ∞

௡=ଵ,ଷ,ହ…….  𝑥݊ݏ݋ܿ

          =
−ସ𝑘𝜋 [𝑐௢𝑠𝑥ଵ − 𝑐௢𝑠ଷ𝑥ଷ + 𝑐௢𝑠ହ𝑥ହ … … … … . . ] 

6. Find  Fourier Sine  series  for the function ܎ሺܠሻ = ૙ ܖܑ   ܠܛܗ܋ < x < π. 

Sol: Fourier Sine series  is  ܎ሺxሻ = ∑ b୬∞୬=ଵ sinnx 

Where  b୬ = ଶπ ∫ fሺxሻsinnx dxπ଴  

                    =     ଵ   π ∫ ʹsinnx cosx dxπ଴  

                    =    ଵ   π ∫ [sinሺn + ͳሻx + sinሺn − ͳሻx] dxπ଴  

                    =    ଵ   π [ቀ− ୡ୭sሺ୬+ଵሻx୬+ଵ ቁ + ቀ− ୡ୭sሺ୬−ଵሻx୬−ଵ ቁ]଴π 

                    =    ͳ   π [−ሺ−ͳሻ୬+ଵn + ͳ − −ሺ−ͳሻ୬−ଵn − ͳ + ͳn + ͳ + ͳn − ͳ] 
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                    =  0   for ͚n͛ is odd 

                   = ସ௡𝜋ሺ௡మ−ଵሻ(n  # ͳ) for ͚n͛ is even. 
For n=1   bଵ = πʹ ∫ fሺxሻsinx dxπ

଴  

        = ଶπ ∫ ሺcosxሻsinx dxπ଴  

        = ଵπ ∫ sinʹx dxπ଴   = ૚𝛑 ሺ− ૛ܠ૛ܛܗ܋ ሻ૙𝛑 = 0 ׵Fourier Sine series  is given by fሺxሻ = ∑ ସ୬
πሺ୬మ−ଵሻ∞୬=ଶ,ସ….. sinnx    =

π଼
[

s୧୬ଶxଷ + s୧୬ସxଵହ + ଷs୧୬଺xଷହ … ..] 
7.Find the fourier cosine series of f(x) ={ܠܛܗ܋ , ૙ ܖ܍ܐܟ < x < 𝛑૛૙, 𝛑૛ ܖ܍ܐܟ < x < π  

 

Sol : Let f(x) =
ୟబଶ + ∑ a୬cosnx∞୬=ଵ                        …..(1) 

ao= ଶπ ∫ fሺxሻdx =  ଶπ [∫ cosx dx + ∫ Ͳ dxππమ
πమ଴ ]π଴      = ଶπ ሺsinxሻ଴π ଶ⁄

 = 
ଶπ ሺͳ − Ͳሻ = ଶπ               ..…(2) 

And  a୬ = ଶπ ∫ fሺxሻcosnx dxπ଴  

               = ଶπ [∫ cosx. cosnx dx + ∫ Ͳ. cosnx dxππ ଶ⁄π ଶ⁄଴ ] 

               = ଵ
π ∫ ʹcosnxcosx dx π ଶ⁄଴                     …..(3)               = ଵ

π ∫ [cosሺn + ͳሻ x + cosሺn − ͳሻ x]dx =  ଵ
π

[s୧୬ሺ୬+ଵሻx୬+ଵ + s୧୬ሺ୬−ଵሻx୬−ଵ ]଴π ଶ⁄π ଶ⁄଴    ሺn ≠ ͳሻ 

              = ଵ
π

[s୧୬ ሺ୬+ଵሻπమ୬+ଵ + s୧୬ ሺ୬−ଵሻπమ୬−ଵ ]   ሺn ≠ ͳሻ 

              = ଵ
π

[ୡ୭s౤πమ .s୧୬πమ୬+ଵ − ୡ୭s౤πమ .s୧୬πమ୬−ଵ ]   (since cos
πଶ = Ͳ) 

׵  a୬ =  ୡ୭s౤πమ
π

[ ଵ୬+ଵ − ଵ୬−ଵ]    ሺn ≠ ͳሻ 

           = −ଶୡ୭s౤πమ
πሺ୬మ−ଵሻ     ሺn ≠ ͳሻ                     …..(4) 

If n=1 ,then aଵ = ଵ
π ∫ ʹcosଶx dx  [from ሺ͵ሻ]π ଶ⁄଴ = ଵ

π ∫ ሺͳ + cosʹxሻdx =  ଵ
π

ቀx + s୧୬ଶxଶ ቁ଴π ଶ⁄π ଶ⁄଴  

= ͳ
π

[ቀπʹ + Ͳቁ − ሺͲ + Ͳሻ] = ͳʹ       … . ሺͷሻ 
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Sub (2), ( 4) and (5)  in (1) , we get 

f(x) = 
ୟబଶ +aଵcosx+∑ a୬cosnx =  ଵ

π
+ ଵଶ cosx − ଶ

π
∑ ୡ୭s౤πమ୬మ−ଵ cosnx∞୬=ଶ∞୬=ଶ  

  = ଵ π + ଵଶ cosx − ଶ
π

[ ୡ୭sπሺଶ−ଵሻሺଶ+ଵሻ cosʹx + ୡ୭sయπమሺଷ−ଵሻሺଷ+ଵሻ cos͵x + ୡ୭sସπሺସ−ଵሻሺସ+ଵሻ cosͶx + ⋯ ] 

= ͳ
π

+ ͳʹ cosx −
πʹ

[− cosʹxͳ.͵ + cosͶx͵.ͷ − cos͸xͷ.͹ + ⋯ ] 

                                    = ଵ
π

+ ଵଶ cosx + ଶ
π

[ୡ୭sଶxଵ.ଷ − ୡ୭sସxଷ.ହ + ୡ୭s଺xହ.଻ ] 
8.Obtain the fourier cosine series for the function f(x) =xsinx , (૙,𝛑ሻ 

Sol : Let fሺxሻ = xsinx =  ୟబଶ + ∑ a୬cosnx∞୬=ଵ       ….(1) 

Where a0= 
ଶ
π ∫ fሺxሻdx =  ଶ

π
π଴ ∫ xsinx dxπ଴  

                                   = ଶ
π

[xሺ−cosxሻ + ሺsinxሻ]଴π  = ଶ
π

[−πcosπ + sinπ] = ଶ
π

ሺπሻ = ʹ 

And a୬ = ∫ fሺxሻcosnx dx =  ଶ
π ∫ xsinxcosnx dxπ଴π଴  

                                             = ଵ
π ∫ x[sinሺn + ͳሻ x − sinሺn − ͳሻ x]π଴ dx    ሺn ≠ ͳሻ 

= {x [− cosሺn + ͳሻ xn + ͳ + cosሺn − ͳሻ xn − ͳ ] − ሺͳሻ [− sinሺn + ͳሻ xሺn + ͳሻଶ + sinሺn − ͳሻ xሺn − ͳሻଶ ]}଴
π  ሺn ≠ ͳሻ 

   = 
−ଵሺ୬+ଵሻ coxሺn + ͳሻπ + ଵ୬−ଵ cosሺn − ͳሻ π 

   = 
ሺ−ଵሻ౤−భ୬−ଵ − ሺ−ଵሻ౤+భ୬+ଵ = ଶሺ−ଵሻ౤+భ୬మ−ଵ  , ሺn ≠ ͳሻ ׵ aଶ = −ʹͳ.͵ ;  aଷ = ʹʹ.Ͷ ; aସ = −ʹ͵.ͷ ; aହ = Ͷʹ.͸ ; … 

Now aଵ = ଶ
π ∫ xsinxcosx dx =  ଵ

π ∫ x sinʹx dxπ଴π଴  = ଵ
π

[x ቀ−ୡ୭sଶxଶ ቁ − ቀ−s୧୬ଶxସ ቁ]଴π =  ଵ
π

[−πଶ cosʹπ]   =   
−ଵଶ  From ሺͳሻ, we have  xsinx = ͳ − ଵଶ cosx − ଶଵ.ଷ cosʹx + ଶଶ.ସ cos͵x − ଶଷ.ହ cosͶx + ⋯             ….. 

Deductions: Putting x = πଶ in (2), we obtain  
πଶ = ͳ + ଶଵ.ଷ − ଶଷ.ହ + ଶହ.଻ − ଶ଻.ଽ + ⋯  

                                                   
ଶଵ.ଷ − ଶଷ.ହ + ଶହ.଻ − ଶ଻.ଽ + ⋯ = πଶ − ͳ = 

π−ଶଶ  ͳͳ.͵ − ͳ͵.ͷ + ͳͷ.͹ − ͳ͹.ͻ + ⋯ . = π − ʹͶ  
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Fourier series of ࢌሺ࢞ሻ defined  in [c, c + ʹl]:- 
It can be seen that role played by the functions1,cos ,cos2 ,cos3 ,.....sin ,sin 2 .........x x x x x  

In expanding a function  f x  defined  in [ܿ, ܿ + ʹ𝜋]  as a Fourier series, will be played by  

2 3
1,cos ,cos ,cos ,.....

2 3
sin ,sin ,sin ,.....

x x x

e e e

x x x

e e e

  

  

     
     
     

     
     
     

 

In expanding a function  f x  defined in  , 2c c l  

  

∫
 

(i) ∫ sin ቀ୫πx୪ ቁ . cos ቀ୬πx୪ ቁ dx = Ͳୡ+ଶ୪ୡ  

(ii) ∫ sin ቀ୫πx୪ ቁ . sin ቀ୬πx୪ ቁ dx = { Ͳ, 𝑖݂ ݉ ≠ nl,   if m = n ≠ ͲͲ, if m = n = Ͳୡ+ଶ୪ୡ  

(iii)∫ cos ቀ୫πx୪ ቁ . cos ቀ୬πx୪ ቁ dx = {Ͳ,              𝑖݂ ݉ ≠ nl,      if m = n ≠ Ͳʹl, if m = n = Ͳୡ+ଶ୪ୡ  

[It can be verified directly that, when m, n are integers ] 
Fourier series of  ࢌሺ࢞ሻ defined in[૙, ૛𝒍]:- 
Let  f x  be defined in  0,2l  and be periodic with period 2l . Its Fourier series expansion is 

defined as fሺxሻ = ଵଶ a଴ + ∑ [a୬ cos ୬πx୪ + b୬ sin ୬πx୪ ]∞୬=ଵ    

Where ao = 
ଵ୪ ∫ fሺxሻdxଶ୪଴  , a୬ = ଵ୪ ∫ fሺxሻcos ୬πx୪ଶ୪଴ dx  and  b୬ = ଵ୪ ∫ fሺxሻsin ୬πx୪ଶ୪଴ dx  

Fourier Series Of  ࢌሺ࢞ሻ Defined In[−𝒍, 𝒍] 
Let  f x  be defined in  ,l l  and be periodic with period 2l . Its Fourier series expansion is 

defined as   0

1

1
cos sin

2
n n

n

n x n x
f x a a b

l l

 



    
 


 

Where ao = 
ଵ୪ ∫ fሺxሻdx−୪୪  , a୬ = ଵ୪ ∫ fሺxሻcos ୬πx୪−୪୪ dx  and  b୬ = ଵ୪ ∫ fሺxሻsin ୬πx୪−୪୪ dx  

 
Fourier series for even and odd functions in[−𝒍, 𝒍]:- 

Let  f x be defined in ,l l . If  f x  is even  cos
n x

f x
l


 is also even 

׵ a୬ = ͳl ∫ fሺxሻcos nπxl dx୪
−୪  
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          = lʹ ∫ fሺxሻcos nπxl dx୪
଴  

And fሺxሻsin ୬πx୪  is odd 

׵ b୬ = ͳl ∫ fሺxሻsin nπxl dx = Ͳ∀n୪
−୪  

Hence, 

 If  f x  is defined in  ,l l  and is even its Fourier series expansion is given by

 

 

0

1

0

1
cos

2

2
cos

n

n

l

n

n x
f x a a

l

n x
where a f x dx

l l









 






 

If  f x  is defined in  ,l l and its odd its Fourier series expansion is given by 

   
0

1

2
sin sin

l

n n

n

n x n x
f x b where b f x dx

l l l

 



    

Note:- In the above discussion if we put 2 2 ,l l    we get the discussion regarding the 

intervals  0,2  and  ,   as special cases 

Fourier series of  ࢌሺ࢞ሻ defined  in [c, c + ʹl]:- 
Problems:- 

1.Express   2
f x x  as a Fourier series in  ,l l  

Sol:  Since fሺ−xሻ = ሺ−xሻଶ = xଶ = fሺxሻ  

Therefore  f x  is an even function 

Hence the Fourier series of  f x  in  ,l l  is given by  

   0

0
1

2
cos cos

2

l

n n

n

a n x n x
f x a where a f x dx

l l l

 



     

Hence a଴ = ଶ୪ ∫ xଶdx = ଶ୪ ቀxయଷ ቁ଴୪୪଴ = ଶ୪మଷ   

and a୬ = ଶ୪ ∫ fሺxሻcos ୬πx୪ dx୪଴  

2

2 2 3 3

2 3

0

sin cos sin
2

2 2

l

n x n x n x

l l lx x
n n nl

l l l

  

  

       
                

                   
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               =
ଶ୪ [ʹx ୡ୭s౤πxభ౤మπమlమ ]଴

୪
 

ሺSince the first and last terms vanish at both upper and lower limitsሻ 

  22

2 2 2 2 2 2 2

1 42 cos 4 cos
2

/

n

n

ln l n
a l

l n l n n

 
  

      

 Substituting these values in (1), we get 

   

     

122 2 2
2

2 2 2 2
1 1

2 2

2 2 2 2

1 4 14
cos cos

3 3

cos / cos 2 / cos 3 /4

3 1 2 3

n n

n n

ll n x l l n x
x

n l n l

x l x l x ll l

 
 

  


 

 

 
   

 
         

 

 

 

2.  Obtain Fourier series for f(x) = x
3
 in [-1, 1]. 

Sol:  The given function is x
3
 which is odd   ao=0, an=0 

bn =   =   

    = 2  

    = 2   

f(x) =  +  +  +   

3.Find the Fourier series of periodicity 3 for f(x) = 2x-x
2
 in 0 < x < 3 

Sol. Given, f(x) = 2x-x
2
 in 0 < x < 3 

Here 2l = 3 

Therefore l = 3/2 

 The required Fourier series is of the form 

 f(x) = 2x-x
2
  = 

ୟబଶ  + ∑ a୬∞୬=ଵ  cos (
୬πx୪ ) + ∑ b୬∞୬=ଵ  sin (

୬πx୪ ) 

                = 
ୟబଶ  + ∑ a୬∞୬=ଵ  cos (

୬πxଷ ) + ∑ b୬∞୬=ଵ  sin (
୬πxଷ )    ……(1) 

Then a0 = 
ଵ୪  ∫ fሺxሻdxଶ୪଴  = 

ଶଷ ∫ ሺʹx − xଶଷ଴ ሻ dx 

                                   = 
ଶଷ [xଶ − xయଷ ]଴ଷ    

                      = 
ଶଷ (9 - 9) 

                      = 0  

an = 
ଵ୪  ∫ fሺxሻ cos ୬πx୪ dxଶ୪଴  

    = 
ଶଷ ∫ ሺʹx − xଶଷ଴ ሻ cos ሺଶ୬πxଷ ሻ dx 
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    = 
ଶଷ [ሺʹx − xଶሻ s୧୬ ሺ  మ౤πxయ  ሻమ౤πయ − ሺ ʹ − ʹxሻ − ୡ୭s  ሺ మ౤πxయ  ሻሺ మ౤πయ  ሻమ + ሺ−ʹሻ − s୧୬  ሺ మ౤πxయ  ሻሺ మ౤πయ  ሻయ ]଴

ଷ
 

    = 
ଶଷ   [{ Ͳ − ସ × ଽସ୬మ πమ +  Ͳ } – {Ͳ +  ଶ × ଽସ୬మ πమ +  Ͳ}] 

    = 
−ଶଷ  [ଷ଺+ଶ଼ସ୬మ πమ] 

    = 
−ଽ୬మ πమ 

bn =  
ଵ୪  ∫ fሺxሻ sin ୬πx୪ dxଶ୪଴  

     = 
ଶଷ ∫ ሺʹx − xଶଷ଴ ሻ sin ሺଶ୬πxଷ ሻ dx 

     = 
ଶଷ [ሺʹx − xଶሻ −ୡ୭s ሺ  మ౤πxయ  ሻమ౤πయ − ሺ ʹ − ʹxሻ − s୧୬  ሺ మ౤πxయ  ሻሺ మ౤πయ  ሻమ +  ሺ−ʹሻ ୡ୭s  ሺ మ౤πxయ  ሻሺ మ౤πయ  ሻయ ]଴

ଷ
 

     = 
ଶଷ [ −ଷଶ୬π

 ሺ−͵ሻ] 
     = 

ଷ୬π
 

Substituting the values of a’s and b’s in (1), we get 

2x – x
2
 = 

−ଽπమ ∑ ଵ୬మ∞୬=ଵ  cos (
ଶ୬πxଷ  ) + 

ଷπ ∑ ଵ୬∞୬=ଵ  sin [ଶ୬πxଷ ] 
             =  

−ଽπమ [cos ଶπxଷ +  ଵଶమ cos ସπxଷ −  ଵଷమ cos ଺πxଷ +  … … … .] + π͵ [sin ʹπx͵ + ͳʹ sin Ͷπx͵ + ͳ͵ sin ͸πx͵ +  … … … . ] 

4.Find the  Fourier series to represent  f(x) = x
2
 – 2,  when  -2 ≤ ࢞ ≤ ૛ 

 

 Sol.  Given, f(x) =  x
2
 – 2  

Since function is an even function. Here l= 2 

Let    fሺxሻ = ୟబଶ + ∑ ቀa୬ cos ୬πx୪  ቁ∞୬=ଵ  

                    =  
ୟబଶ + ∑ ቀa୬ cos ୬πxଶ  ቁ∞୬=ଵ            …………(1) 

Then   a0 = 
ଶ୪  ∫ fሺxሻ dx୪଴   

          = 
ଶଶ ∫ ሺxଶ − ʹሻ dxଶ଴  

          = [xయଷ − ʹx]଴ଶ 

          = ଷ଼ - 4 

          = - 
ସଷ 
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  an =  
ଶ୪  ∫ fሺxሻ cos ୬πx୪  dx୪଴  

      =  
ଶଶ ∫ ሺxଶ − ʹሻcos ୬πxଶ  dxଶ଴     

      = [ሺxଶ − ʹሻ {s୧୬౤πxమ୬π ଶ⁄ } − ʹx {−ୡ୭s౤πxమሺ୬πሻమ ସ⁄ } + ʹ {− s୧୬౤πxమሺ୬πሻయ⁄଼ }]଴
ଶ
 

= [{Ͳ + ଵ଺୬మπమ cosnπ + Ͳ} − {Ͳ + Ͳ − Ͳ}] 
 = an ׵ 

ଵ଺୬మπమ cosnπ 

   = ሺ−ͳሻ୬ 
ଵ଺୬మπమ 

Substituting the values of a0 and an in (1), we get 

 f(x) = 
−ଶଷ  + 

ଵ଺
πమ ∑ ሺ−ͳሻ୬∞୬=ଵ ଵ୬మ cos 

୬πxଶ  

  x
2
 – 2 =   

−ଶଷ  - 
ଵ଺
πమ ∑ ሺ−ͳሻ୬+ଵ∞୬=ଵ ଵ୬మ cos 

୬πxଶ  

      =  
−ଶଷ  - 

ଵ଺
πమ [cos πxଶ −  ଵଶమ  cosπx + ଵଷమ  cos ଷπxଶ − ଵସమ  cos ସπxଶ + ⋯ . ] 

5. Find a Fourier series with period 3 to represent    2 0,3f x x x in   

Sol.Let     0

1

cos sin 1
2

n n

n

a n x n x
f x a b

l l

 



     
 

  

Here 2 3, 3 / 2l l   Hence (1) becomes 

   2 0

1

2 2
cos sin 2

2 3 3
n n

n

a n x n x
f x x x a b

 



       
 

  

   
3

2 3
2 3

2

0
0 0

0

1 2 2
9

3 3 2 3

l x x
Where a f x dx x x dx

l

 
      

 
   

   2 3
2

0 0

1 2 2
cos cos

3 3
n

n x n x
and a f x dx x x dx

l l

         
      

Integrating by parts, we obtain 

 a୬ = ଶଷ [ ଷସ୬మπమ − ଽସ୬మπమ] = ଶଷ ቀ ହସସ୬మπమቁ = ଽ୬మπమ 

 
2

0

1
sin

l

n

n x
b f x dx

l l


   3

2

0

2 2 12
sin

3 3

n x
x x dx

n




    
   

Substituting the values of a’s and b’s in (2) we get 

2

2 2
1 1

9 9 1 2 12 1 2
cos sin

2 3 3

 

 

         
   

 
n n

n x n x
x x

n n

 
   

6.If f(x) =|ܠ|, –) ܔ܉ܞܚ܍ܜܖܑ ܍ܐܜ ܖܑ ܛ܍ܑܚ܍ܛ ܚ܍ܑܚܝܗ܎ ܉ ܛ܉ሻܠሺ܎ ܌ܖ܉ܘܠ܍ ૛, ૛). 
Sol: Here l=2 
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Since |x| is an even function ׵ The required series is of the form |x| =  ୟబଶ + ∑ a୬cos ୬πxଶ∞୬=ଵ                  ….(1) 

Where a଴ =  ଶ୪ ∫ fሺxሻdx =  ∫ |x|ଶ଴୪଴ dx    ሺ since l = ʹሻ 

=∫ x dx =  [xమଶ ]଴ଶଶ଴  = 
ଵଶ ሺͶ − Ͳሻ = ʹ                  ....(2) 

And a୬ = ଶ୪ ∫ fሺxሻcos ୬πxଶ୪଴  dx =∫ |x|cosଶ଴ ୬πxଶ dx    ሺ since l = ʹሻ = ∫ xcos ୬πxଶ  dx    ଶ଴   (Since 0<x<2) 

= [x s୧୬౤πxమ౤πమ − ͳ [− ୡ୭s౤πxమ౤మπమర ]]଴
ଶ
 = ቆͲ + ୡ୭s୬π౤మπమర ቇ − ቆͲ + ଵ౤మπమర ቇ  

=
ሺ−ଵሻ౤−ଵ౤మπమర  =

ସ୬మπమ [ሺ−ͳሻ୬ − ͳ] 
an= { Ͳ when n is even−଼୬మπమ when n is odd 

|x| = ͳ −
πͅଶ ∑ ͳnଶ cos nπxʹ  = ͳ −

πͅଶ [cos πxʹ + ͳ͵ଶ cos ͵πxʹ + ͳͷଶ cos ͷπxʹ + ⋯ ]∞

୬=ଵ,ଷ,ହ  

7.Find the fourier series of the function f(x),if 

ሻ࢞ሺࢌ = {૚૛ + 𝒏ࢋࢎ࢝   ,࢞ − ૚ ≤ ࢞ ≤ ૙૚૛ − 𝒏 ૙ࢋࢎ࢝   ,࢞ ≤ ≥ ࢞ ૚  

Sol: Since fሺ−xሻ =  ଵଶ − x in ሺ−ͳ,Ͳሻ =  fሺxሻ in ሺͲ,ͳሻ 

And     fሺ−xሻ =  ଵଶ + x in ሺͲ,ͳሻ = fሺxሻin ሺ−ͳ,Ͳሻ ׵ f(x) is an even function 

Let  f(x) = 
ୟబଶ + ∑ a୬cos ୬πx୪∞୬=ଵ    =  ୟబଶ + ∑ a୬cosnπx   ∞୬=ଵ      ( since l=1) 

Then a଴ =  ଶ୪ ∫ fሺxሻ dxଵ଴  = ʹ ∫ ቀଵଶ − xቁ  dxଵ଴  

= ʹ ቀxଶ − xమଶ ቁ଴ଵ   = ሺx − xଶሻ଴ଵ  = ሺͳ − ͳሻ − ሺͲ − Ͳሻ = Ͳ 

 a୬ =  ଶ୪ ∫ fሺxሻcos ୬πx୪  dx  ଵ଴ = ʹ ∫ fሺxሻ cos nπxଵ଴  dx 

                                                    = ʹ ∫ ቀଵଶ − xቁ cos nπx dxଵ଴  

                                                    = 2[ቀଵଶ − xቁ ቀs୧୬ ୬πx୬π
ቁ − ሺ−ͳሻ ቀ− ୡ୭s ୬πx୬మπమ ቁ]଴ଵ  
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                                                    = 2[ቀͲ − ୡ୭s ୬π୬మπమ ቁ − ቀͲ − ଵ୬మπమቁ] 
                                                    = 

ଶ୬మπమ ሺͳ − cos nπሻ   = 
ଶ୬మπమ [ͳ − ሺ−ͳሻ୬] 

׵      a୬ =  { Ͳ  if n is evenସ୬మπమ  if n is odd 

Half- Range Expansion of ࢌሺ࢞ሻ࢏𝒏 [૙, 𝒍]:- 
Some times we will be interested in finding the expansion of  f x  defined in  0, l  in terms 

of sines only (or) in terms of cosines only. Suppose we  want the expansion of  f x  in terms 

of sine series only. Define    1f x f x  in  0, l  and    1 1  f x f x n  with 

   1 12  f l x f x ,  1f x  is an odd function in  ,l l . Hence its Fourier series expansion is 

given by 

 

 

1

1

1

1
0

sin

2

n

n

n

n x
f x b dx

l

where b f x dx
l












 

The above expansion is valid for  ,x in l l  in particular for  0,x in l , 

   1f x f x  and  1

1

sin
n

n

n x
f x b dx

l





  where  
0

2
sin 

l

n

n x
b f x dx

l l


 

This expansion is called the half- range sine series expansion of  f x  in  0, l . If we want 

the half – range expansion of  f x  in  0, l , only in terms of cosines, define    1f x f x  in 

 0, l  and    1 1f x f x   for all x with 

   1 12f x l f x  . 

Then  1f x  is even in  ,l l  and hence its Fourier series expansion is given by  

 

 

0
1

1
0

cos
2

cos

n

l

n

a n x
f x a

l

n x
where a f x dx

l l





 







 

The expansion is valid in  ,l l  and hence in particular on  0, l , 

    1f x f x  hence in  0, l    

  0

1

1
cos

2





  n

n

n x
f x a a

l


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Where  
1

0

2
cos

n

n x
a f x dx

l l


 

 

1.The half range sine series expansion of  
1

sin
n

n

n x
f x b

l





  in  ሺͲ, lሻis given by 

Where  
1

0

2
sin

n

n x
b f x dx

l l


   

2.The half range cosine series expansion of    0,f x in l  is given by 

 

 

0

1

0

1
cos

2

2
cos

n

n

l

n

n x
f x a a

l

n x
where b f x dx

l l









 






 

Problems:- 

1.Find the half- range sine series of    1 0,f x in l  

Sol:-  The Fourier sine series of    0,f x in l  is given by  
1

1 sin
n

n

n x
f x b

l





   

Here b୬ = ଶଵ ∫ fሺxሻsin ୬πxଵ dx୪଴   = ଶଵ ∫ ͳ. sin ୬πxଵ dx୪଴  

      1

0

0

cos
2 2 2 2

cos cos 1 1 1
/

l

l
n

n x

n xl n
l n l n l n n


 

   


                     
 

 

n
b   {Ͳ  when n is even

4

n
 when n is odd 

 Hence the required Fourier series is  
1,3,5

4
sin

n

n x
f x

n l






 

 
 i. e ͳ = Ͷπ (sin nπl + ͳ͵ sin ͵πxl + ͳ ͷ⁄ sin ͷπxl  … … . . ) 

2.Find the half – range cosine series expansion of   sin
x

f x
l

   
 

 in 0 x l   

Sol. The half-range Fourier Cosine Series    is given fሺxሻ = sin ቀπx୪ ቁ = ୟబଶ + ∑ a୬ cos ୬πx୪∞୬=ଵ  … …    ───ሺͳሻ 

Where a଴ = ଶ୪ ∫ fሺxሻdx =୪଴ ଶ୪ ∫ sin πx୪ dx୪଴  = ଶ୪ [− ୡ୭s πx ୪⁄π ୪⁄ ]଴୪ = −ଶπ ሺcos π − ͳሻ = ସπ
 a୬ = ଶ୪ ∫ fሺxሻcos ୬πx୪ dx୪଴    = ଶ୪ ∫ sin ቀπx୪ ቁ cos ቀ୬πx୪ ቁ dx୪଴    
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            = ଵ୪ ∫ [s୧୬ሺ୬+ଵሻπx୪ − s୧୬ሺ୬−ଵሻπx୪ ] dx୪଴      

            = ଵ୪ [− − c౥sሺ౤+భሻ πxlሺ୬+ଵሻπ ୪⁄ +  ୡ୭sሺ୬−ଵሻ πx ୪⁄ሺ୬+ଵሻπ ୪⁄ ]଴
୪ ሺn ≠ ͳሻ 

            = ଵ୪ [− ሺ−ଵሻ౤+భ୬+ଵ + ሺ−ଵሻ౤−భ୬−ଵ + ଵ୬+ଵ − ଵ୬−ଵ]   ሺn ≠ ͳሻ      

When n is odd 1 1 1 1 1
0

1 1 1 1
n

a
n n n n
          

 

 When n is even a୬ = ଵ
π

[ ଵ୬+ଵ − ଵ୬−ଵ + ଵ୬+ଵ − ଵ୬−ଵ] 
                            = −ସ

πሺ୬+ଵሻሺ୬−ଵሻ      ሺn ≠ ͳሻ 

 If n = ͳ, aଵ = ଵ୪ ∫ ʹ sin ቀπx୪ ቁ cos ቀπx୪ ቁ dx = ଵ୪୪଴ ∫ sin ቀଶπx୪ ቁ dx୪଴  

= ͳl . ͳʹ
π

[−cos (ʹπxl )]଴
୪ = −ͳʹπ

ሺcos ʹπ − cosͲሻ = ሺ−ͳ ʹπ⁄ ሻሺͳ − ͳሻ = Ͳ 

from equation(1) we have ׵ sin ቀπxl ቁ =
πʹ

− Ͷ
π

[cos ሺʹπ x l⁄ ሻͳ.͵ + cos ሺͶπ x l⁄ ሻ͵.ͷ + − − −] 

3. Obtain the half range cosine series for f(x) = x – x
2
, 0  

Sol:The half range cosine series for f(x) in 0  is given by 

    f(x) =   +  cos n x 

Where ao =  = 2 = 2  

      a୬ = 2  

             = 2  

             = 2  = 2  

   The cosine series of f(x) is given by, 

  +     =   -    

4. Obtain the half range sine series for e
x
 in 0 <x< 1. 

Sol:  The sine series is  

 Where bn =   

        = 2  

             =  [ ]  
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                   =  [ =  [ 2 ׵ 
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UNIT-IV 

PARTIAL DIFFERENTIAL EQUATIONS 
 

Definition: 

A Differential equation involves a dependent variable and its derivatives with respective to 

two or more independent variables is called Partial Differential Equation. 

Ex: ݔ  +  Ͷݕ   = ݖʹ  +  ݕݔ͵

LINEAR & NON LINEAR PARTIAL DIFFERENTIAL EQUATION 

 

If  the  partial  derivatives  of  the  dependent  variable  occur  in  first  degree  only  and 

separately, Such a Partial Differential Equation is called 

as linear Partial Differential Equation Otherwise it is called as non –

linear Partial Differential Equation. 

 

HOMOGENEOUS & NON HOMOGENEOUS PARTIAL DIFFERENTIAL EQUATION 

 

A  Partial Differential Equation  is  said  to  be  Homogeneous  if each  term  of  the  equation

  

contains  either  the  dependent variable or  one of its derivatives Otherwise it is called as a 

Non   - Homogeneous Partial Differential Equation. 

 

FORMATION OF PARTIAL DIFFERENTIAL EQUATION 

Partial Differential equation can be formed by two methods , there are  

 By the elimination of arbitrary constants 

 By the elimination of arbitrary functions 

BY ELIMINATION OF ARBITRARY CONSTANTS 

 

Let the given function be ݂ሺݔ, ,ݕ ,ݖ ܽ, ܾሻ = Ͳ … … … . ሺͳሻ 

                                            Where a and b are arbitrary constants. 

 eliminate a and b from equation  (1) , by differentiating (1) partially w.r.t. Ǯݔǯ ܽ݊݀ Ǯݕǯ 
                                    …… (2) 

           And                   …….. (3) 

. 0 . 0
f f z f f

p
x z x x z

    
    

    

. 0 . 0
f f z f f

q
y z y y z

    
    

    
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Now eliminate the constants a and b from (1), (2) and (3). We get a partial differential 

equation of the first order of the form.  . 

Note : 1. If the number of arbitrary constants is equal to the number of variables, a partial         

differential equation of first order can be obtained. 

          2.If the number of arbitrary constants is greater than the number of variables, a partial 

differential equation of order higher than one can be obtained. 

PROBLEM 

1. Form the partial differential equation by eliminating the arbitrary constants ࢈ ࢊ࢔ࢇ ࢇ from   ࢠ = + ࢞ࢇ  + ࢟࢈   ࢈ࢇ 

Sol. Given equation is  ݖ = + ݔܽ  + ݕܾ   ܾܽ . . . . . . … . ሺͳሻ 

Differentiating (1) partially w.r.t. ݕ ݀݊ܽ ݔ, we get  

                                 ……… (2)   and 

                                 …………(3) 

Substituting the values of a and b in  equation (1), we get 

ࢠ                                   = + ࢞࢖  + ࢟ࢗ   ࢗ࢖ 

                   Hence the required partial differential equation is  

ࢠ                                 = + ࢞࢖  + ࢟ࢗ    ࢗ࢖ 

 

2. Form the partial differential equation by eliminating the arbitrary constants a and b 

from 

(a)     

(b)   

Sol. 

 (a) Given equation is  ....... (1) 

       Differentiating (1) partially w.r.t. ݕ  ݀݊ܽ ݔ, we get 

                                   ………… (2)  and  

                                   …………..(3) 

       Substituting the values of a and b in equation  (1), we get 

                                     

 , , , , 0x y z p q 

z
a p a

x


  



z
b q b

y


  



2 2
z ax by a b   

a
z ax by b

b
   

2 2
z ax by a b   

z
a p a

x


  



z
b q b

y


  



2 2
z px qy p q   
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       Hence  the required partial differential equation is 

                                     

(b)  Given equation is …….…(1) 

      Differentiating (1) partially w.r.t. x and y, we get 

                                    ............. ..(2)  and  

                                   …………. (3) 

      Substituting the values of a and b in equation (1), we get 

                                       

       Hence  the required partial differential equation is  

                                     

3. Form the partial differential equation by eliminating the arbitrary constants from  

     

                                             (OR ) 

Find the differential equation of all spheres of fixed radius having their centre on the  ࢟࢞ plane. 

Sol. The equation of sphere of radius r having their centers on ݕݔ-plane is 

                           
……….(1) 

      Differentiating (1) partially w.r.t. x and y , we get. 

                           (2) 

                           (3) 

      Substituting  the values of ሺݔ − ܽሻ ܽ݊݀ ሺݕ − ܾሻ from (2) and (3) in (1), we get 

                          

                          

     Hence  the required partial differential equation is 

                      

2 2
z px qy p q   

a
z ax by b

b
   

z
a p a

x


  



z
b q b

y


  



p
z px qy q

q
   

p
z px qy q

q
   

   2 2 2 2
x a y b z r    

   2 2 2 2
x a y b z r    

   2 2 . 0 0
z

x a z x a zp or x a zp
x


          



   2 2 . 0 0
2

z
y b z or y b zq or y b zq

y


         

   2 2 2 2
zp zq z r    

 2 2 2 21or z p q r  

   2 2 2 2
zp zq z r    
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4.  Form the partial differential equation by eliminating the arbitrary constants a and 

b from  ࢠ =  ሺ࢞ + ࢟ሻ ሺࢇ +  ሻ࢈

Sol.The given equation 𝑖ݖ ݏ =  ሺݔ + ܽሻሺݕ + ܾሻ … … … … . ሺͳሻ 

Differentiating (1) w.r.t., x 

 = ݌                                   
𝜕௭𝜕௫ = 1 ሺݕ +  ܾሻ … … … . … … ሺʹሻ 

Differentiating (1) w.r.t., x 

                                  q = 
𝜕௭𝜕௬ = 1 ሺݔ +  ܽሻ … … … . . … . . ሺ͵ሻ 

                         from (2ሻ, ሺ͵ሻ ܲ = ሺݕ + = ݍ ,  (ܾ  ሺݔ +  ܽሻ 

Substituting in (1) we get  ݖ =  ݍ݌

 Hence  the required partial differential equation is 

ݖ                                   =  ݍ݌

 

5. Form the partial differential by eliminating the arbitrary constants from 

 

Sol. Given equation is ………….(1) 

        Differentiating (1) partially ݓ. .ݎ .ݐ  we get ,ݕ ݀݊ܽ ݔ

                     

         

….(2) 

          and               ……………….(3) 

                               …………………..(4) 

            Substituting (4) in equation (2), we get 

                      

        Hence  the required partial differential equation is 

                  

6. Form the differential equation by eliminating a and b from 

 

Sol. Given equation is …………..(1) 

 log 1az x ay b   

 log 1az x ay b   

   
1 1

. . 1 1 1
1 1

z
a or ap or ap az

az x az


   

  

   1
. 1

1

z
a a aq az a

az y


   

 

(3) (2),
q

gives a ap q
p

   

  21 1
q

q z or pq qz por p q q
p

     

  21 1
q

q z or pq qz por p q q
p

     

   
1 1

2 22z x a y a b    

   
1 1

2 22z x a y a b    
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       Differentiating (1) partially w.r.t. ݕ ݀݊ܽ ݔ, we have, 

                                
 

                               ,   ……...….(2) 

                 And     

                             

………………………… (3) 

                   Adding (2) and (3), we get 

                                 

                            

  Hence  the required partial differential equation is 

 

                                              

7. Form the partial differential equation by eliminating the arbitrary constants a and b 

from  

Sol. Given equation is                                    (1) 

       Differentiating (1) partially w.r.t. ݕ ݀݊ܽ ݔ, we get 

                                        (2) 

                  And               (3) 

        Substituting the values of ‘a’ and ‘b’ from (2) and (3) in equation  (1), we get 

                                        

    Hence  the required partial differential equation is 

                                       

                                       

8. Form the partial differential equation by eliminating the arbitrary constants a and b 

from  ࢠ =  ሺ࢞૛ + ૛࢟ሻ ሺࢇ +  ሻ࢈

Sol.The given equation 𝑖ݖ ݏ =  ሺ࢞૛ + ૛࢟ሻሺࢇ + ሻ࢈ … … … … ሺͳሻ 

1 1
2 2 4

2

z
p p

x x a x a


   

  

1

4
x a

p
 

2

1

16
x a

p
  

1 1 1
2 2

42 2

z
or q or y a

y qy a y a


   

  

2

1

16
y q

q
   

2 2

1 1 1

16
x y

p q

 
   

 

  2 2 2 216or x y p q p q  

  2 2 2 216or x y p q p q  

3 3
z ax by 

3 3
z ax by  

2 2

2
3 3

3

z p
ax or p ax a

x x


    



2 2

2
3 3

3

z q
by or q by b

y y


    



3 3

p q
z x y 

3z px qy 
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Differentiating (1) w.r.t., ݔ 

                                   p = 
𝜕௭𝜕௫ = ૛࢞ሺ࢟૛ + ሻ࢈ … … … … … … … ሺʹሻ 

                                  ∴ ሺ࢟૛ + ሻ࢈ = ௣ଶ௫ 

Differentiating (1) w.r.t. ,  we get,ݕ

                                  q = 
𝜕௭𝜕௬ = 2y ሺ࢞૛ + ሻࢇ … … … … … … … . ሺ͵ሻ 

                                  ∴ ሺ࢞૛ + ሻࢇ =  ࢟૛ࢗ

Substituting in (1) we get  ݖ = ௣௤ସ௫௬  

Hence  the required partial differential equation is 

 

ࢗ࢖                                           − ૝ࢠ࢟࢞ = ૙ 

9. Form the partial differential equation by eliminating the arbitrary constants from  ሺ࢞ − ሻ૛ࢇ + ሺ࢟ − ሻ૛࢈ = ૛ࢠ 𝐜ܜܗ૛ 𝜶 

Sol.Given equation is ሺ࢞ − ሻ૛ࢇ + ሺ࢟ − ሻ૛࢈ = ૛ࢠ 𝐜ܜܗ૛ 𝜶……..(1) 

Differentiating (1) partially w.r.t. ݔ  
                               ሺ࢞ − ሻࢇ = ݖ ૛ܜܗ𝐜 ܘ 𝜶 ………………….(2) 

Differentiating (1) partially w.r.t. ݕ 

                               ሺ࢟ − ሻ࢈ = ݖ ૛ܜܗ𝐜 ܙ 𝜶 ……………….…(3) 

Substituting (2),(3) in equation (1),we get ሺݖ ૛ܜܗ𝐜 ܘ 𝜶ሻ૛ + ሺݖ ૛ܜܗ𝐜 ܙ 𝜶ሻ૛ = ૛ࢠ 𝐜ܜܗ૛ 𝜶 

   ∴The required Partial differential equation is 

૛࢖                                     + ૛ࢗ = ૛ܖ𝐚ܜ 𝜶 

Formation of the Partial Differential Equation By The Elimination Of Arbitrary 

Functions 

Derive a partial differential equation by the elimination of the arbitrary function   from 

 where u, v are functions of x, y and z.. 

                                    …. ……………………….…(1) 

   Differentiating (1) partially w.r.t. ݕ ݀݊ܽ ݔ, we get 

                                 

 

 



 , 0u v 

 , 0u v 

. . 0
u u z v v z

u x z x v x z x

                           
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i.e., 

                           

……(2) 

           and 

               

……..(3) 

     Eliminating  and  from equations (2) and (3) ,we get 

                                  

      i.e.                        

                                  

     Above equation is generally written as Pp+ܳݍ = ܴ where 

                                

PROBLEMS 

1.Form the partial differential equation by eliminating a,b,c from  . 

Sol. Given equation is   ……. (1) 

        Differentiating (1) partially w.r.t. x and y. 

                   (2) 

       And 
  

     (3) 

       Since it is not possible to eliminate a, b,c from equations  (1), (2) and (3).  

        Differentiating (2), partially w.r.t. ‘x’, we get 

                

                                     (4) 

        Multiplying (4) by ‘x’ and then subtracting (2) from it, we get 

                

        ∴The required Partial differential equation is 

0
u u v v

p p
u x z v x z

                       

4 4
0

4

v v
q q

y z v y z

         
              

u


 v




u u v v u u v v
p q q p

y z y z y z x z

                                 

u v u v u v u v u v u v
p q

y z z y z x x z x y y x

                                  

 
 

 
 

 
 

, , ,

, , ,

u v u v u v
p q

y z z x x y

  
 

  

,
u v u v u v u v

P Q and
y z z y z x x z

       
   
       

u v u v
R

x y y x

   
 
   

2 2 2

2 2 2
1

x y z

a b c
  

2 2 2

2 2 2
1

x y z

a b c
  

2 2 2 2

2 2
. 0 . 0

x z x z
p or p

a c a c
    

2 2 2 2

2 2
. 0 . 0

y z y z
q or q

b c b c
    

2

2 2 2 2 2 2

1 1 1 1 1
. . 0 . . .

p z z
z p or z p

a c x x a c x c

           

2

2 2 2

1 1
. 0

p
zr

a c c
    

 
2

2

2 2 2 2

1
. . 0 0

xz xp z
r p or xzr xp zp

c c c c
     
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2.    Form a partial differential equation by eliminating the arbitrary  the function   𝝋ሺ࢞૛ + ,૛࢟ ࢠ − ሻ࢟࢞ = ૙ 

      Sol.Given ݁ݐܽݑݍ𝑖݊݋ 𝑖ݏ 𝜑ሺݔଶ + ,ଶݕ ݖ − ሻݕݔ = Ͳ 

             This can be written as ݖ − ݕݔ = ଶݔ)݂  +  ଶሻ-------------(1)ݕ

                Now we have to eliminate ݂ from (1) 

        Differentiating (1) partially  w.r.t., x 𝜕ݔ��ݖ − ݕ = ݂ ′ሺݔଶ +  ሻݔʹଶሻሺݕ

݌                                          − ݕ = ݂ ′ሺݔଶ +  ሻ--------(2)ݔʹଶሻሺݕ

                Differentiating (2) partially  w.r.t., y ݍ − ݔ = ݂ ′ሺݔଶ +  ሻ-------- (3)ݕʹଶሻሺݕ

                              Dividing (2) by (3)  ݕ ݌ – ଶݕ = ݔ ݍ  −  ଶݔ

                         Hence the required partial differential equation is  

 

– ݕ ݌                                       ଶݕ = ݔ ݍ  − ଶݔ  

 

3.   Form a partial differential equation by eliminating the arbitrary function                              

         from 
 

 

Sol. Given ݁ݐܽݑݍ𝑖݊݋ 𝑖(1)  ݏ 

        Let   then        (2)  

          Differentiating (2) partially w.r.t. ‘x’ and ‘y’, 

                          

                                         (3) 

       Similarly we get 

ݍ                          = −݂ଵ (u)ʹ(4)ݕ 

                     gives 
௣௤ = ௫−௬ 

                   ∴ ݔ݌ + ݕݍ = Ͳ 

2
pz xp xzr  

 2 2
z f x y 

 2 2
z f x y  

2 2 ,u x y   z f u 

   1 1. .2
z u

f u f u x
x x

 
 

 

 1 2p f u x  

   3 4 , 
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        Hence  the required partial differential equation is  ݔ݌ + ݕݍ = Ͳ 

4. Form the partial differential equation by eliminating the arbitrary functions from      

       

Sol. Given ݁ݐܽݑݍ𝑖݊݋ 𝑖ݏ 
    

       (1) 

       Differentiating (1) partially w.r.t. x and y . 

                        

                     
.

  (2) 

       And 
      

 (3) 

                   gives 

                    

                   

                   

                   

       Hence the required partial differential equation is  

                      

                   

5.  Form the partial differential equation by eliminating the arbitrary functions         

             From  ࢠ࢟࢞ = ࢞ሺࢌ + ࢟ +  ሻࢠ

       Sol.Given equations 𝑖ݖݕݔ ݏ = ݂ሺݔ + ݕ +  ሻ---------(1)ݖ

               Differentiating (1) partially w.r.t. ‘x’                                        ݕሺ݌ݔ + ሻݖ  =  ݂′ሺݔ + ݕ + ሻሺͳݖ +  ሻ-------(2)݌

              Differentiating (1) partially w.r.t. ‘x’                                       ݔሺݍ ݕ + ݂ = ሻ ݖ  ′ሺݔ + ݕ + ሻሺͳݖ +  ሻ----------(3)ݍ

 

          Dividing (2) by (3)   ୷ሺ୶୮+୸ሻ୶ሺ୷୯+୸ሻ  =  ଵ+௣ଵ+௤ 

                               yሺxp + zሻሺͳ + qሻ =  xሺyq + zሻ( ͳ +  ሻ݌

                               ሺݕݔ − ݌ሻݔݖ + ሺݖݕ − ݍሻݕݔ = ݔݖ −  ݖݕ

 2 2 2
xyz f x y z  

 2 2 2
xyz f x y z   

 1 2 2 2. . 2 2 .
z

yz xy p f x y z x z
x

       

   1 2 2 2 . 2 2yz xyp f x y z x zp     

   1 2 2 2. . 2 2 .xz xy q f x y z y z q     

   2 3 , 

2 2

2 2

yz xyp x zp

xz xyq y zq

 


 

     yz xyp y zq xz xyq x zp    

2 2 2 2 2 2
y z z yq xy p xyzpq x z x zp x yq xyzpq      

     2 2 2 2 2 2
x y z p y z x q x y z    

     2 2 2 2 2 2
x y z p y z x q x y z    
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ݕሺݔ                                   − ݌ሻݖ + ݖሺݕ − ݍሻݔ = ݔሺݖ −  ሻݕ

           Hence  the required partial differential equation is  

 

ݕሺݔ                              − ݌ሻݖ + ݖሺݕ − ݍሻݔ = ݔሺݖ −  ሻݕ

 

6. Form the partial differential equation by eliminating the arbitrary function     

       from  

      Sol. Given equations 𝑖ݏ 
   

  (1) 

          Differentiating (1) partially w.r.t. ‘x’ and ‘y’, we get  

                       (2) 

           

                     

 ( 3) 

           Dividing (2) by (3), we get 

                  

               

                      

                   

                   =  

                   

 

        ሺ࢞ + ࢞ሻሺ࢟ + ૛ࢠሻ࢖ − ሺ࢞ + ࢟ሻሺ࢟ + ૛ࢠሻࢗ = ࢞ሺࢠ −  ሻ࢟

         Hence  the required partial differential equation is  

           

        ሺ࢞ + ࢞ሻሺ࢟ + ૛ࢠሻ࢖ − ሺ࢞ + ࢟ሻሺ࢟ + ૛ࢠሻࢗ = ࢞ሺࢠ −  ሻ࢟

 

 

z
xy yz zx f

x y

 
     

z
xy yz zx f

x y

 
     

 
 

1

2

.
. .

x y p zz
y y p z x p f

x y x y

            

 
 

1

2

x y q zz
x z yq xq f

x y x y

            

 
 

 
 

x y p y z x y p z

x y q x z x y q z

    


    

           x y p y z x y q z x y q x z x y p z          

        2
x y pq y z x y q x y pz y z z       

        2
x y pq x z x y p x y qz x z z        

     2 2x y x z p x y y z q    

 z x y 
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7.Form the partial differential equation by eliminating the arbitrary function  

         from     

      Sol. Given equations 𝑖ݏ 
       

          (1) 

             Differentiating (1) partially w.r.t. ‘x’ and y, we get  

             (2) 

                                           (3) 

             Differentiating (3), partially w.r.t. ‘y’, we get 

                                          [using (3)] 

                                          

                                      

          Hence  the required partial differential equation is  

                                         

ݐ                                         − ݍ = Ͳ 

 

8.Form a partial differential equation by eliminating the arbitrary function                              ࢠ = ૛࢞ሺࢌ +  ૛ሻ࢟

Sol.  Given equations 𝑖ݏ 
    

ࢠ = ૛࢞ሺࢌ + ૛ሻ࢟ … . . ሺ૚ሻ 

  

           Let  ݑ = ଶݔ +  ଶ  ,then             (2)ݕ

          Differentiating (2) partially w.r.t. x and y, 

                            

                             (3) 

                           

                           (4) 

   .y
z f x e g x 

   .y
z f x e g x  

       1 1 1 1. .y yz
f x e g x or p f x e g x

x


    



   . .y yz
q e g x or e g x

y


  



 
2

2
.yz z

e g x
y y

 
 

 
2

2
0

z z

y y

 
  
 

0t q  

 z f u 

   1 1. .2
z u

f u f u x
x x

 
 

 

 1 2p f u x  

   1 1. .2
z u

f u f u y
y y

 
 

 

 1 2q f u y  
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                          gives  

                       

                 Hence  the required partial differential equation is   

                            

ݕ݌                                         − ݔݍ = Ͳ 

10. Form a partial differential equation by eliminating the arbitrary               

function   𝝋ሺ࢞૛ + ૛࢟ + ,૛ࢠ ࢞ࢇ + ࢟࢈ + ሻࢠࢉ = ૙ 

Sol.Given function can be written as         ࢞૛ + ૛࢟ + ૛ࢠ = ࢞ࢇሺࢌ + ࢟࢈ + ሻࢠࢉ … … … . ሺ૚ሻ 

       Differentiating (1) partially w.r.t. ‘x’ and ‘y’,we get 

ݔʹ                                            + ݌ݖʹ =  ሺࢇ + ࢞ࢇ૚ሺࢌሻ࢖ࢉ + ࢟࢈ + ሻࢠࢉ … . ሺ૛ሻ 

 

ݕʹ                                             + ݍݖʹ =  ሺ࢈ + ࢞ࢇ૚ሺࢌሻࢗࢉ + ࢟࢈ + ሻࢠࢉ … . ሺ૜ሻ 

 ሺ૛ሻሺ૜ሻ  implies 
ࢗࢠ+࢟࢖ࢠ+࢞ = ሺ࢖ࢉ+ࢇሺࢗࢉ+࢈ሻ 

         Hence  the required partial differential equation is  

࢞  + ࢟࢖ࢠ + ࢗࢠ = ሺࢇ + ࢈ሺ࢖ࢉ +  ሻࢗࢉ

 

 

 

 

 

 

 

 

 

 

   3 4 , 
 
 

1

1

.2

2

f u xp x

q f u y y
 

0py qx  
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SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 

 

COMPLETE INTEGRAL 

A solution in which the number of arbitrary constants is equal to the number of independent 

variables is called complete integral or complete solution of the given equation. 

 

PARTICULAR INTEGRAL  

 A solution obtained by giving particular values to the arbitrary constants in the complete 

integral is called a particular integral or particular solution. 

 

SINGULAR INTEGRAL  

  
 (1) be the partial differential equation. 

   
 (2) 

Be the complete integral of (1). Where a and b are arbitrary constants. 

Now find            (3)  

                           (4) 

Eliminate a and b between the equations(2), (3) & (4) When it exists is called the singular 

integral  of (1). 

 

GENERAL INTEGRAL : In the complete integral (2). Assume that one of the constant is a                      

function of the other i.e. b=f(a)  Then (2), becomes  

                              (5) 

                          Differentiating (5) partially w.r.t. ‘a’, we get  

                                 (6) 

 

Eliminate ‘a’  from (5) and (6), is  called the general integral or general solution of (1). 

 

 

 

 

 , , , , 0Let f x y z p q  

 , , , , 0Let x y z a b  

0
a


 



0
b


 



  , , , , 0x y z a f a  

 1. 0f a
a f

  
  

 
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LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

 

A differential equation involving partial derivatives p and q only and no higher order 

derivatives is called a first order equation. If p and q occur in the first degree, it is called a 

linear partial differential equation of first order, otherwise it is called a non-linear 

partial differential equation of the first order. 

For example:  is a linear partial differential equation and 

 

is non 

linear partial differential equation . 

 

LAGRANGE’S LINEAR  PARTIAL DIFFERENTIAL EQUATION 

 

A linear partial differential equation of order one involving a dependent variable z and two 

independent variables x and y of the form  

Where P, Q, R are functions of x, y, z is called Lagrange’s linear equation. 

  Lagrange’s auxiliary equations are 

 

                                   

  

 

WORKING RULE TO SOLVE LAGRANGE’S LINEAR EQUATION ࢖ࡼ + ࢗࡽ =  ࡾ

 

Step 1: Write down the auxiliary equations  

Step 2 : Solve the auxiliary equations by the method of grouping or the method of 

multipliers or both to get two independent solutions u=a and v=b where a,b are arbitrary 

constants 

Step 3: Then Q(u,v) =0 or u=f(v) is the general solution of the equation ܲ݌ + ݍܳ = ܴ 

 

To solve  …… (1) 

(1)Method of grouping: In some problems, it is possible that two of the equations 

=  or  or =    are directly solvable to get solutions 

           u(x,y) = constant or  

2
px qy z  2 2 1p q 

Pp Qq R 

dx dy dz

P Q R
 

dx dy dz

P Q R
 

( , , ) ( , , ) ( , , )

dx dy dz

P x y z Q x y z R x y z
 

dx

P

dy

Q

dy dz

Q R


dx

P

dz

R
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          v(y,z)=constant   or  

          w(x,z)=constant.   These give the complete solutions of (1) 

Sometimes one of them, say  may give rise to solution u(x,y)=c1 

From this we may express y, as a function of x. Using this in 

 

and integrating we get ݒሺݕ, ሻݖ =c2. ܶℎ݁ݐ݈ܽ݁ݎ ݋ݓݐ ݁ݏ𝑖ݑ ݏ݊݋ = c1, ݒ = ܿଶ ݃𝑖ݐ ݁ݒℎ݁ ܿݐݑ݈݋ݏ ݁ݐ݈݁݌݉݋𝑖݂݋ ݊݋ ሺͳሻ. 

 

2. Method of multipliers: This is base on the following elementary result. 

If 

 

then each ratio is equal to  

Consider 

 

 

If possible identity multipliers l, m, n, not necessarily constant, so that each ratio 

 

Where ܮ ܲ +  ݉ ܳ +  ݊ ܴ =  Ͳ   Then  ݈ ݀ݔ + + ݕ݀ ݉  = ݖ݀ ݊   Ͳ 

Integrating this we get ݑሺݔ, ,ݕ ሻݖ  =c1.  
Similarly we get another solution ݒሺݔ, ,ݕ ሻݖ  =c2 𝑖ndependent of the earlier one. 

We have the complete solution of (1) constituted ܾݑ ݕ =c1 ܽ݊݀ ݒ =c2.. 

 

LINEAR  PARTIAL DIFFERENTIAL EQUATIONS PROBLEMS 

 

1. Solve ࢞ ࢔ࢇ࢚ ࢖ + = ࢟ ࢔ࢇ࢚ ࢗ  ࢠ ࢔ࢇ࢚ 

Sol. The given equation is   ࢞ ࢔ࢇ࢚ ࢖ + = ࢟ ࢔ࢇ࢚ ࢗ  (1)……… ࢠ ࢔ࢇ࢚ 

      Comparing with             ܲ݌ + ݍܳ = ܴ,  

              Where        

     The Auxiliary Equations are  

Taking the first two members, we have  

Integrating ,  we get                    

                                               

                                             (2) 

dx dy

P Q


dy dz

Q R


31 2

1 2 3

...... n

n

a aa a

b b b b
    1 1 2 2

1 1 2 2

....

....

n n

n n

l a l a l a

l b l b l b

  
  

dx dy dz

P Q R
 

ldx mdy ndz

lP mQ nR

 


 

tan , tan , tanP x Q y R z  


tan tan tan

dx dy dz

x y z
 

tan tan

dx dy

x y


1logsin sin ogx log y l c 

1 1

sin sin
log log

sin sin

x x
c or c

y y
  



MATHEMATICS - II PARTIAL DIFFERENTIAL EQUATIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 169 
 

Taking the last two members, we have  

Integrating, we get 

ݕ𝑖݊ݏ ݃݋݈                                               = ݖ𝑖݊ݏ ݃݋݈ +  ʹܿ݃݋݈

 

                                               (3) 

  From (2) and (3). 

 The General solution of (1) is 

                                            

 

                                       

 

2.Find the general solution of  

Sol. The given equation is     (1) 

                 Comparing ݓ𝑖ݐℎ ܲ݌ + ݍܳ = ܴ,  ݁ݒℎܽ ݁ݓ

                                            

 

The auxiliary equations are  

      Taking the first two members, we have 

                                             

      Integrating, we get 

                                               (2) 

     Taking the first and last two members, we have 

                                             

      Integrating ,we get 

                                              (3) 

   From (2) and (3)  

  The General Solution of (1) is 

tan tan

dy dt

y z


2 2

sin sin
log log

sin sin

y y
c or c

z z
  

 1 2, 0c c 

sin sin
. . , 0

sin sin

x y
i e

y z

 

 
 

2 2 2
y zp x zq y x 

2 2 2
y zp x zq y x  

2 2 2, ,P y z Q x z R y x  


2 2 2

dx dy dz

y z x z y x
 

2 2

2 2 2 2

dx dy dx dy
or x dx y dy

y z x z y x
   

3 3 3

1 1
3

33 3 3

x x y
y c or c    

2 2

dx dz
or xdx zdz

y z y x
 

2 2 2 2
2

2
2 2 2 2

x z x z
c or c    
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3.Solve  

Sol. The given equation can be written as 

                                           (1) 

                   Comparing with ܲ݌ + ݍܳ = ܴ, we have 

                                           

 

The auxiliary equations are  

     From the first two members, we have  

     Integrating,we get 

                                          

                                          (2) 

     From the last two members, we have  

      Integrating, we get 
 

                                           

                                    
 (3) 

   From (2) and (3). 

   The General Solution of (1) is 

                                         

 

                                       

 

4.Solve  

Sol. The given equation can be written as 

 1 2, 0 . .c c i e 

3 3 2 2

, 0
3 3 2 2

x y x z
 

   
 

p x q y z 

x p yq z  

, ,P x Q y R z  

 dx dy dz

x y z
 

dx dy

x y


1 12 2 2 2x y c or x y c   

x y a  

dy dz

y z


2 22 2 2 2y z c or y z c   

or y z b  

 , 0a b 

 , 0x y y z   

     x y z p y z x q z x y    
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  (1) 

               Comparing with ܲ݌ + ݍܳ = ܴ, we have 

                                         

 

The auxiliary equations are  

       Using l=1,m=1, n=1 as multipliers, we get 

                                            

                                            

  Integrating, we get  

                                              (2) 

 Again using 

 

as multipliers, we get 

 

  Each fraction =k(say)

 

                                             

   Integrating, we get  

ݔ݃݋݈                                              + ݕ݃݋݈ + ݖ݃݋݈ = .ܾ݃݋݈ ݖݕݔ ݎ݋ = ܾ … … . ሺ͵ሻ 

 

   From (2) and (3).  

   The General Solution of (1) is 

                                             
 

                                             

 

5.Solve  

Sol.  The given equation can be written as 

                                            (1) 

                                           Comparing with ܲ݌ + ݍܳ = ܴ, we have 

     x y z p y z x q z x y     

     , ,P x y z Q y z x R z x y     


     

dx dy dz

x y z y z x z x y
 

  

      0

dx dy dz dx dy dz

x y z y z x z x y

 
  

  

0dx dy dz          0x y z y z x z x y        

x y z a   

1 1 1
, ,l m n

x y z
  

1 1 1

0

dx dy dz
x y z

 


1 1 1
0dx dy dz

x y z
   

 , 0a b 

 , 0x y z xyz   

     2 2 2
x y z p y z x q z x y    

     2 2 2
x y z p y z x q z x y     
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  The auxiliary equations are  

                     Using 

 

as multipliers, we get 

                       Each fraction =k(say)

 

 

     Integrating ,we get  

                                            

 

 (2) 

      Again using 

 

as multipliers, we get 

       Each fraction =k(say)

 

 

      Integrating ,we get  

                                                       

   
                                                       

 (3) 

     From (2) and (3),  

     The General Solution of (1) is  

 

 

 

6.Solve  

Sol.  The given equation can be written as 

                                                    
 

 (1) 

              Comparing with ܲ݌ + ݍܳ = ܴ, we have 

     2 2 2, ,P x y z Q y z x R z x y     


     2 2 2

dx dy dz

x y z y z x z x y
 

  

2 2 2

1 1 1
, ,l m n

x y z
  

2 2 2

1 1 1

0

dx dy dz
x y z

 


2 2 2

1 1 1
0dx dy dz

x y z
   

1 1 1
a

x y z
    or 1

1 1 1
c

x y z
   

1 1 1
, ,l m n

x y z
  

1 1 1

0

dx dy dz
x y z

 


1 1 1
0dx dy dz

x y z
   

2log log log logx y z c  

2or xyz c 

1 1 1
, 0xyz

x y z

 

   
 

   mz ny p nx lz q ly mx    

   mz ny p nx lz q ly mx     
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                                                     ܲ = ݖ݉ − ,ݕ݊ ܳ = ݔ݊ − ,ݖ݈ ܴ = ݕ݈ −  ݔ݉

           

The auxiliary equations are 

                                                   

        Using l=x, m=y, n=z as multipliers, we get 

                                Each fraction 

 

                                          

         Integrating,we get  

                                          (2) 

         Again using ݈, ݉, ݊ as multipliers, we get 

                           Each fraction =k(say) 

                                                ldx+mdy+ndz=0 

   Integrating,we get  

                                                   (3) 

   From (2) and (3), 

  The General Solution of (1) is 

                                             

 

7.Solve  

Sol. The given equation can be written as 

 

       Comparing with ܲ݌ + ݍܳ = ܴ, we have 

                                  

 

The auxiliary equations are  

  From the first two members,  

  Integrating,we get 

                                  

  Using l=x, m=y, n=1 as multipliers, we get 



dx dy dz

mz ny nx lz ly mx
 

  

0

xdx ydy zdz 


0xdx ydy zdz   

2 2 2
2 2 2

1
2 2 2

x y z
aor x y z c      

0

ldx mdy nz 




2lx my nz c   

 2 2 2 , 0x y z lx my nz     

2 2
xp yq y x  

2 2
xp yq y x  

2 2, ,P x Q y R y x   


2 2

dx dy dz

x y y x
 
 

dx dy

x y



1 1log log log (1)x y c or xy c   
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                     Each fraction 

 

                                  

   Integrating,we get 

                    (2) 

   From (1) and (2) , 

   The General Solution is 

 

                                     

 

8.  Find the integral surface of  

     Which contains the straight line x+y=0, z=1 

 Sol. The given equation can be written as 

                        ……..(1) 

       Comparing with ܲ݌ + ݍܳ = ܴ, we have 

     
                   

 

The auxiliary equations are 

       

               

 

      Using as multipliers, we get 

                       Each fraction =
 

       

                

 

      Integrating,we get 

                          

                                                                      (2) 

      Again using l=x, m=y, n=-1 as multipliers, we get 

                      Each fraction =k(say)
 

0

xdx ydy dz 


0xdx ydy dz   

2 2 2 2

2

1 1
2

2 2
x y z cor x y z c      

 2 2, 2 0xy x y z   

     2 2 2 2
x y z p y x z q x y z    

     2 2 2 2
x y z p y x z q x y z    

     2 2 2 2, ,P x y z Q y x z R x y z      



     2 2 2 2

dx dy dz

x y z y x z x y z
 

   

1 1 1
, ,l m n

x y z
  

1 1 1

0

dx dy dz
x y z

 

1 1 1
0dx dy dz

x y z
   

log log log logx y z a  

xyz a 


0

xdx ydy dz 

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       Integrating,we get 

                         
 
(3) 

              Given that z=1, using this (2) and (3), we get          ݕݔ = ܽ ܽ݊݀  

            Now  

                        b+2a= =0-2 =-2 

                           

       Hence the required surface is 

 

                      

 

9.Solve  ࢞࢖ + ࢟ࢗ =  ࢠ

Sol. The given equation can be written as 

࢞࢖                                             + ࢟ࢗ =  is a Lagrange’s linear equation ࢠ

        The Auxillary equations are                                                 ݀ݔݔ = ݕݕ݀ = ݖݖ݀  

        By Consider first group, we get                                             ∫ ݔݔ݀ = ∫ ݕݕ݀                                             log ݔ = log ݕ + log ܿͳ                                              ܿଵ = ௫௬…..(1) 

        By Consider second group, we get 

                                     ∫ ௗ௭௭ = ∫ ௗ௬௬  

 

                                        log ݕ = log ݖ + log ܿʹ 

                                      ܿଶ = ௬௭…..(2) 

         The General Solution is 

 

0xdx ydy dz   

2 2
2 2 2

2 2

x y
z cor x y z b      

2 2 2x y b  

 22 2 2 2 2x y xy x y       0x y  

2 2 0a b   

2 2 2 2 2 0x y z xyz    
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                                 ∴ ࢌ ቀ௫௬ , ௬௭ቁ = ૙ 

 

10.Solve  ሺ࢞૛ − ૛࢟ − ࢖ሻࢠ࢟ + ሺ࢞૛ − ૛࢟ − ࢗሻࢠ࢞ = ࢞ሺࢠ −  ሻ࢟

Sol. The given equation can be written as 

                         ሺ࢞૛ − ૛࢟ − ࢖ሻࢠ࢟ + ሺ࢞૛ − ૛࢟ − ࢗሻࢠ࢞ = ࢞ሺࢠ −  ሻ………(1)࢟

 

     The auxiliary equations of (1) are 

                                        
(ࢠ࢟−૛࢟−૛࢞)࢞ࢊ = (ࢠ࢞−૛࢟−૛࢞)࢟ࢊ =  ሻ࢟−࢞ሺࢠࢠࢊ

     Taking 1,-1-1 multipliers,we get                            ࢠࢊ−࢟ࢊ−࢞ࢊሺ࢞૛−࢟૛−࢞−ࢠ࢟૛+࢟૛+ࢠ࢟+ࢠ࢞−ࢠ࢞ሻ=  ሻࢠ࢟−૛࢟−૛࢞ሺ࢞ࢊ
࢞ࢊ                                − ࢟ࢊ − ࢠࢊ = ૙ 

      Integrating,we get 

࢞                                − ࢟ − ࢠ =  ૚………(2)ࢉ

     Taking ݔ, ,ݕ− Ͳ  as  multipliers,we get 

 

                           
(ࢠ࢟࢞+૜࢟+૛࢞࢟−ࢠ࢟࢞−૛࢟࢞−૜࢞)࢟ࢊ࢟−࢞ࢊ࢞ =  ሻ࢟−࢞ሺࢠࢠࢊ

                                
ሻ࢟−࢞ሺ(૛࢟−૛࢞)࢟ࢊ࢟−࢞ࢊ࢞ =  ሻ࢟−࢞ሺࢠࢠࢊ

     Integrating,we get 

  ૚ ૛ 𝐥࢞)܏ܗ૛ − (૛࢟ = 𝐥܏ܗ ૛ࢠ૛࢟−૛࢞ ࢠ = ૛ࢉ … … … … … … … ሺ૛) 

∴ 𝑪࢙࢏ ࢋࢊ࢖ ࢔ࢋ࢜࢏ࢍ ࢌ࢕ ࢔࢕࢏࢚࢛࢒࢕࢙ ࢋ࢚ࢋ࢒࢖࢓࢕ 𝝋 ቆ࢞ − ࢟ − ,ࢠ ૛࢞ − ૛ࢠ૛࢟ ቇ = ૙ 

 

11.Solve  ࢞ሺ࢟૛ − ࢖૛ሻࢠ − ૛࢞ሺ࢟ + ࢗ૛ሻࢠ = ૛࢞ሺࢠ +  ૛ሻ࢟

Sol. The given equation can be written as 

૛࢟)࢞                           − ࢖(૛ࢠ − ૛࢞)࢟ + ࢗ(૛ࢠ = ૛࢞ሺࢠ +  ૛ሻ࢟

         The auxiliary equations are 
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૛࢟ሺ࢞࢞ࢊ − ૛ሻࢠ = ૛࢞ሺ࢟−࢟ࢊ + ૛ሻࢠ = ૛࢞ሺࢠࢠࢊ +  ૛ሻ࢟

 

  Taking ݔ, ,ݕ =૛ሻࢠ૛࢟+૛ࢠ૛࢞+૛࢟૛ࢠ−૛࢞૛࢟−૛ࢠ૛࢞−૛࢟૛࢞ሺࢠࢊࢠ+࢟ࢊ࢟+࢞ࢊ࢞ multipliers, we get ,ݖ ࢞ࢊ࢞ ૛ሻࢠ−૛࢟ሺ࢞࢞ࢊ + ࢟ࢊ࢟ + ࢠࢊࢠ = ૙ ࢞૛ + ૛࢟ + ૛ࢠ = ૚ࢉ … … … … … … … . ሺ૚ሻ 

 

Taking − ଵ௫ , ଵ௬ ଵ௭, multipliers, we get 

- 
૚࢞ ࢞ࢊ + ૚࢟ ࢟ࢊ + ૚ࢠ ࢠࢊ = ૙ 

      Integrating, we get ௬௭௫ = ܿଶ…….(2) 

      From (1),(2), 

 ∴ 𝑪࢙࢏ ࢋࢊ࢖ ࢔ࢋ࢜࢏ࢍ ࢌ࢕ ࢔࢕࢏࢚࢛࢒࢕࢙ ࢋ࢚ࢋ࢒࢖࢓࢕ 𝝋 ࢞ࢠ࢟)  , ૛࢞ + ૛࢟ + (૛ࢠ = ૙ 

 

12.Solve  ሺ࢟૛ሻ࢖ − ࢗ࢟࢞ = ࢠሺ࢞ − ૛࢟ሻ 

Sol. The given equation can be written as 

࢖(૛࢟)                                                − ࢗ࢟࢞ = ࢠሺ࢞ − ૛࢟ሻ………(1) 

 

       Comparing with ܲ݌ + ݍܳ = ܴ, we have 

 

       The auxiliary equations are 

  
૛࢟࢞ࢊ = ࢞࢟−࢟ࢊ =  ሻ࢟૛−ࢠሺ࢞ࢠࢊ

      From the first two members, we have Type equation here. ࢟࢞ࢊ =  ࢞−࢟ࢊ

      Integrating,we get ࢞૛ + ૛࢟ =  ૚…..(2)ࢉ
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 From the last two members, we have  ࢟−࢟ࢊ = ࢠሺࢠࢊ − ૛࢟ሻ −ݖ݀ݕ = ݕ݀ݖ −  ݕ݀ݕʹ

 ݀ሺݖݕሻ − ݕ݀ݕʹ = Ͳ ݖݕ − ૛࢟ =  ૛ ………..(3)ࢉ

      From (2) and (3). 

     The General Solution of (1) is ∅ሺݖݕ − ,૛࢟ ૛࢞ +  ૛ሻ=0࢟

 

13.Solve  ሺ࢟ + ࢖ሻࢠ + ሺࢠ + ࢗሻ࢞ = ሺ࢞ +  ሻ࢟

Sol.The given equation can be written as 

                           ሺ࢟ + ࢖ሻࢠ + ሺࢠ + ࢗሻ࢞ = ሺ࢞ +  ሻ  ………..(1)࢟

     Comparing with ܲ݌ + ݍܳ = ܴ, we have 

   

 

 The auxiliary equations are 

  
ሻࢠ+࢟ሺ ࢞ࢊ = ሻ࢞+ࢠሺ࢟ࢊ =  ሻ࢟+࢞ሺࢠࢊ

           Taking 1,1,1 and 1,-1,0 and 0,1,-1  as multipliers ,  

                                            we have 
ሻࢠ+࢟+࢞૛ሺ ࢠࢊ+࢟ࢊ+࢞ࢊ = ሻ࢞−࢟ሺ࢟ࢊ−࢞ࢊ = ሻ࢟−ࢠሺࢠࢊ−࢟ࢊ  

   

     From the last two members, we have  ࢞ࢊ − ࢟ሺ࢟ࢊ − ሻ࢞ = ࢟ࢊ − ࢠሺࢠࢊ − ሻ࢟  

          Integrating, we get log ሺ࢟ − ࢠሻሺ࢞ − ሻ࢟ = log  ଶܥ

ሺ࢞−࢟ሻሺ࢟−ࢠሻ =  ૛…..(2)ࢉ

 

       From the first  two members, we have  

. .,i e
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࢞ࢊ + ࢟ࢊ + ࢞૛ሺ ࢠࢊ + ࢟ + ሻࢠ = ࢞ࢊ − ࢟ሺ࢟ࢊ − ሻ࢞  𝑰ࢍ࢔࢏࢚ࢇ࢘ࢍࢋ࢚࢔, ʹͳ  ࢚ࢋࢍ ࢋ࢝ logሺ࢞ + ࢟ + ሻࢠ = logሺ࢟ − ሻ࢞ + log ܿଵ 

 

                                                 ሺ࢞ + ࢟ + ࢟ሻሺࢠ − ሻ૛࢞ = 𝑪૚………..(3) 

           From (2) and (1).  

          The General Solution of given pde  is                                         ∅ሺ  ሺ࢞−࢟ሻሺ࢟−ࢠሻ , ሺ࢞ + ࢟ + ࢟ሻሺࢠ −  ሻ૛ሻ=0࢞

 

14.Solve  ࢞૛࢖ − ࢗ૛࢟ = ࢞ሺࢠ −  ሻ࢟

Sol.The given equation can be written as ࢞૛࢖ − ࢗ૛࢟ = ࢞ሺࢠ −  ሻ࢟

      Comparing with ܲ݌ + ݍܳ = ܴ, we have 

 

 

    The auxiliary equations are 

૛࢞ ࢞ࢊ  = ૛࢟−࢟ࢊ = ࢞ሺࢠሺࢠࢊ −  ሻ࢟

              From the first two members, we have  ࢞ ࢞ࢊ૛ =  ૛࢟−࢟ࢊ

             Integrating,we get ૚࢞ + ૚࢟ =  ૚…..(1)ࢉ

                 Taking 1,1,0 as multipliers,we get ࢞࢟ࢊ+࢞ࢊ૛−࢟૛ =
=ሺ௫+௬ሻሺ௫−௬ሻ࢟ࢊ+࢞ࢊ ሻ࢟−࢞ሺࢠሺࢠࢊ ሺ௫+௬ሻ࢟ࢊ+࢞ࢊ ሻ࢟−࢞ሺࢠሺࢠࢊ =
ࢠࢠࢊ  

               Integrating,we get ࢞ + ࢠ࢟ =  ૛     ….ሺ૛ሻࢉ

. .,i e
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                    From (2) and (1). 

                  The General Solution  is ∅ሺࢠ࢟+࢞ , ૚࢞ + ૚࢟ሻ=0 

 

15.Solve  ሺ࢞૛ − ࢖ሻࢠ࢟ + ሺ࢟૛ − ࢗሻࢠ࢞ = ሺࢠ૛ −  ሻ࢟࢞

Sol.The given equation can be written as 

                                                           ሺ࢞૛ − ࢖ሻࢠ࢟ + ሺ࢟૛ − ࢗሻࢠ࢞ = ሺࢠ૛ −  ሻ࢟࢞

              The auxiliary equations are 

૛࢞ሺ࢞ࢊ         − ሻࢠ࢟ = ૛࢟ሺ࢟ࢊ − ሻࢠ࢞ = ૛ࢠሺࢠࢊ −  ሻ࢟࢞

 

         Taking 1,-1,0 and 0,-1,-1 as multipliers,we get ࢟ࢊ−࢞ࢊሺ࢞૛−ࢠ࢟ሻ−ሺ࢟૛−ࢠ࢞ሻ and also 
∴ ሻቁࢠ࢞−૛࢟ሻ+ሺ࢞࢟+૛ࢠ−ቀሺࢠࢊ−࢟ࢊ  = ሻࢠ࢞−૛࢟ሻ−ሺࢠ࢟−૛࢞ሺ࢟ࢊ−࢞ࢊ

 = ሻࢠ+࢟+࢞ሻሺ࢟−࢞ሻሺ࢟−࢞ሺࢊ ሻቁࢠ࢞−૛࢟ሻ+ሺ࢞࢟+૛ࢠ−ቀሺࢠࢊ−࢟ࢊ
,࢚࢏ ࢍ࢔࢏࢜࢒࢕࢙ ሻሻࢠ+࢟+࢞ሻሺࢠ−࢟ሺࢠࢊ−࢟ࢊ ࢠ−࢟ሻ࢟−࢞ሺ ࢚ࢋࢍ ࢋ࢝  ૚…..(1)ࢉ=

         ܶܽ݇𝑖݊݃ ݔ, ,ݕ =ࢠ࢟࢞૜−૜ࢠ+૜࢟+૜࢞ሻࢠࢊࢠ+࢟ࢊ࢟+࢞ࢊ࢞multipliers,we get ሺ ݏܽ  ͳ,ͳ,ͳ ݀݊ܽ ݖ
ሺࢠࢊ+࢟ࢊ+࢞ࢊሻ࢞૛+࢟૛+ࢠ૛−࢞ࢠ−ࢠ࢟−࢟࢞ ሺࢠࢊࢠ+࢟ࢊ࢟+࢞ࢊ࢞ሻሺࢠ+࢟+࢞ሻሺ࢞૛+࢟૛+ࢠ૛−࢞ࢠ−ࢠ࢟−࢟࢞ሻ= ሺࢠࢊ+࢟ࢊ+࢞ࢊሻ࢞૛+࢟૛+ࢠ૛−࢞ࢠ−ࢠ࢟−࢟࢞ ሺ࢞ + ࢟ + ࢞ࢊሻሺࢠ + ࢟ࢊ + ሻࢠࢊ = ሺ࢞ࢊ࢞ + ࢟ࢊ࢟ + ࢞ሻ ሺࢠࢊࢠ + ࢟ + ࢞ሺࢊሻࢠ + ࢟ + ሻࢠ = ሺ࢞ࢊ࢞ + ࢟ࢊ࢟ +  ሻࢠࢊࢠ

     Integrating,we get ሺ࢞ + ࢟ + ሻ૛૛ࢠ = ૛࢞ + ૛࢟ + ૛૛ࢠ + ∴ ࢉ ሺ࢞ + ࢟ + ሻ૛ࢠ = ૛࢞ + ૛࢟ + ૛ࢠ +  ૛ࢉ

. .,i e
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࢟࢞ + ࢠ࢟ + ࢞ࢠ =  ૛…..(2)ࢉ

 ∴ 𝜑 ݏ𝑖 ݁݀݌ ݊݁ݒ𝑖݃ ݂݋ ݊݋𝑖ݐݑ݈݋ݏ ݁ݐ݈݁݌݉݋ܥ ቆݕݔ + ݖݕ + ,ݔݖ ሺݔ − ݕሻݕ − ݖ ቇ = Ͳ 

 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER 

 

A partial differential equation which involves first order partial derivatives ݍ ݀݊ܽ ݌ with 

degree higher than one and the products ݍ ݀݊ܽ ݌ ݂݋ 𝑖ݏ called a non-linear partial 

differential equations. 

 

CHARPIT’S METHOD FOR FINDING THE COMPLETE INTEGRAL OF  

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER 

 

In this method give partial differential Equation of the form ݂ሺݔ, ,ݕ ,ݖ ,݌ ሻݍ = Ͳ  

to find another relation of the form  𝜑ሺݔ, ,ݕ ,ݖ ,݌ ሻݍ = Ͳ which is compatible with ݐℎ݁                                           ݂ሺݔ, ,ݕ ,ݖ ,݌ ሻݍ = Ͳ then 

 we solve for ݌,  and substitute  these values in the relation ݍ

= ݖ݀                                      + ݔ݀ ݌   .ݕ݀ ݍ 
Which on integration gives the required solution of 

                                     ݂ሺݔ, ,ݕ ,ݖ ,݌ ሻݍ = Ͳ 

CHARPIT’S EQUATION  ݀ݔ− ௣݂ = −ݕ݀ ௤݂ = ݌−ݖ݀ ௣݂ − ݍ ௤݂ = ]݌݀ ௫݂ + ݌ ௭݂] = ]ݍ݀ ௬݂ + ݍ ௭݂] 
PROBLEMS 

 

1.Solve ࢞࢖ + ࢟ࢗ =  ࢗ࢖

Sol. Given equation is      ࢌ = ࢞࢖ + ࢟ࢗ −  ࢗ࢖

The auxillary equations are ݀ݔ− ௣݂ = −ݕ݀ ௤݂ = ݌−ݖ݀ ௣݂ − ݍ ௤݂ = ]݌݀ ௫݂ + ݌ ௭݂] = ]ݍ݀ ௬݂ + ݍ ௭݂] 
Here ௣݂ = ௤݂ ;ݔ = ௫݂ ;ݕ = ; ݌  ௬݂ = ; ݍ  ௭݂ = Ͳ 

     Substituting them in above ,we get ݀ݔ−ݔ = ݕ−ݕ݀ = ݔ݌ݖ݀ + ݕݍ = ݌݌݀ = ݍݍ݀  
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     By considering  first and last groups, ݀ݔ−ݔ =  ݕ−ݕ݀

     Integrating,we get 

                                                                       log ݔ = log ݕ + log ܿ ∴ ݕ = ݔܿ … . . ሺͳሻ ݀݌݌ = ݍݍ݀  

     Integrating,we get  

                                                                       log ݌ = log ݍ + log ܽ ∴ ݌ = ݍܽ … . . ሺʹሻ 

     Substitute (1),(2) in given equation  ,we get ݌ = ݔܽ + ; ݕ ݍ = ݔܽ + ܽݕ  

     The General solution is  ݀ݖ = + ݔ݀ ݌   ݕ݀ ݍ 

= ݖ݀                                                                     ሺܽݔ + + ݔ݀ ሻݕ ݔܽ  + ܽݕ  ݕ݀ 

 

 

      Integrating it we get required solution as ݖ = ͳܽ ሺܽݔ + ሻଶݕ + ܿ 

 

2.Solve ࢠ૛ =  ࢟࢞ࢗ࢖

Sol.Given equation is          ݂ = ૛ࢠ − −ݔ݀ ࢟࢞ࢗ࢖ ௣݂ = −ݕ݀ ௤݂ = ݌−ݖ݀ ௣݂ − ݍ ௤݂ = ]݌݀ ௫݂ + ݌ ௭݂] = ]ݍ݀ ௬݂ + ݍ ௭݂] 
         Here ௣݂ = ௤݂ ;ݕݔݍ− = ௫݂ ;ݕݔ݌− = ; ݕݔݍ−  ௬݂ = ; ݕݔ݌−  ௭݂ =  ݖʹ

        Substituting them in above ,we get ݀ݕݔݍݔ = ݕݔ݌ݕ݀ = ݕݔݍ݌ʹݖ݀ = ݕݍ݌−݌݀ + ݖ݌ʹ = ݔݍ݌−ݍ݀ +  ݖݍʹ

         Considering  ௗ௫௤௫௬ = ௗ௣−௣௤௬+ଶ௣௭ and     ௗ௬௣௫௬ = ௗ௤−௣௤௫+ଶ௤௭ 

         Taking  ݌, ,ݍ ݀݊ܽ ݐݏݎ𝑖݂ ݎ݋݂ ݏݎ𝑖݈݁݌𝑖ݐ݈ݑ݉ ݏܽ  ݔ ,݌ݑ݋ݎ݃ ݀݊݋ܿ݁ݏ ݎ݋݂ ݕ  ݐ݁݃ ݁ݓ ℎ݁݉ݐ 𝑖݊݃ݐܽݑݍ݁ ℎ݁݊ݐ
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௫ௗ௣+௣ௗ௫−௫௣௤௬+ଶ௫௣௭+௣௤௫௬  =  ௬ௗ௤+௤ௗ௬−௬௣௤௫+ଶ௤௭+௣௤௫௬ 

          Solving , ݀ሺݔ݌ሻݔ݌ = ݀ሺݕݍሻݕݍ  

         Integrating,we get log ݔ݌ = log ݕݍ +log ݔ݌ ܿ =  ܿݕݍ

        Substituting in given pde,we get ݖଶ =  ଶܿݕଶݍ

                                                                   ∴ ݍ = ௭௬√௖  ; ݌ = ௭௫ √ܿ 

         The General Solution is  ݀ݖ = + ݔ݀ ݌   ݕ݀ ݍ 

= ݖ݀                                                                     ݔݖ  + ݔ݀ܿ√ ܿ√ݕݖ  ݕ݀ 

∫ ݖݖ݀  =  ∫ ͳݔ ݔ݀ܿ√  + ∫ ͳݕ√ܿ  ݕ݀ 

          Integrating,we get, 

 ∴ Required solution is  ݖ = ݕ௖√ݔ భ√𝑐ܽ 

 

 

Now let us start solving  some standard forms of First  order partial differential equations by 

using   

CHARPITǯS METHOD. 

 

 STANDARD FORM I: 

 

Equation Of The Form f(p,q)=0 : 

 Note: equations containing p and q only. 

Given partial differential equation is ࢌሺ࢖, ሻࢗ = ૙ … … ሺ૚ሻ 

The auxillary equations are ݀ݔ− ௣݂ = −ݕ݀ ௤݂ = ݌−ݖ݀ ௣݂ − ݍ ௤݂ = ]݌݀ ௫݂ + ݌ ௭݂] = ]ݍ݀ ௬݂ + ݍ ௭݂] 
Here ௫݂ = Ͳ ;  ௬݂ = Ͳ ;  ௭݂ = Ͳ 
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Substituting above and  considering last group, we get ݀ݔ− ௣݂ = −ݕ݀ ௤݂ = ݌−ݖ݀ ௣݂ − ݍ ௤݂ = Ͳ݌݀ = Ͳݍ݀  ∴ ࢖ࢊ = ૙, 𝑖݊ݐܽݎ݃݁ݐ𝑖݊݃ ࢖ ݐ݁݃ ݁ݓ =  ࢇ

Put ࢖ = ,ሺ૚ሻ ࢔࢏ ࢇ , ࢇ ࢌ࢕ ࢙࢓࢘ࢋ࢚ ࢔࢏ ࢋ࢛࢒ࢇ࢜ ࢗ ࢚ࢋࢍ ࢋ࢝ ࢔ࢋࢎ࢚  .ሻࢇ𝝋ሺ ࢟ࢇ࢙

But we have  ࢠࢊ = ࢞��ࢠ�� ࢞ࢊ  + ࢟��ࢠ�� ࢞ࢊ ࢖  =  ࢠࢊ ࢟ࢊ  + ࢞ࢊ ࢇ  =  ࢠࢊ ࢟ࢊ ࢗ +  𝝋ሺࢇሻ(2)……࢟ࢊ 

 

Integrating  (2),we get required complete solution of (1) is  

                                                 Which contains two arbitrary constants a and c. 

 

PROCEDURE: 

                   Given partial differential equation is ࢌሺ࢖, ሻࢗ = ૙ … … ሺ૚ሻ 

STEP1:Put ࢖ = ,𝑖݊ ሺͳሻ ࢇ  ’then we can obtain ‘p.. ܽ ݂݋ ݏ݉ݎ݁ݐ 𝑖݊ ݁ݑ݈ܽݒ ݍ ݐ݁݃ ݁ݓ ℎ݁݊ݐ

value. 

 

:૛ࡼࡱࢀࡿ  ,݌ ܾݑܵ ࢠࢊ 𝑖݊ ݏ݁ݑ݈ܽݒ ݍ = ࢞��ࢠ�� ࢞ࢊ  + ࢟��ࢠ�� .࢏ ࢟ࢊ  ࢞ࢊ ࢖  =  ࢠࢊ ࢋ +  ࢟ࢊ ࢗ

STEP3:Integrating it ,we get required complete solution of (1) .  

 

PROBLEMS 

 

1. Solve ࢗ࢖ =  .where k is a constant ,࢑

Sol. Given equation is   ݍ݌ = ݇ … . ሺͳሻ 

       Since equation  (1) is of the form ݂ሺ݌, ሻݍ = Ͳ 

        Put p=a in (1),we get ࢗ =  ࢇ࢑

      The General Solution is  ࢞ࢊ ࢖  =  ࢠࢊ + ࢠࢊ ࢟ࢊ ࢗ = ࢞ࢊ ࢇ + ࢇ࢑   ࢟ࢊ 

 z ax a y c  
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       Integrating,we get ,  

 

                                                  which contains two arbitrary constants a and c. 

2.Solve ࢖૛ + ૛ࢗ =  ࢗ࢖࢔

Sol. Given equation is   ࢖૛ + ૛ࢗ = ࢗ࢖࢔ … … … … . . ሺ1) 

         Since equation is (1) is of the form ݂ሺ݌, ሻݍ = Ͳ 

         Put p=a in (1),then we get  ݍ = ௔ଶ [݊ ± √݊ଶ − Ͷ] 
         The General Solution is  ࢞ࢊ ࢖  =  ࢠࢊ + ݖ݀                          ࢟ࢊ ࢗ = ݔ݀ ܽ + ܽʹ [݊ ± √݊ଶ − Ͷ]  ݕ݀

           Integrating,we get ,  

ݖ݀                                                               = ܽ ∫ ݔ݀ + ௔ଶ [݊ ± √݊ଶ − Ͷ] ∫  ݕ݀

                                                                   

           This is the complete integral of (1), which contains. two arbitrary constants a and c. 

 

3.Find the complete integral of  ࢖૛ + ૛ࢗ  =  ૛࢓

Sol. Given equation is   ࢖૛ + ૛ࢗ  = ૛࢓  … … … . ሺͳሻ 

        Since equation  (1) is of the form ݂ሺ݌, ሻݍ = Ͳ 

        Put ݌ = ܽ 𝑖݊ ሺͳሻ, ݍ ݐ݁݃ ݁ݓ = √݉ଶ − ܽଶ 

        The General Solution is  ࢞ࢊ ࢖  =  ࢠࢊ +  (2).…… ࢟ࢊ ࢗ

         Put the values of p,q in (2), we get 

                                                       

                                             Which is the complete integral of (1). 

 

STANDARD FORM II : 

                  Equation Of The Form ࢌሺ࢖, ,ࢗ ሻࢠ = ૙       (i.e., not containing x and y) 

 

PROCEDURE 

 

k
z ax y c

a
  

2 4
2

a
z ax n n y c      

 2 2
z ax m a y c   
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                Given partial differential equation is ࢌሺ࢖, ,ࢗ ሻࢠ = ૙ … … ሺ૚ሻ 

 

STEP1:     Put ࢖ = ,𝑖݊ ሺͳሻ ࢗࢇ , ܽ ݂݋ ݏ݉ݎ݁ݐ 𝑖݊ ݁ݑ݈ܽݒ ݍ ݐ݁݃ ݁ݓ ℎ݁݊ݐ ,݌ ܾݑܵ     :૛ࡼࡱࢀࡿ then. ݖ ࢠࢊ                        𝑖݊ ݏ݁ݑ݈ܽݒ ݍ = ࢞��ࢠ�� ࢞ࢊ  + ࢟��ࢠ�� .࢏ ࢟ࢊ  ࢞ࢊ ࢖  =  ࢠࢊ ࢋ +  ࢟ࢊ ࢗ

 

STEP3:       Integrating it ,we get required complete solution of (1) .  

 

 

PROBLEMS 

Solve the following partial differential equations 

1. (a)ࢠ = ૛࢖ + ૛ࢠ૛࢖ ૛            (b)ࢗ + ૛ࢗ = ࢗ࢖ࢠ (c)                     ࢗ૛࢖ = ࢖ +  ࢗ

Sol.a). Given equation is ࢠ = ૛࢖ + ૛ࢗ … … . ሺͳሻ 

           Since (1) is of the form ݂ሺݖ, ,݌ ሻݍ = Ͳ 

           Put ࢖ = ,𝑖݊ ሺͳሻ ࢗࢇ ݍ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = √ ௭ଵ+௔మ 

∴ ݌ = ܽ√ ͳݖ + ܽଶ 

           Putting the values ݍ ݀݊ܽ ݌ ݂݋ 𝑖݊ ࢞ࢊ ࢖  =  ࢠࢊ + ࢠ√ we get ૚ ,  ࢟ࢊ ࢗ  =  ࢠࢊ
૚√૚+ࢇ૛  ሺ࢞ࢊ ࢇ +  ,  ሻ࢟ࢊ 

            Integrating ,we get
 

∫ ૚√ࢠ = ࢠࢊ ૚√૚ + ૛ࢇ ∫ሺ࢞ࢊ ࢇ +  ሻ࢟ࢊ 

∴ ૛√ࢠ = ૚√૚+ࢇ૛ ሺ࢞ࢇ +  ሻ   is the required solution of (1)࢟

 

 b)Given equation is    (1) 

     Since (1) is of the form ݂ሺݖ, ,݌ ሻݍ = Ͳ 

     Put ࢖ = ,𝑖݊ ሺͳሻ ࢗࢇ ݍ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ሺ௔మ௭మ+ଵሻ௔మ  

∴ ݌ = ሺܽଶݖଶ + ͳሻܽ  

 

      Putting the values of p and q in ࢞ࢊ ࢖  =  ࢠࢊ +  we get,  ࢟ࢊ ࢗ

2 2 2 2
p z q p q  
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 =  ሺ௔మ௭మ+ଵሻࢠࢊ
૚ࢇ૛ ሺ࢞ࢊࢇ +  ሻ࢟ࢊ

       Integrating,we get ∫  =  ሺ௔మ௭మ+ଵሻࢠࢊ
૚ࢇ૛ ∫ሺ࢞ࢊࢇ +  ሻ࢟ࢊ

 ∴ a tan−ଵሺܽݖሻ = ݔܽ + ݕ + ܿ
 

   is the required complete solution of (1) 

 

c) Given equation is  ݍ݌ݖ = ݌ +  (1)..…ݍ

     Since (1) is of the form ݂ሺݖ, ,݌ ሻݍ = Ͳ 

     Put ࢖ = ,𝑖݊ ሺͳሻ ࢗࢇ ݍ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ௔+ଵ௔௭  ∴ ݌ = ܽ + ͳݖ  

     Putting the values ݍ ݀݊ܽ ݌ ݂݋ 𝑖݊ ࢞ࢊ ࢖  =  ࢠࢊ +  =  ࢠࢊࢠ we get ,  ࢟ࢊ ࢗ
ࢇ૚+ࢇ  ሺ࢞ࢊ ࢇ +  ,  ሻ࢟ࢊ 

      Integrating ,we get
 

∫ = ࢠࢊ ࢠ ࢇ + ૚ࢇ ∫ሺ࢞ࢊ ࢇ +  ሻ࢟ࢊ 

 ∴ ૚ሻ+ࢇ૛૛ሺࢆࢇ = ࢞ࢇ + ࢟ +  is the required solution of (1)   ࢉ

 

 

STANDARD FORM III :  

Equation of the form 
 
i.e. Equations not involving z and the terms 

containing x and p can be separated from those containing y and q.  

 

     We assume that these two functions should be equal to a constant say k. 

 

     Solve for p and q from the resulting equations 

 

     Solve for p and q, we obtain 

 

   1 2, ,f x p f y q

   1 2, ,f x p f y q k  

   1 2, ,f x p k and f y q k  

   1 2, ,p F x k and q F y k 
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      Since z is a function of x and y 

[By total differentiation] ࢞ࢊ ࢖  =  ࢠࢊ +  ࢟ࢊ ࢗ

 

    Integrating on both sides 

  is the complete solution of given equation . 

 

 

PROBLEMS 

 

1.  Solve the following partial differential equations 

          a). 
   

b).    c).  

Sol . 

a). Given equation is         
 
………..(1) 

         Separating ݕ ݀݊ܽ ݍ ݉݋ݎ݂ ݔ ݀݊ܽ ݌, the given equation can be written as 

 

Let  (constant) 

 

 

 

Since  
 

 

         Integrating on both sides 

 

, is the complete solution of (1) 

 

 

z z
dz dx dy

x y

 
 
 

   1 2, ,dz F x k dx F y k dy  

   1 2, ,z F x k dx F y k dy c   

2 2
p q x y   2 2

xp yq y x  
2 2

1
2 2

p q
x y

         
   

2 2
p q x y  

2 2
p x q y   

2 2
p x q y k    

2 2
p x k and q y k     

2 2
p k x and q y k    

p k x and q y k    

z z
dz dx dy pdx qdy

x y

 
   
 

dz k x dx y k dy    

   
1 1

2 2z k x dx y k dy c      

   
3 3

2 2
2 2

3 3
z k x y k c     
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b).  Given equation is   (1) 

  .ݕ ݀݊ܽ ݍ ݉݋ݎ݂ ݔ ݀݊ܽ ݌ 𝑖݊݃ݐܽݎܽ݌݁ܵ         
         The given equation can be written as. 

 

Let  (arbitrary constant) 

 

 

       We have  

 

         Integrating on both sides 

 

 

 

, is the complete integral of (1) 

c). Given equation is   (1) 

        Separating ݕ ݀݊ܽ ݍ ݉݋ݎ݂ ݔ ݀݊ܽ ݌, the given equation can be written as. 

 

Let  (arbitrary constant) 

 

 

2 2
xp yq y x   

2 2
xp x yq y  

2 2
xp x yq y k   

2 2
xp x k and yq y k    

2 2
k x k y

p and q
x y

 
  

z z
dz dx dy pdx qdy

x y

 
   
 

k k
dz x dx y dy

x y

        
   

k k
z x dx y dy c

x y

          
   

2 2

log log
2 2

x y
k x k y c    

   2 21
log

2
z k xy x y c    

2 2

1
2 2

p q
x y

          
   

2 2

1
2 2

p q
x y

         
   

2 2

21
2 2

p q
x y k

          
   

2 2

2 21
2 2

p q
x k and y k

           
   

2

2 21 1
2 2 2

p q q
x k and y k or y k

          
 
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      We have   

 

 

       Integrating on both sides 

 

 

 

 is the complete solution of (1) 

 

2.Solve  ࢖ − ૛࢞ = ࢗ +  ૛࢟

Sol. 

              Let  ࢖ − ૛࢞ = ࢗ + ૛࢟ =  ሻ࢟ࢇ࢙૛ሺ࢑

              Then    ࢖ − ૛࢞ = ࢗ ૛  and࢑ + ૛࢟ = ∴ ૛࢑ ࢖ = ૛࢑ + ࢗ ࢊ࢔ࢇ ૛࢞ = ૛࢑ +  ૛࢟

               But we have 

 

ݖ݀ = ሺ࢑૛ + ݔ૛ሻ݀࢞ + ሺ࢑૛ +  ݕ૛ሻ݀࢟

       Integrating,we get 

ࢠ  = ૜૜࢞ + ࢞૛࢑ + ࢟૛࢑ + ૜૜࢟  +c is the required complete solution. 

3.  Solve  ࢗ૛ − ࢖ = ࢟ −  ࢞

Sol . Let ݌ − ݔ = ݕ-ଶݍ = ݇ሺݕܽݏሻ 

       Then                                    ݌ = ݇ + ݍ ݀݊ܽ ݔ = √݇ +  ݕ

 

       But  

 

  22 2 1p k x and q k y       

z z
dz dx dy pdx qdy

x y

 
   
 

22( ) 2 1dz k x dx k y dy       

22 ( ) 2 1z k x dx k y dy c        

 
2 2

22( ) 2 1
2 2

x y
z kx k y c

 
      

 

 2 2 22 2 1z kx x k y y c      

z z
dz dx dy pdx qdy

x y

 
   
 

z z
dz dx dy pdx qdy

x y

 
   
 
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                        ∴ ݖ݀ = ሺ࢑ + ݔሻ݀࢞ + ሺ√݇ +  ݕሻ݀ݕ

      Integrating,we get 

ࢠ  = ૛૛࢞ + ࢞࢑ + ૛૜ ሺ࢑ +  .ሻ૜૛  +C is the required complete solution࢟

 

4.Solve ࢗ = ࢞࢖ +  ૛࢖

Sol.    Let ࢗ = ࢞࢖ + ૛࢖ =  ሻ࢟ࢇ࢙ሺ࢑

     Then we get        ࢖૛ + ࢞࢖ − ࢑ = ૙ ࢗ ࢊ࢔ࢇ =  ࢑

Solving,we get ࢖ = ૛࢑૛+૝࢞ሺ√±࢞−    and ࢗ =  ࢑

                    ∴ ݖ݀ = ࢞−) ± √ሺ࢞૛ + ૝࢑૛ ) ݔ݀ +  ݕ݀ ݇

 

Integrating,we get 

ࢠ  = − ૛૝࢞ + ૚૛ ૛࢞] √ሺ࢞૛ + ૝࢑ + ૛࢑ ૚ሺ−ܐܖܑܛ  C is the required complete+࢟k+(࢑√૛࢞

solution. 

 

 

STANDARD FORM  IV:   ࢆ = ࢞࢖  + + ࢟ࢗ ,࢖ሺ ࢌ    :ሻࢗ
             An equation analogous to the clairaut’s equation it is complete solution is 

                                              ܼ = ݔܽ  + + ݕܾ   ݂ ሺܽ, ܾሻ  

Which  is  Obtained by writing ܽ ݂ݍ ݎ݋݂ ܾ ݀݊ܽ ݌ ݎ݋ The differential equation which satisfies some  

specified conditions known as the boundary conditions.  The differential equation together with these 

 boundary conditions, constitute a boundary value problem . 

 

 

 

z z
dz dx dy pdx qdy

x y

 
   
 
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PROBLEMS 

 

1. Solve ࢠ = ࢞࢖ + ࢟ࢗ +  ࢗ࢖

Sol. Given equation is            ݖ = ݔ݌ + ݕݍ + ݍ݌ … . ሺͳሻ 

        Since (1) is of the form  ݖ = ݔ݌ + ݕݍ + ݂ሺ݌,  .ሻݍ
         Hence the complete solution of (1) is given by 

ݖ                                               = ݔܽ + ݕܾ + ܾܽ … … . ሺʹሻ 

          For singular solution, differentiating (2) partially w.r.t. a and b, we get 

                                                      Ͳ = ݔ + ܾ … . ሺ͵ሻ   ܽ݊݀   Ͳ = ݕ + ܽ … … … … ሺ4) 

Eliminating a, b between (2), (3) and (4), we get           ݖ = ݕݔ− − ݕݔ + ݕݔ =  .is the Singular Solution  ݕݔ−

 

2. Find the solution of  

Sol.   The given equation can be written as 

                                                       

 

           Hence the complete solution of (1) is given by 

 

                                                     

 

3.Solve  

Sol.   The given equation can be written as 

                                       

                                     

                                    
(1) 

   1p q z px qy   

1
z px qy

p q
  



1
(1)z px qy

p q
    



1
z ax by

a b
  



   2 2 2 2
pqz p qx p q py q   

2 2
2 2p q

pqz p q x q p y
q p

   
      

   

2 2
p q

z p x q y
q p

   
       

   

3 3
p q

z px qy
q p

 
      

 
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         Since it is in the form  

          Hence the complete solution of (1) is given by 

 

                                           

 

4. Solve ࢠ = ࢞࢖ + ࢟ࢗ + ࢗ࢖ +  ૛ࢗ

Sol. Given equation is            ݖ = ݔ݌ + ݕݍ + ݍ݌ + ଶݍ … … … … … . ሺͳሻ 

        Since (1) is of the form ݖ = ݔ݌ + ݕݍ + ݂ሺ݌,  .ሻݍ
         Hence the complete solution of (1) is given by ݖ = ݔܽ + ݕܾ + ܾܽ + ܾଶ … … . ሺʹሻ 

         For singular solution, differentiating (2) partially w.r.t. a and b, we get 𝜕ݖ𝜕ܽ = Ͳ, ܾ��ݖ�� = Ͳ, 
         Implies that 

 

                                                           Ͳ = ݔ + ܾ … . ሺ͵ሻ   ܽ݊݀   Ͳ = ݕ + ܽ + ʹܾ … … … … ሺ4) 

           Eliminating a, b between (2), (3) and (4), we get ݖ = ݔʹሺݔ − ሻݕ − ݕݔ − ሺʹݔ − ݔሻݕ +  ଶݔ

 

                                              ∴ ݖ  ଶ is the singular solutionݔ =

 

EQUATIONS REDUCIBLE TO STANDARD FORMS 

 

EQUATIONS OF THE FORM     ࡲሺ࢖࢓࢞, ሻࢗ࢔࢟ = ૙     ሺ࢙࢚࢔ࢇ࢚࢙࢔࢕ࢉ ࢋ࢘ࢇ ࢔ ࢊ࢔ࢇ ࢓ ࢋ࢘ࢋࢎ࢝) 

 

      The above form of the equation of the type can be transformed to an equation of the form  

                                                                          f(p,q)=0 

      By substitutions given below. 

      Case (i):- When ݉ ≠ ͳ ܽ݊݀ ݊ ≠ ͳ 

            Put ܺ = ܻ ݀݊ܽ ଵ−௠ݔ = ݌ ℎ݁݊ݐ  ଵ−௡ݕ = 𝜕௭𝜕௫ = 𝜕௓𝜕௑ 𝜕௑𝜕௫ = ܲሺͳ − ݉ሻݔ−௠ ݓℎ݁ܲ݁ݎ = 𝜕௓𝜕௑ 

 ,z px qy f p q  

3 3
a b

z ax by
b a

   
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݌௠ݔ    = ܲሺͳ − ݉ሻ   ܽ݊݀ ݍ = ݕ��ݖ�� = 𝜕ܼ𝜕ܻ ݕ��ܻ�� =  ܳሺͳ − ݊ሻݕ−௡ ݓℎ݁ܳ݁ݎ = 𝜕ܼ𝜕ܻ → ݍ௡ݕ = ܳሺͳ − ݊ሻ 

        Now the given equation reduces to ݂[ሺͳ − ݉ሻܲ, ሺͳ − ݊ሻܳ] = Ͳ ݓℎ𝑖ܿℎ 𝑖ݐ ݂݋ ݏℎ݁ ݂݉ݎ݋ ݂ሺܲ, ܳሻ = Ͳ 

     Case(ii):- when ݉ = ͳ, ݊ = ͳ 

             Put ܺ = ܻ ݀݊ܽ ݔ݃݋݈ =  ℎ݁݊ݐ ݕ݃݋݈

p=
𝜕௭𝜕௫ = 𝜕௓𝜕௑ 𝜕௑𝜕௫ = 𝜕௓𝜕௑ ଵ௫  𝑖݈݉݌𝑖݁ݔ݌  ݏ = ܲ݁ݎℎ݁ݓ =ܲ = 𝜕௓𝜕௑ ݏ𝑖݉𝑖݈ܽݕݍ   ݕ݈ݎ = ܳ݁ݎℎ݁ݓ     ܳ = 𝜕ܼ𝜕ܻ 

 

                            the given equation reduces to the form ݂ሺܲ, ܳሻ = Ͳ 

 

EQUATIONS OF THE FORMࡲሺ࢖࢓࢞, ,ࢗ࢔࢟ ሻࢠ = ૙  ሺ ࢙࢚࢔ࢇ࢚࢙࢔࢕ࢉ ࢋ࢘ࢇ ࢔ ࢊ࢔ࢇ ࢓ ࢋ࢘ࢋࢎ࢝) 

This can be  reduced to an equation of the form                                                                         ݂ሺܲ, ܳ, ሻݖ = Ͳ   by the substitutions given for the equation  

                                                      𝐹ሺݔ௠݌, ,ݍ௡ݕ ሻݖ = Ͳ as above. 

PROBLEMS 

1.Solve the partial differential equation  

Sol. Given equation can be written as 

(1) 

            This is of the form with ݉ = −ʹ, ܽ݊݀ ݊ = −ʹ. 
                                 Put  and  

Then  where  

 

and   where  

 

            Now equation (1), becomes. 

(2) 

            Since (2) is of the form  

2 2
x y

z
p q
 

   1 1
2 1 2 1 2 2

x p y q z or x p y q z
        

 , , 0m n
f x p y q z 

 1 21 3m
X x x x

    1 1 2 3n
Y y y y

   

2. .3
z z X

p P x
x X x

  
  
  

z
P

X





2 3x p P
 

2. .3
z z Y

q Q y
y Y y

  
  
  

z
Q

Y





2 3y q Q
 

   1 1
3 3P Q z

   

 , , z 0f P Q 
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            Put ࡼ = ,𝑖݊ ሺͳሻ ࡽࢇ ܳ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ሺ௔+ଵሻଷ௔௭  ∴ ܲ = ሺܽ + ͳሻ͵ݖ  

 

          Putting the values of Pand Q in ࢄࢊ ࡼ  =  ࢠࢊ + we get ଷ௔௭௔+ଵ,  ࢅࢊ ࡽ ࢄࢊࢇሺ = ݖ݀ +  ሻࢅࢊ

          Integrating,we get ∫ ଷ௔௭௔+ଵ ࢇሺ = ݖ݀ ∫ ࢄࢊ + ∫ ଶʹሺܽݖܽ͵ ሻࢅࢊ + ͳሻ = ሺܽܺ + ܻሻ + ܿ 

         ,taking  ܿଵ = ʹሺ௔+ଵ௔ ሻܿ  , is the required solution of (1) 

 

2.Solve the partial differential equation  

Sol. The given equation can be written as 

                                                                (1) 

        Since (1) is of the form With ݉ = −ʹ, ܽ݊݀ ݊ = −ʹ 

Put  and  

Now  where  

 

and  where  

 

        Equation (1) becomes, (2) 

        Since (2) is of the form  

        Put ࡼ = ,𝑖݊ ሺͳሻ ࡽࢇ ܳ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ௭ଷሺ௔+ଵሻ ∴ ܲ = ሺܽ͵ݖܽ + ͳሻ 

 

       Putting the values of Pand Q in ࢄࢊ ࡼ  =  ࢠࢊ +  we get,  ࢅࢊ ࡽ

 2 3 3

1

1
3 2

a
z x ay c

a

     
 

2 2

p q
z

x y
 

2 2
px qy z

   

 , , 0m n
f x p y q z 

1 3,m
X x x

  1 3n
Y y y

 

2. .3
z z X

p P x
x X x

  
  
  

z
P

X





2 3x p P
 

2. 3
z z Y

q Q y
y Y y

  
  
  

z
Q

Y





2 3y q Q
 

3 3P Q z  

 , , z 0f P Q 
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ௗ௭௭  = 
ଵଷሺ௔+ଵሻ ሺࢄࢊࢇ +  ሻࢅࢊ

       Integrating,we get ∫  ௗ௭௭ = 
ଵଷሺ௔+ଵሻ ሺࢇ ∫ ࢄࢊ + ∫  ሻࢅࢊ

log ݖ = ͳ͵ሺܽ + ͳሻ ሺܽܺ + ܻሻ +  ܥ

 

 , is the complete solution of (1) 

 

3.Solve  

Sol.   Given equation can be written as 

 

         Since (1) is of the form  with ݉ = ͳ ܽ݊݀ ݊ = ͳ 

Put   and  

Now  where  

 

and  where  

 

     Equation (1), becomes,   

        Since (2) is of the form  

       Put ࡼ = ,𝑖݊ ሺͳሻ ࡽࢇ ܳ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ௓ଶ [−a ± √aଶ + Ͷ] ∴ ܲ = ܼܽʹ [−a ± √aଶ + Ͷ] 

 

        Putting the values of Pand Q in ࢄࢊ ࡼ  =  ࢠࢊ + we get ௗ௭௭,  ࢅࢊ ࡽ  = 
ଵଶ [−a ± √aଶ + Ͷ]ሺࢄࢊࢇ +  ሻࢅࢊ

      Integrating,we get ∫  ௗ௭௭ =  
ଵଶ [−a ± √aଶ + Ͷ]ሺࢇ ∫ ࢄࢊ + ∫  ሻࢅࢊ

   3 31
log

3 1
z x ay c

a
   



 2 2
q y z z px 

   22 2 2 2 (1)q y z zpxor xp z qy z    

 , , 0m n
f x p y q z 

logX x logY y

1
. .

z z X
p P

x X x x

  
  
  

z
P

X





xp P 

1
. .

z z Y
q Q

y Y y y

  
  
  

z
Q

Y





 2 2 (2)Pz Q z  

 , , 0f P Q z 

qy Q 
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log ݖ =  ଵଶ [−a ± √aଶ + Ͷ]ሺࢄࢇ + ሻࢅ +  ࢉ

 ∴ log ݖ =  ଵଶ [−a ± √aଶ + Ͷ]ሺ࢞ࢇ૜ + ૜ሻ࢟ +  is the complete integeral of (1), ࢉ

 

 

4.Solve the partial differential equation  

Sol. Given equation is     

        Then given equation can be written as 

                        

         Since (1) is of the form with m=2 and n=2 

Put  and  

Now  where  

 

 

and  where  

 

        Now equation (1) becomes,  

       Since (2) is of the form ݂ሺܲ, ܳ, ሻݖ = Ͳ 

       Put ࡼ = ,𝑖݊ ሺͳሻ ࡽࢇ ܳ ݐ݁݃ ݁ݓ ℎ݁݊ݐ = ௓ଶ௔మ [ͳ ± √8aଶ + ͳ] ∴ ܲ = ܼʹܽ [ͳ ± √8aଶ + ͳ] 
       Putting the values of Pand Q in ࢄࢊ ࡼ  =  ࢠࢊ + we get ௗ௭௭,  ࢅࢊ ࡽ  = 

ଵଶ௔మ [ͳ ± √8aଶ + ͳ]ሺࢄࢊࢇ +  ሻࢅࢊ

     Integrating,we get ∫  ௗ௭௭ =  
ଵଶ௔మ [ͳ ± √8aଶ + ͳ]ሺࢇ ∫ ࢄࢊ + ∫ ሻ logࢅࢊ ݖ = ଵଶ௔మ [ͳ ± √8aଶ + ͳ] ሺࢄࢇ + ሻࢅ +  ࢉ

 

2 4 2 22p x y zq z 

2 4 2 22p x y zq z 

   2
2 2 22 (1)px qy z z  

 , , 0m n
f x p y q z 

1 1 2 1 1m
X x x x

x

      1 1
Y y

x

 

2

1
. . ,

z z X
P P

x X x x

            

z
P

X





2
x p P  

2

1
. . ,

z z Y
q Q

y Y y y

    
        

z
Q

Y





2
y q Q  

2 2 2 22 2 (2)P Qz z or P Qz z    
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∴ log ݖ = ଵଶ௔మ [ͳ ± √8aଶ + ͳ]ሺ࢞ࢇ૜ + ૜ሻ࢟ +  is the complete integral of (1) ,  ࢉ

 

5.  Solve  

Sol. The given equation  can be written as 

 

       Since (1) is of the form 
 
with m=1 and n=0 

Put  

Now 
 
where 

 

 

       Equation (1) becomes,   (2) 

      Since (2) is of the form ݂ሺܲ, ,ݍ ሻݖ = Ͳ 

      Put ܲ = ,𝑖݊ ሺʹሻ ݍܽ  ݐ݁݃ ݁ݓ

ݍ  = ௭√௔ሺ௔+ଵሻ,    P=a
௭√௔ሺ௔+ଵሻ 

     But we have ࢄࢊ ࡼ  =  ࢠࢊ +  ࢟ࢊ ࢗ

    Substuting P,q ,we get ࢠࢠࢊ   =  ଵ√௔ሺ௔+ଵሻ ሺࢄࢊ ࢇ +  ሻ࢟ࢊ 

 

 

     Integrating on both sides ∫ ݖ/ݖ݀ = ͳ√ܽሺܽ + ͳሻ ሺࢇ ∫ ࢄࢊ +  ሻ࢟ ࢊ

 ∴ √ܽሺܽ + ͳሻ log ሺܽܺ= ݖ + ሻݕ +  . is  the complete integral of (1), ܥ

 

6.Solve  

2 2 2
x p xpq z 

   2 2 (1)xp xp q z  

 . , 0m n
f x p y q z 

logX x

1
. ,

z z X
P P

x X x x

  
  
  

z
P

X





xp P 

2 2
P Pq z  

2 2
z p x q y 
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Sol.Given equation is         

      The given equation can be written as 

 

       This is of the form  

Put  

Now  

and 
 

 

         Then equation (1) becomes,  

         This if of the form  

         Put ܲ = ܽܳ 𝑖݊ ሺʹሻ, ଶܳଶܽ ݐ݁݃ ݁ݓ + ܳଶ = Ͷݖ 

 ܳ = √ ସ௭௔మ+ଵ,    P=a√ ସ௭௔మ+ଵ, ࢄࢊ ࡼ  =  ࢠࢊ +  ࢅࢊ ࡽ

              Substuting P,Q ,we get ࢠࢊ  =  √ ସ௭௔మ+ଵ ሺࢄࢊ ࢇ + ݖ√ݖ݀     ሻࢅࢊ  = ʹ√ܽଶ + ͳ ሺࢄࢊ ࢇ +  ሻࢅࢊ 

 

               Integrating on both sides , ∫ ݖ√/ݖ݀ = ଶ√௔మ+ଵ ሺࢇ ∫ ࢄࢊ + ∫  ሻࢅࢊ

 √ሺܽଶ + ͳሻ√ݖ =ሺܽܺ + ܻሻ +  ܥ

 

2 2
z p x q y 

   
2 2

1 1
2 2

2 2 (1)p x q y z or px qy z
   

       
   
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     
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    
        

1

2
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. ,
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y Y x Y

    
        
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2 2
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P Q
px and qy  

2 2
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P Q
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   
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√ሺܽଶ + ͳሻ√ݔ√ܽ)= ݖ + (ݕ√ +  is the complete integral of (1) , ܥ

 

7.Solve     ࢞૛࢖૛ + ૛ࢗ૛࢟ =  ૛ࢠ

   Sol. Given  ࢞  ࢙࢏ ࢔࢕࢏࢚ࢇ࢛ࢗࢋ૛࢖૛ + ૛ࢗ૛࢟ = ૛ࢠ … … . . ሺ૚ሻ ሺ݌ݔሻଶ + ሺݍݕሻଶ =  ଶݖ

       Equation (1), becomes ,    ܲଶ + ܳଶ = ܲ ݐݑܲ ଶ……(2)ݖ = ܽܳ 𝑖݊ ሺʹሻ, ܳ ݐ݁݃ ݁ݓ = ଶܽ√ݖ + ͳ ; ܲ = ଶܽ√ݖܽ + ͳ 

             But we have ,                    ࢄࢊ ࡼ  =  ࢠࢊ +  ࢅࢊ ࡽ

            Substuting P,Q ,we get 

௭√௔మ+ଵ  =  ࢠࢊ               ሺࢄࢊ ࢇ + ݖݖ݀    ሻࢅࢊ  = ͳ√ܽଶ + ͳ ሺࢄࢊ ࢇ +  ሻࢅࢊ 

              Integrating on both sides ∫ ݖ/ݖ݀ = ͳ√ܽଶ + ͳ ሺࢇ ∫ ࢄࢊ +  ∫ ሻ √ሺܽଶࢅࢊ + ͳሻ log ሺܽܺ= ݖ + ܻሻ +  ܥ

 √ሺܽଶ + ͳሻ log ሺܽ=ݖ log ݔ + log ሻݕ +  is the Complete solution of (1), ܥ

 

8.Solve ࢞૛࢖૛ + ૛ࢗ૛࢟ = ૚ 

 

   Sol. Given equation is        ࢞૛࢖૛ + ૛ࢗ૛࢟ = ૚ … … . . ሺ૚ሻ ሺ݌ݔሻʹ + ሺݍݕሻʹ = ͳ 

Since (1) is of the form ݂ሺݔ௠݌, ሻݍ௡ݕ = Ͳ with ݉ = ͳ ܽ݊݀ ݊ = ͳ 

Put   and  

Now  where  

 

and  where  

logX x logY y

1
. .

z z X
p P

x X x x

  
  
  

z
P

X





xp P 

1
. .

z z Y
q Q

y Y y y

  
  
  

z
Q

Y







MATHEMATICS - II PARTIAL DIFFERENTIAL EQUATIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 201 
 

 

   
Equation (1), becomes 

 ܲʹ + ܳʹ = ͳ……;2Ϳ 
ܲ ݐݑܲ = ܽ 𝑖݊ ሺʹሻ, ܳ ݐ݁݃ ݁ݓ = √ͳ − ܽଶ 

But we have ࢄࢊ ࡼ  =  ࢠࢊ +  ࢅࢊ ࡽ

Substuting P,Q ,we get ࢠࢊ  =  ሺࢄࢊ ࢇ + √ͳ −  ሻࢅࢊ ʹܽ

 

   Integrating on both sides ∫ ࢠࢊ = ሺࢇ ∫ ࢄࢊ + √ͳ − ܽʹ  ∫  ሻࢅࢊ

 

z =(ܽܺ + √ͳ − ܽʹܻ) +  ܥ

 

z=(ܽ log ݔ + √ͳ − ܽʹlog (ݕ +  is the Complete solution of (1), ܥ

 

EQUATIONS OF THE FORM   ࡲሺ࢖࢔ࢠ, ሻࢗ࢔ࢠ = ૙  ሺ࢚࢔ࢇ࢚࢙࢔࢕ࢉ  ࢇ ࢙࢏ ࢔  ࢋ࢘ࢋࢎ࢝ሻ 

 

Use the following substitution to reduce the above form to an equation of the form f(P,Q)=0 ݐݑ݌       ܼ = { ݊ ௡+ଵ            𝑖݂ݖ ≠ −ͳ   log ݖ ,               𝑖݂ ݊ = −ͳ      
 

EQUATIONS OF THE FORM   ࢌሺ࢞, ሻ࢖࢔ࢠ = ,࢟ሺࢍ  (࢚࢔ࢇ࢚࢙࢔࢕ࢉ  ࢇ ࢙࢏ ࢔  ࢋ࢘ࢋࢎ࢝ሻ   ሺࢗ࢔ࢠ

 

An equation of the above form can be reduced to an equation of the form f(P,Q)=0  

by the substitutions given for the equation  𝐹ሺݖ௡݌, ሻݍ௡ݖ = Ͳ as above  . 

 

 

 

 


qy Q 
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PROBLEMS 

 

1.  Solve  

Sol. Given equation is        

       The given equation can be written as 

 

Or (1) 

       Since (1) is the of the form 
 
with n=1 

 

Then 
 
where  

 

and 
 
where  

    Equation (1) becomes, 
 

 

       This is of the form 
          

 

Let  (say) 

 

 

 

We have  

[By total differentiation] 

 

        Integrating on both sides 

 

 2 2 2 2 2
z p q x y  

 2 2 2 2 2
z p q x y  

2 2 2 2 2 2 2 2 2 2 2 2
z p z q x y or z p x y z q     

   2 22 2
zp x y zq   

   , , .n n
f x pz g y qz

1 1 1 2n
put Z z z z

    

2 . 2
Z z

z P zp
x x

 
  

 
z

P
x





2

P
pz 

2 . 2
Z z

z Q zq
y y

 
  

 
z

Q
y



 2

Q
qz 


2 2

2 2

4 4

P Q
x y  

2 2 2 2. ., 4 4 (2)i e P x y Q   

   1 2, ,f x P f y Q

2 2 2 2 24 4 4P x y Q k   

2 2 2 2 2 24 4 4 4P x k and y Q k    

2 2 2 2 2 24 4 4 4P x k and Q y k    

2 2 2 22 2P x k and Q y k    

.
Z Z

dZ dx dy
x y

 
 
 

Pdx Qdy 

2 2 2 22 2dZ x k dx y k dy    

2 2 2 22 2Z x k dx y k dy     
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 is the complete solution of (1)

 

 

2. Solve the partial differential equation.  

Sol. Given equation is   

        The given equation can be written as 

 

        Since (1) is of the form 
 
with n=1. 

Put  

      Now  where ܲ = 𝜕௓𝜕௫ ; ܳ = 
𝜕௓𝜕௬ 

      and  

     Then equation (1) becomes, 
 

       

     This is of the form  

      Let  (constant) 

 

 

2
2 2 12 sinh

2 2

x k x
x k

k

       
  

2
2 2 12 cosh

2 2

x k y
y k c

k

       
  

2 2 2 1 2 2 2 1sinh cosh
x y

x x k k x y k k c
k k

             
   

2 2 2 2 2 2 1 1sinh cosh
x y

or z x x k y y k k c
k k

                   

2 2
2 2 2 2 2 2

2 2
log

x x k
or z x x k y y k k c

y y k

  
      
   

2 2 2 2 2 2sin cos 1p z x q z y 

2 2 2 2 2 2sin cos 1p z x q z y 

       2 2 2 22 2 2 2sin cos 1 sin 1 cos (1)pz x qz y or pz x qz y    

   , ,n n
f x pz g y qz

1 2n
Z z z

 

2 . 2
2

Z z P
z P zpor pz

x x

 
   

 

2 . 2
2

Z z Q
z Q zqor qz

y y

 
   

 

2 2

2 2sin 1 cos
2 2

P Q
x y

       
   

2 2

2 2. . sin 1 cos (2)
4 4

P Q
i e x y  

   1 2, ,f x p f y q

2 2

2 2 2sin 1 cos
4 4

P Q
x y k  

2 2

2 2 2 2sin 1 cos
4 4

P Q
x k and y k   

 2 2 2 2 2 2sin 4 cos 4 1P x k and Q y k   
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We have   [By total differential] 

 

 

      Integrating on both sides ݖ = ʹ݇ ∫ csc ݔ݀ ݔ + ʹ√ͳ − ݇ଶ ∫ sec  ݕ݀ ݕ

 

 

 

 , is the required complete 

solution of (1) 

 

3.Solve ሺ࢞ + ሻ૛ࢠ࢖ + ሺ࢟ + ሻ૛ࢠࢗ = ૚ 

   Sol.Given  ࢙࢏ ࢔࢕࢏࢚ࢇ࢛ࢗࢋ  ሺ࢞ + ሻ૛ࢠ࢖ + ሺ࢟ + ሻ૛ࢠࢗ = ૚…….(1) 

,݌௡ݖ𝐹ሺ ݉ݎ݋݂ ℎ݁ݐ ݂݋ ݏ𝑖݊ܿ݁ ሺͳሻ 𝑖ݏ           ,ݍ௡ݖ ,ݔ ሻݕ = Ͳ    ݊ = ͳ 

Put ܼ =  ଶݖ= ௡+ଵݖ 

          Differentiating partially w.r.t ‘x’,we get 
𝜕௓𝜕௭ = ௭𝜕௓�� ݐℎܽݐ ݏ𝑖݈݁݌𝑖݉ ݖʹ = ଵଶ௭ 

          But ݌ = 𝜕௭𝜕௓ 𝜕௓𝜕௫=
௉ଶ௭ implies 

𝜕௓𝜕௫ = ௉ଶ = ;݌ݖ ܵ𝑖݉𝑖݈ܽݖݍ ݐ݁݃ ݁ݓ ݕ݈ݎ = ொଶ 

          Substitute in (1),we get ሺݔ + ௉ଶሻଶ + ሺݕ + ொଶሻଶ=1 

           Separating ܲ ܽ݊݀ ݕ ݀݊ܽ ܳ ݉݋ݎ݂ ݔ, the given equation can be written as. 

ሺݔ + ܲʹሻʹ = ͳ − ሺݕ + ܳʹሻʹ =  ଶܭ

ሺݔ + ܲʹሻʹ = ͳ ܦଶ 𝐴𝑁ܭ − ሺݕ + ܳʹሻʹ =  ଶܭ

ݔ)  + ܲʹ) = ܭ
 

22 2 1

sin cos

k k
P and Q

x y


  

Z Z
dZ dx dy

x y

 
 
 

dZ Pdx Qdy  

22 2 1

sin cos

k k
dZ dx dy

x y


 

   22 log cos cot 2 1 log sec tank ecx x k y y c     

   2 22 log cos cot 2 1 log sec tanz k ecx x k y y c      



MATHEMATICS - II PARTIAL DIFFERENTIAL EQUATIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 205 
 

 ܳ = ʹሺ√ሺͳ − ሻݕ−(ଶܭ
 ܲ = ʹሺܭ −  ሻݔ

                                                    

 
              

           Integrating on both sides 

                            

                            

             , is the complete solution of (1) 

 

4..Solve ࢠሺ࢖૛ − ૛ሻࢗ = ࢞ −  ࢟

         Sol. Given equation is               ࢠሺ࢖૛ − ૛ሻࢗ = ࢞ − ࢟ … … … … ሺ૚ሻ ሺࢠ૚૛࢖ሻ૛ − ሺࢠ૚૛ࢗሻ૛ = ࢞ −  2Ϳ;..…࢟
,݌௡ݖ𝐹ሺ ݉ݎ݋݂ ℎ݁ݐ ݂݋ ݏ𝑖݊ܿ݁ ሺʹሻ 𝑖ݏ ,ݍ௡ݖ ,ݔ ሻݕ = Ͳ    ݊ = ͳʹ

 

Put ܼ =  యమݖ= ௡+ଵݖ 

                  Differentiating partially w.r.t ‘x’,we get 
𝜕௓𝜕௭ = ଷଶ ܼ��ݖ�� ݐℎܽݐ ݏ𝑖݈݁݌భమ  𝑖݉ݖ =  ଵଶݖ͵ʹ

                  But ݌ = 𝜕௭𝜕௓ 𝜕௓𝜕௫=Pimplies 
ଶଷ ܲ = ;݌భమݖ ܵ𝑖݉𝑖݈ܽݐ݁݃ ݁ݓ ݕ݈ݎ ଶଷ ܳ = ͵ʹSubstitute in (2),we get ሺ                      ݍభమݖ ܲሻ૛ − ሺʹ͵ ܳሻ૛ = ࢞ −  ࢟

                   Separating ܲ ܽ݊݀ ݕ ݀݊ܽ ܳ ݉݋ݎ݂ ݔ,  
                   the given equation can be written as. ሺʹ͵ ܲሻ૛ − ࢞ = ࢟− + ሺʹ͵ ܳሻ૛ =  ࢑

        Solving, we get  

Z Z
dZ dx dy

x y

 
 
 

22( ) 2 1dz k x dx k y dy       

22 ( ) 2 1z k x dx k y dy c        

 
2 2

22( ) 2 1
2 2

x y
z kx k y c

 
      

 

 2 2 22 2 1z kx x k y y c      
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ࡼ = ૜૛ ࢑√ + ࡽ and ࢞ = ૜૛ ࢑√ +  ࢟

We have   [By total differential] 

 ܼ݀ = ૜૛ ࢑√] + ࢞ࢊ࢞ ࢑√ + +  [࢟ࢊ࢟
                     Integrating on both sides 

                                                ܼ = ଷଶ [∫ ࢑√ + ࢞ࢊ࢞ + ∫ ࢑√ + ࢟ ݕ݀   

యమݖ                         = ሺ݇ + ሻయమ+ሺ݇ݔ + ሻయమݕ + ܿ , is the required complete solution of (1) . 

 

METHOD OF SEPARATION OF VARIABLES 

 

This method is used to reduce one partial differential equation to two or more ordinary 

differential equations,each one involving one of the independent variables.This will be done 

by separating these variables from the beginning. This method is explained through following 

examples. 

 

1. Solve by the  method of separation of variables 
࢞��ࢁ�� = ૛ ࢚��ࢁ�� +  ࢞૜−ࢋwhere U(x,0)=6 ࢁ

Sol.Given equation is 
𝜕௎𝜕௫ = ʹ 𝜕௎𝜕𝑡 + ܷ----------(1) 

 

       Let U(x,t)= X(x) T(t) =XT ---------------(2) , be a solution of (1)   

 

       Differentiating (2) partially  w.r.t  x ant t 𝜕ܷ𝜕ݔ = ݐ�𝜕�   ,    ܶ′ܺ = ܶ′ܺ         
 

       Put these values in equation (1), we have  

                                               ܺ′ܶ = ʹ ܶ′ܺ + ܺܶ      Dividing by    XT 

                                                          ௑′௑ = ʹ ்′் + ͳ--------(3) 

 

    Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘t’ where  x and t are                     

independent variables, the two sides of (3) can be equal to each other for  all values of ‘x’  
and ‘t’ if and only if both sides are equal to a constant. 

Z Z
dZ dx dy

x y

 
 
 

dZ Pdx Qdy  
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      Therefore ௑′௑ = ʹ ்′் + ͳ=k--------(4)  where k is a constant 

 

      Now from (4)           ௑′௑   =  k----(5)   and  ʹ ்′் + ͳ=k-------(6) 

 

      Now consider (5)  
௑′௑   =  k   10 kx

X kX X C e    
 

      Now consider (6)    ʹ ்′் + ͳ=k  

1

2

2

1
0 (8)

2

k
tk

T T T C e

 
 
        

   

       Substituting the values of X and T in (2) we get  

1

2

1 2( , )

k
t

kx
U x t X C e C e

 
 
  

 
 

          

1

2

1 2(  A=C C, ) ( )

k
t

kx
U x t X wA e ee her

 
 
  

 

       Put t=0 in the above equation ,we have U(x,0) = A
kx

e -----(9) 

 

       but given that U(x,0)=6݁−ଷ௫--------(10) 

 

        from (9) and (10) we have A kx
e =6݁−ଷ௫ 

      ∴  A=6 and k=-3 ,hence the solution of the given equation is  

 

                                       
 23 (3 2 )( , ) 6 6

tx x t
U x t X e e e

      

2. Solve the equation  by the  method of separation of variables
𝝏૛࢞��ࢁ૛ = ࢟��ࢁ�� + ૛ࢁ 

    Sol. Given equation is 
𝜕మ௎𝜕௫మ = 𝜕௎𝜕௬ + ʹܷ ----------(1) 

 

             Let U(x,y)= X(x) Y(y) =X Y ---------------(2) , be a solution of (1)   

 

             Differentiating (2) partially w.r.t x ant y 

ݔ��ܷ��  = ݕ��ܷ��   ,    ܻ′ܺ = ܻ′ܺ      𝜕ଶܷ𝜕ݔଶ  = ܺ′′ܻ     
 

             Put these values in equation (1), we have  

 ܺ′′ܻ   =  ܻ′ܺ + ʹܻܺ 

 

             Dividing by XY on both sides we have 
௑′′௑ = ௒′′௒ +2 
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௑′′௑ − ʹ = ௒′′௒ -----------------(3) 

 

              Since L.H.S is a function of ‘x’ and the R.H.S is a function of ‘y’ where  x and y are        

independent variables, the two sides of (3) can be equal to each other for all values of 

‘x’ and ‘y’ if and only if both sides are equal to a constant. 

 ௑′′௑ − ʹ = ௒′′௒ = ݇--------(4) 

             Now from (4)             ܺ′′ܺ − ʹ = ݇ − − − − − −ሺͷሻ 

 

             And                                             
௒′′௒ = ݇ − − − − − −ሺ͸ሻ 

 

             From (5)   ܺ′′ − ʹܺ = ݇ܺ                    ܺ′′ − ሺʹ + ݇ሻܺ = Ͳ 

 

            Which is second order differential equation 

 

            Auxiliary equation is ݉ଶ − ሺʹ + ݇ሻ = Ͳ      →    m=±√ሺʹ + ݇ሻ 

 

            Solution of the given equation (5) is ܺ =  ଵ݁√ሺଶ+𝑘ሻܥ
         

          Now consider equation (6)  ܻ′ = ܻ݇   →  ௒′௒ = ݇  

 

          Integrating on both sides we get ݈ݕ݃݋ = + ݕ݇   ଷܥ݃݋݈ 

 

3

3

log (8)kyY
ky Y C e

C

 
     

   
 

          Substituting the values of X and Y in (2) we have 

 

 

 

(2 ) (2 )

1 2 3

(2 ) (2 )

k x k x ky

k x k x ky

U C e C e C e

U Ae Be e

  

  

   
     

 

                                                          Where 1 3 1 2A C C and B C C   
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APPLICATIONS OF PDE 

 

ONE DIMENSIONAL WAVE EQUATION 

 

Let OA be a stretched string of length l with fixed ends O and A. Let us  take x-axis along 

OA and y-axis along OB perpendicular to OA, with O as origin. Let us assume that the 

tension T in the string is constant and large when compared with the weight of the string so 

that the effects of gravity are negligible. Let us pluck the string in the BOA plane and allow it 

to vibrate. Let p be any point of the string at time t. Let there be no external forces acting on 

the string. Let each point of the string make small vibrations at right angles to OA in the 

plane of BOA. Draw  perpendicular to OA. Let and . Then y is a 

function of x and t. Under the assumptions, using Newton’s second law of motion, it can be 

proved that  is governed by the equation, 

 

With T = tension in the string at any point and m is mass per unit length of the string. 

 Since the points O and A are not disturbed from their original positions for any time t 

we get        

These are referred to as the end conditions or boundary conditions. Further it is possible that, 

we describe the initial position of the string as well as the initial velocity at any point of the 

string at time  through the conditions 

 

 

 

Where  and  are functions such that ;and . Thus 

to study the subsequent motion of any point of  the string we have to 

solve     following :Determine  such that Subject to the condition  
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    The equation (1) is called one dimensional wave equation 

    Solution of equation (1) subject to the conditions equation (2) to (5) 

 

    Consider the equation  

 

    Let us use the method of separation of variables. Here . Let us take 

 

 

   as solution  of (1). Then     

    Using these in (1) we get   

 

Since the left hand side is a function of x and right hand side is a function of t the equality is 

possible if and only if each side is equal to the same constant (say) . 

 

Hence we shall take   

 

Let us take  to be real. Then three cases are possible  

 

Case 1:-   Let , then  

                Then     

                Hence  
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                Hence in this case, a typical solution is like  

 

Where  are arbitary constants . 

Case 2:- let  then 

 

 

Where  are arbitary constants. 

 

Case 3:-    Let . Then we can write  where  then 

 

 

 

 

                 Hence a typical solution in this case is  

 

 

 

                 Thus the possible solution forms of equation (1) are 
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                Consider       

 

                Using conditions (2)  

 

  

                Using condition (3),  

 

            Solving  And                  We get   Thus 
 

 

 

         This implies that there is no displacement for any x and for any t. This is impossible. 

Thus       is not an appropriate solution . 

 

Consider : 

 

Using (2),  

 

 

Hence  

 

Using (3),  

 

 

since A = 0 

 

Here  Hence B = 0 

                      Thus here again ; Thus as before, this solution also is not valid 

 

                    Hence  is also not appropriate for the present problem 
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Consider  

                   ( using condition 2) 

 

                  Using condition (3) 

 

 

                 and this is invalid  

Hence  

Where n = 1, 2, 3…………. 

Thus  

 

               Thus a typical solution of (1) satisfying conditions (2) & (3) is  

 

 

Since different solutions correspond to different positive integer n. 

 

AN IMPORTANT OBSERVATION HERE : 

 

If  are functions satisfying (1) as well as conditions (2) and (3), as the equation (1) 

is linear, the most general solution of (1) here is  

Thus the most general solution of (1) satisfying (2) & (3) is  

 

 

 

Where  are arbitrary constants to be determined 

 .3S

    , cos sin cos siny x t A px B px C pct D pct  

 
 

, 0

cos sin 0

0

y x t t

A C pct D pct t

A

 

   

 

 , 0y l t t 

 sin cos sin 0B pl C pct D pct 

 0, , 0If B y x t 

sin 0pl 

pl n 

 1,2,3,.......
n

p n
l


 

 , sin cos sin

1,2,3......

n n

n x n ct n ct
y x t C D

l l l

for n

      


 
1

,n n
y x t




  

   
1

, ,
n

n

y x t y x t






   
1

, cos sin sin 6
n n

n

n ct n ct n x
y x t C D

l l l

  



     


n nC and D



MATHEMATICS - II PARTIAL DIFFERENTIAL EQUATIONS 

 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 214 
 

Let us use condition 4:  Thus putting t = 0 in (6) 

 

                Hence  n = 1, 2,….       ……………….(7) 

              Thus  are all determined 

             Let us consider condition (5): 

 

          Hence    Thus  are all determined 

        Hence the displacement   at any point   and at any subsequent time t is given    

by  

 

 

 

Where    

 

 

 

TWO DIMENSIONAL WAVE EQUATION 

 Two dimensional wave equation is given by  

Where , for the unknown  displacement  of a point  of the 

vibrating membrane from rest  at time t. 

The boundary conditions (membrane fixed along the boundary in the xy- plane) for all times 

, are   on the boundary ----(2) 
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And the initial conditions are          

Now we have to find a solution of the partial differential equation (1) satisfying  the 

conditions (2) and (3) . We shall do this in 3 steps, as follows: 

 

Working Rule To Solve Two – Dimensional Wave Equation  

 

Step1: By the “method of separating variables” setting  and later 

 ,we obtain from (1) an ordinary differential equation for G and one partial 

differential equation for F, two ordinary differential equations for H & Q. 

 

Step 2: We determine solutions of these equations that satisfy the boundary conditions (2). 

Step(2) to obtain a solution of (1) satisfying both (2) and (3). That is the solution of the 

rectangular membrane as follows. 

Step 3: Finally, using double fourier series, we compose the solutions obtained in step(2). 

     The double Fourier series for  is given by  

  

      Hence  and  are called Fourier co-efficient of  and are given by 
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PROBLEMS

 

1. Find the solution  of the wave equation  corresponding to the 

triangular initial deflection 

 and initial velocity equal to 0. 

       Sol  To find  we have to solve   

Where  

 

    Equation (1) can be in the form 

 

The three solutions of (1) are 

  

  

       The appropriate solution is S.3 

       Hence  

       Using (2) & (3) 

 

         The most general solution of (1) satisfying (2) & (3) is  
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 Using (4)  

   

Now we can expand the given function  in a half range Fourier sine series for 

 

  

 Comparing (7) & (8) we get  

 

 If  ( an even number )  

 If  

 Thus all  are determined  
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2
sin .sin 8

l

n n

n

n x n x
f x b where b f x dx

l l l

 



   

n n
c b

 

 

   

0

/2

0 /2

/2

2 2 2 22

2 2

0

2
sin

2 2 2
sin sin

sin sincos cos
4

1 1

l

n

l l

l

l

n x
c f x dx

l l

k n x k n x
x dx l x dx

l l l l l

n x n xn x n x

k l ll lx l x
n nn nl

l ll l



 

  

  

 

 
   

 

                                   
             



 

/2

2 2

2 2 2 2 2

2

2 2 2

2 2

4 1 1 1
/ 2. cos sin . ( cos ) .sin

2 2 2 2 2

4
.2. .sin

2

8
.sin

2

l

l

k n l n n l n
l

l n n n n

k l n

l n

k n

n

   
   







              
  

       
  





2n m 2 0mC 

 
 2 1 2 2

8
2 1( ), 1

2 1

m

m

k
n m an odd number C

m 
   



'nC s
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 Hence,  

 

 

2.Solve the boundary value problem  

 

        Sol..   let   is the solution of the wave equation 

 

                     Given conditions are 

      

 

              The required solution of (1) is of the form 

   

         Using (2) & (3), we have 

   

    General solution of (1) satisfying (2) & (3) is  

   

     Now using condition (4)  we get 

 

 

 

 

 

0

0

0

2
sin

0 Since g x   0

t

l

n

u
g x for x l

t

n x
D g x dx

n c l






      



 



   
 

   
22

0

1 2 1 2 18
, sin sin

2 1

m

m

m ct m xk
u x t

l lm

 






  





       2 3;0 ; 0 0, 0, , 0& ,0 0, ,0 sin
          
 

tt xx t

x
u a u x l t with u t u l t u x u x

l



 ,u x t

 
2 2

2

2 2
1

 
 

 
u u

a
t x

         

   
   

30, 0 2 ,0 sin 0, 5

, 0 3

,0 0 4

      

  

   

t

x
u t t and x x l

l

u l t t

u x x l



       1 2 3 4, cos sin cos sin 6    u x t c px c px c pat c pat

1 0 1,2,3.....
n

c and p where n
l


  



   2 3 4, sin cos sin 7
    
 

n x n at n at
u x t c c c

l l l

  

 ,0 0u x
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                 The most general solution of (1) is  

   

 

       From (5) & above result 

 

    Comparing the coefficients of like terms, 

 

    Hence, substituting the values in (9)  

 

3.If a string of length l is initially at rest in equilibrium position and each of its points is 

given the velocity , find the displacement   

   Sol. With the explained notation, the displacement  is given by  

   

   

   

 

2 3

2 3 3 2

2 4

2 4

,0 0 sin 0

sin 0 0 0 8

7 & 8

, sin 0 sin

sin sin
n n

n x
u x c c

l

n x
c c c c

l

from

n x n at
u x t c c

l l

n x n at
c wherec c c

l l





 

 

  

      

   
 

 

   

  
1

1

, sin sin 9

,
sin cos









 

      





n

n

n

n

n x n at
u x t c

l l

u x t n x n at n a
c

t l l l

 

  

 
1

,0 sin
n

n

u n a n x
x C

t l l

 






 

3

1

3

1

1 2

sin sin

3 1 3 3 1
sin sin sin sin sin sin 3

4 4 4 4

2 2
sin sin

n

n

n

n

x n a n x
c

l l l

x x n a n x
c

l l l l

a x a x
c c

l l l l

  

      

   











      
        





1 2 3 4 5

1 2 3 4 5

3 3 1
, 0, , , 0

4 4

3 1
, 0, , 0, 0

4 12

n

a a
c c c c c c

l l

l
c c c c c

a a

 

 

      
 


     

  3 1 3 3
, sin sin sin sin

4 12
 

l x at x at
u x t

a l l a l l

   
 

3sin
o

x
V

l

  ,y x t

 ,y x t
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 The most general  solution of (1) satisfying (2) & (3) is  

 

 

 

   Using (4) we get  which implies  for all n 

 

    Now, using (5), we get     

 

Hence   

 

Hence  

 

 

 

   
   
   

 

2 2

2 2 2

3

0

0

1
1

0, 0 2

, 0 3

,0 0,0 4

sin 5
at t

y y

x c t

y t t

y l t t

y x x l

y x
V

t l




 
 

 
  

  

   

     

   
1

, cos sin sin 6
n n

n

n ct n ct n x
y x t C D

l l l

  



    
 



 sin 0 0,
n

n x
C x l

l


   0nC 

3

0

0

sin sin

3 1 3
sin sin

4 4

n

n c n x x
D V

l l l

x x
V

l l

  

 



    



0
1 3

3
,

4 12
o

lVl
D D

cV c 


 

  03 3 3
, sin sin sin sin

4 12

o
lV lVct x ct x

y x t
c l l c l l

   
 


 
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UNIT V 

LAPLACE TRANSFORMS  

INTRODUCTION  

 

         Laplace Transformations were introduced by Pierre Simmon Marquis De Laplace 

(1749-1827), a French Mathematician known as a Newton of French. Laplace 

Transformations is a powerful Technique; it replaces operations of calculus by operations of 

Algebra. Suppose an Ordinary (or) Partial Differential Equation together with Initial 

conditions is reduced to a problem of solving an Algebraic Equation.  

 

USES: 

 Particular Solution is obtained without first determining the general solution  

 Non-Homogeneous Equations are solved without obtaining the complementary 

Integral  

 Solutions of Mechanical (or) Electrical problems involving discontinuous force 

functions (R.H.S function) (or) Periodic functions other than and are obtained easily.   

Applications: 

 L.T is applicable not only to continuous functions but also to piece-wise continuous   

functions, complicated periodic functions, step functions, Impulse functions. 

 

Definition: 

                 Let f (t) be a function of‘t’ defined for all positive values of t. Then Laplace 

transforms of f (t) is denoted by L {f (t)} is defined by        
0

(1)st
L f t e f t dt f s


    

Provided that the integral exists. Here the parameter‘s’ is a real (or) complex number. 

The relation (1) can also be written as     1
f t L f s

  

     In such a case the function f(t) is called the inverse Laplace transform of .The 

symbol ‘L’ which transform f(t) in to  is called the Laplace transform operator. The 

symbol ‘L-1’ which transforms ݂(̅s) to f (t) can be called the inverse Laplace transform 

operator. 

 

 f s

 f s
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Conditions for Laplace Transforms 

Exponential order: A function f (t) is said to be of exponential order ‘a’ If  st

t
lt e f t




 a 

finite quantity. 

Ex: (i). The function t
2 

is of exponential order 

       (ii). The function 
3

t
e  is not of exponential order (which is not limit) 

Piece – wise Continuous function: A function f (t) is said to be piece-wise continuous over 

the closed interval [a,b] if it is defined on that interval and is such that the interval can be 

divided in to a finite number of sub intervals, in each of which f (t) is continuous and has both 

right and left hand limits at every end point of the subinterval. 

Sufficient conditions for the existence of the Laplace transform of a function: 

The function f (t) must satisfy the following conditions for the existence of the L.T. 

 (i).The function f (t) must be piece-wise continuous (or) sectionally continuous in any 

limited                          interval 0 a t b    

(ii).The function f (t) is of exponential order. 

 

Laplace Transforms of standard functions: 

1. Prove that   1
1L

s
  

Proof:   By definition 

 
0

0 0

11 .1 0 0
st

st e e e
L e dt if s

ss s s

  
  

          
  

   11 0L e
s

    

2. Prove that   2
1L t

s


 

Proof:   By definition
 

 
0 0

. . 1.
st st

st e e
L t e tdt t dt

s s

  
   

        
  

  22

0

1.
st st

e e
t

ss s


  

   
     
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3. Prove that   1

!n

n

n
L t

s


 
where n is a +ve integer 

Proof:  By definition 

  1

0
00

. . . .
st st

n st n n ne e
L t e t dt t n t dt

s s

     
     
   

                   

1

0
0 0 st nn

e t dt
s

       

                   
 1nn

L t
s


 

Similarly
 
   1 21n nn

L t L t
s

 


 

     
   2 32n nn

L t L t
s

 


 

By repeatedly applying this, we get 

      
   1 2 2 1

. . ..... .n n nn n n
L t L t

s s s s s

 


 

                        
 

1

! ! 1 !
1 .

n n n

n n n
L

s s s s
    

Note:  n
L t can also be expressed in terms of Gamma function. 

      1 1

1!
. .,L 1 !n

n n

nn
i e t n n

s s
 

 
      

Def: If n>0 then Gamma function is defined by   1

0

x n
n e x dx

      

We have  
0

.n st n
L t e t dt

    

Putting x=st on R.H.S, we get 

 
0

1
. .

n
n x

n

x
L t t e dx

s s

     1

x st

dx dt
s

 
 
  
 

 

1 0

1
.x n

n
e x dx

s

 
    

0, 0

,

When t x

When t x

  
       

   
1

1
. 1n

n
L t n

s
  

 

 
  1

' 'is +veinteger then 1 !

!n
n

If n a n n

nL t
s



  

 
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Note: The following are some important properties of the Gamma function. 

1.    1 . 0n n n if n      

2.   1 !n n   if n is a +ve integer 

3.    11 1,
2

     

Note: Value of   n
 
in terms of factorial 

   
   
   

2 1 1 1!

3 2 2 2!

4 3 3 3!

   

   

   
 

--------------- 

In general  1 !n n  
 
provided ‘n’ is a +ve integer.  

Taking n=0, it defined 0! =
 

 1 1 
 

4. Prove that   1at
L e

s a


  

Proof:  By definition,  

   
0 0

.
s a tat st at

L e e e dt e dt
       

 

 
0

s a t
e

s a

  
      

0 1e e
if s a

s a s a s a


   

  
 

Similarly   1at
L e if s a

s a

   


 

5. Prove that  
2 2

sinh
a

L at
s a




 

Proof:  sinh
2

at at
e e

L at L
 

  
      1

2

at at
L e L e

     

           
 2 2 2 22 2

1 1 1 1 2

2 2 2

s a s a a a

s a s a s a s as a

                  
 

6. Prove that  
2 2

cosh
s

L at
s a




 

Proof: 

 

 cosh
2

at at
e e

L at L
 

  
   
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             1 1 1 1

2 2

at at
L e L e

s a s a

             

        
 2 2 2 22 2

1 2

2 2

s a s a s s

s a s as a

        
 

7. Prove that  
2 2

sin
a

L at
s a




 

Proof: By definition,  

 
0

sin sinst
L at e atdt

  
           

    

 2 2

0

ssin cos
st

e
at a at

s a

 
    

  

                                                                     2 2
sin sin cos

ax
ax e

e bxdx a bx b bx
a b

 
   

                           
 

    
2 2

a

s a



 

8. Prove that  
2 2

cos
s

L at
s a




 

Proof:  We know that    1at
L e

s a



 

Replace ‘a’ by ‘ia’ we get 

    
1iat s ia

L e
s ia s ia s ia


 

    

 
2 2

. .,L sin
s ia

i e cosat i at
s a


 


 

Equating the real and imaginary parts on both sides, we have 

   
2 2 2 2

cos sin
s a

L at and L at
s a s a

 
   

Problems 

1. Find the Laplace transforms of 2 2(t 1)  

Sol: Here      2 2 4 2f(t) (t 1) 2 1t t    
 

2 2 4 2 4 2{(t 1) } {t 2t 1} {t } 2 {t } {1}L L L L L+ = + + = + +  

             
4 1 3

4! 2! 1
2.

s s s
  

5 3

4! 2! 1
2.

s s s
    

             
5 3

24 4 1

s s s
   2 4

5

1
(24 4 )s s

s
  
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2. Find the Laplace transform of   
1at

e
L

a

 
 
   

Sol: 
1a t

e
L

a

 
 
 

=      1 1
1 1at at

L e L e L
a a

       

          

1 1 1 1

( )a s a s s s a

       
 

3. Find the Laplace transform of Sin2tcost     

Sol:   W.K.T 
1 1

sin 2 cos [2sin 2 cos ] [sin3 sin ]
2 2

t t t t t t  
 

   1 1
{sin 2 cos } [sin3 sin ] L sin3 sin

2 2
L t t L t t t L t

             

  

2

2 2 2 2

1 3 1 2( 3)

2 9 1 ( 1)( 9)

s

s s s s

        
 

4. Find the Laplace transform of Cosh
2
2t 

Sol:  W.K.T  2 1
cosh 2 1 cosh 4

2
t t 

 

   }4{cosh)1(
2

1
2cosh2

tLLtL 
 

       
2

1 1

2 16

s

s s

    

2

2

8

( 16)

s

s s




  

       

5. Find the Laplace transform of Cos
3
3t

 

Sol: Since cos9t=cos3(3t)
 

  

∴
3 1 3

{cos 3 } {cos9 } {cos3 }
4 4

L t L t L t= +
 

        

        

6.  Find the Laplace transforms of  

Sol:  Since 
  

3cos9t=4cos 3t-3cos3t  3 1
(or) cos 3t= cos9 3cos3

4
t t

2 2

1 3
= . .

4 81 4 9

s s

s s


 

 
  

2

2 2 2 2

63s 1 3
=

4 81 9 9 81

s s

s s s s

       

 2
sin cost t

 2 2 2sin cos sin cos 2sin cost t t t t t    1 sin 2t 
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2{(sin cos ) } {1 sin 2 }L t t L t+ = +

 

           {1} {sin 2 }L L t= +
 

            

7. Find the Laplace transforms of cost cos2t cos3t 

Sol:  
 

    

21 1
cos [cos5 cos ] [cos cos5 cos ]

2 2
t t t t t t= + = +

 

                                         

        =  

    
1

{cos cos2 cos3 } {1 cos2 cos4 cos6 }
4

L t t t L t t t             

        =  

        =  

8. Find L.T. of  Sin
2
t 

Sol: 2 1 cos 2
{sin }

2

t
L t L

   
 

 

                   
2

1 1 1
[L{1} {cos 2 }]

2 2 4

s
L t

s s

      
 

9. Find L(√࢚)  

Sol:         1

1
1

2

2

1
1

2
L t L t

s


   
    

 
where n is not an integer 

    

3 3

2 2

1 1

2 2

2s s


  
  

  
   1 .n n n   

 

10. Find 𝑳 {࢔࢏࢙ሺ𝝎࢚ + 𝜶ሻ}, where a constant is 

Sol:                  ݏ}ܮ𝑖݊ሺ𝜔ݐ + 𝛼ሻ} = 𝛼ݏ݋ܿݐ𝑖݊𝜔ݏ}ܮ + =  {𝑖݊𝛼ݏݐ𝜔ݏ݋ܿ {ݐ𝑖݊𝜔ݏ}ܮ 𝛼ݏ݋ܿ + =                                                        {ݐ𝜔ݏ݋ܿ}ܮ 𝑖݊𝛼ݏ 𝛼ݏ݋ܿ ఠ௦మ+ఠమ + 𝑖݊𝛼ݏ ఠ௦మ+ఠమ 
 

 
2

2 2

1 2 2 4

4 4

s s

s s s s

 
  

 

 1
cos cos 2 cos3 .cos 2.cos 2 .cos3

2
t t t t t t

   21 1
2cos cos5 2cos cos6 cos4 1 cos2

4 4
t t t t t t         

]6cos4cos2cos1[
4

1
ttt 

}]6{cos}4{cos}2{cos}1{[
4

1
tLtLtLL 
















36164

1

4

1
222

s

s

s

s

s

s

s


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Properties of Laplace transform: 

Linearity Property: 

Theorem1: The Laplace transform operator is a Linear operator. 

                . . ( ). .L ( ).i e i L cf t c f t ii L f t g t L f t L g t    Where ‘c’ is 

constant 

Proof:   (i) By definition 

         
0 0

st st
L cf t e cf t dt c e f t dt cL f t

 
      

(ii)  By definition 

         
0

st
L f t g t e f t g t dt


  

 

       

         
0 0

st st
e f t dt e g t dt L f t L g t

 
       

Similarly the inverse transforms of the sum of two or more functions of ‘s’ is the sum of the 

inverse transforms of the separate functions. 

Thus,               1 1 1
L f s g s L f s L g s f t g t
      

 

Corollary:           1 2 1 2 ,L c f t c g t c L f t c L g t    where c1, c2 are constants 

Theorem2: If a, b, c be any constants and f, g, h any functions of t, then  

{ ( ) ( ) ( )} . { ( )} . { ( )} { ( )}L af t bg t ch t a L f t b L g t cL h t+ - = + -  

Proof:  By the definition 

0

{ ( ) ( ) ( )} { ( ) ( ) ( )}st
L af t bg t ch t e af t bg t ch t dt


      

  

. { ( )} { ( )} { ( )}a L f t bL g t cL h t    

 

Change of Scale Property: 

          If { ( )} ( )L f t f s
-

=

 

then

 

1
{ ( )} .

s
L f at f

a a

    
 

 

Proof:  By the definition we have 

     
0 0 0

. st st st
a e f t dt b e g t dt c e h t dt

  
      
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0

{ ( )} ( )st
L f at e f at dt


 

   

 
 
Put

  

du
at u dt

a
  

        

when
 
t 

  
then

 
u 

 
and 0t =

 
then 0u =

          

0

{ ( )} ( )
su

a
du

L f at e f u
a




    

1. Find 𝑳{𝐬ܑܐܖ ૜࢚} 

Sol:  ܮ{sinh {ݐ = ଵ௦మ−ଵ = ݂ሺݏሻ                  ∴ sinh}ܮ {ݐ͵ = ଵଷ ݂ሺݏ ͵⁄ ሻ(Change of scale property) 

 

2. Find 𝑳{𝐜ܗ𝐬 ૠ࢚} 

Sol:  ܮ{cos {ݐ = ௦௦మ+ଵ = ݂ሺݏሻ ሺݕܽݏሻ 

  
cos}ܮ ͹ݐ} = ଵ଻ ݏ)݂ ͹⁄ )  (Change of scale property) 

cos}ܮ   ͹ݐ} = ଵ଻ ௦ ଻⁄(௦ ଻⁄ )మ+ଵ = ௦௦మ+ସଽ  

First shifting property:  

If { ( )} ( ) then {e ( )} ( )at
L f t f s L f t f s a= = -  

Proof: By the definition 

0

{e ( )} e e ( )at st at
L f t f t dt


   

                                

                               
 

                               ( )f u=  

Note: Using the above property, we have {e ( )} (s a)at
L f t f

- = +  

Applications of this property, we obtain the following results 

1. 
1 1

! !
{e } (t )

( )

at n n

n n

n n
L t L

s a s
 
     

 

   .

0

1 1
. .

s
u

a se f u du f
aa a

   
  

 2 2

1 1 3

3 91
3

ss
 



   
0

s a t
e f t dt


  

 
0

ut
e f t dt whereu s a


  

 f s a 
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2. 
2 2 2 2

b
{e sin } (sinbt)

( )

at b
L bt L

s a b s b

      
 

3. 
2 2 2 2

{e cos } (cosbt)
( )

at s a s
L bt L

s a b s b

       
 

4. 
2 2 2 2

{e sinh } (sinhbt)
( )

at b b
L bt L

s a b s b

      
 

5. 
2 2 2 2

{e cosh } (coshbt)
( )

at s a s
L bt L

s a b s b

       
 

1. Find the Laplace Transforms of  

Sol:  Since 3

4

3!
{t }L

s
=  

        Now applying first shifting theorem, we get  

3 3

4

3!
{t }

( 3)

t
L e

s

- =
+

 

2. Find the L.T. of  

Sol:  Since L{cos {ݐʹ = ௦௦మ+ସ 

          Now applying first shifting theorem, we get  ܮ{݁−௧ cos {ݐʹ = ݏ + ͳሺݏ + ͳሻଶ + Ͷ = ݏ + ͳݏଶ + ݏʹ + ͷ 

3. Find L.T of   ࢋ૛࢙࢕ࢉ࢚૛࢚    

Sol: -      L [݁ଶ௧ܿݏ݋ଶݐ] = L [݁ଶ௧ሺ ଵ+௖௢௦ଶ௧ଶ ሻ] 
                                    = ଵଶ [ଶ௧݁]ܮ} +  {[ݐʹݏ݋ଶ௧ܿ݁]ܮ

                                    = ଵଶ ሺ ଵ௦−ଶሻ+ ଵଶ  ௦→௦−ଶ{[ݐʹݏ݋ܿ]ܮ}

                                   = ଵଶ ሺ ଵ௦−ଶሻ+ ଵଶ ௦−ଶሺ௦−ଶሻమ+ଶమ 

                                   = ଵଶ ሺ ଵ௦−ଶሻ+ ଵଶ ௦−ଶሺ௦మ−ସ௦+଼ሻ 
 

Second translation (or) second Shifting theorem: 

If ܮ{݂ሺݐሻ} = ݂ሺݏሻܽ݊݀ ݃ሺݐሻ = { {ሻݐሺ݃}ܮ ℎ݁݊ݐ = ݁−௔௦݂ሺݏሻ଴          ௧<௔௙ሺ௧−௔ሻ,௧>௔
  

Proof:  By the definition 

{ሻݐሺ݃}ܮ  = ∫ ݁−௦௧ ݃ሺݐሻ݀ݐ =∞଴ ∫ ݁−௦௧ ݃ሺݐሻ݀ݐ +௔଴ ∫ ݁−௦௧ ݃ሺݐሻ݀ݐ∞௔   

  = ∫ ݁−௦௧. ݐ݀݋ + ∫ ݁−௦௧ ݂ሺݐ − ܽሻ݀ݐ∞௔ = ∫ ݁−௦௧ ݂ሺݐ − ܽሻ݀ݐ∞௔∞଴  

Let t-a = u so that dt = du And also u = 0 when t = a and u →  when t →
 

3 3t
t e



cos2t
e t


 
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∴ {ሻݐሺ݃}ܮ = ∫ ݁−௦ሺ௨+௔ሻ ݂ሺݑሻ݀ݑ =∞଴ ݁−௔௦ ∫ ݁−௦௨ ݂ሺݑሻ݀ݑ = ݁−௔௦∞଴ ∫ ݁−௦௧ ݂ሺݐሻ݀ݐ∞௔    

      = ݁−௔௦ܮ{݂ሺݐሻ} = ݁−௔௦݂ሺݏሻ  

Another Form of second shifting theorem: 

If  ܮ{݂ሺݐሻ} = ݂ሺݏሻ ܽ݊݀ ܽ > Ͳ ݐℎ݁݊ ܨ}ܮሺݐ − ܽሻܪሺݐ − ܽሻ} = ݁−௔௦݂ሺݏሻ  

where H (t) = {ͳ, ݐ > ͲͲ, ݐ < Ͳ   and H(t) is called Heaviside unit step function. 

Proof:   By the definition  

ݐሺܨ}ܮ  − ܽሻܪሺݐ − ܽሻ} = ∫ ݁−௦௧ ܨሺݐ − ܽሻܪሺݐ − ܽሻ݀ݐ → ሺͳሻ∞଴   

Put t-a=u so that dt= du and also when t=0, u=-a when t → , u→  

 
Then ܨ}ܮሺݐ − ܽሻܪሺݐ − ܽሻ} = ∫ ݁−௦ሺ௨+௔ሻ ܨሺݑሻܪሺݑሻ݀ݑ.      [ܾݍ݁ ݕሺͳሻ]∞௔  

          

             = ∫ ݁−௦ሺ௨+௔ሻ ܨሺݑሻ. Ͳ݀ݑ + ∫ ݁−௦ሺ௨+௔ሻ ܨሺݑሻ. ͳ݀ݑ∞଴   ଴−௔  

                                                                  [Since By the definition of H (t)]

                                               = ∫ ݁−௦ሺ௨+௔ሻ ܨሺݑሻ݀ݑ = ݁−௔௦ ∫ ݁−௦௨ ܨሺݑሻ݀ݑ∞௔∞଴  

                                              by property of Definite Integrals 

           = ݁−௔௦ܮ{ܨሺݐሻ} = ݁−௔௦݂ሺݏሻ  

Note:  

1.  Find the L.T. of g (t) when  

Sol. Let  

 ∴ {ሻݐሺܨ}ܮ = {ݐݏ݋ܿ}ܮ = ௦௦మ+ଵ = ݂ሺݏሻ  

 ݃ሺݐሻ = ݐ)݂} − 𝜋 ͵⁄ ) = ݐ)ݏ݋ܿ − 𝜋 ͵⁄ ), 𝑖݂ ݐ > 𝜋 ͵⁄Ͳ                                                , 𝑖݂ ݐ < 𝜋 ͵⁄                              
Now applying second shifting theorem, then we get        ܮ{݃ሺݐሻ} = ݁−𝜋ೞయ ቀ ௦௦మ+ଵቁ = ௦.௘−𝜋ೞయ௦మ+ଵ    

2. Find the L.T. of (ii)ሺ࢚ − ૛ሻ૜࢛ሺ࢚ − ૛) (ii) ࢋ−૜࢛࢚ሺ࢚ − ૛ሻ
  

 

Sol:  

 

       
0

( ) ( )

0

s u a s u a

a

e F u H u du e F u H u du


   



  

 
0

sa st
e e F t dt


  

   H t a is alsodenoted byu t a 

 
 cos

3 3

0
3

t if t
g t

if t

 



   


  cosf t t
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(i). Comparing the given function with f(t-a) u(t-a), we have a=2 and f(t)=t
3 

 ∴ {ሻݐሺ݂}ܮ = {ଷݐ}ܮ = ଷ!௦ర = ଺௦ర = ݂ሺݏሻ 
 

          Now applying second shifting theorem, then we get            ܮ{ሺݐ − ʹሻଷݑሺݐ − ʹሻ} = ݁−ଶ௦ ଺௦ర = ଺௘−మೞ௦ర   

           (ii).

  

ݐሺݑ௦௧−݁}ܮ − ʹሻ} = .௦ሺ௧−ଶሻ−݁}ܮ ݁−଺ݑሺݐ − ʹሻ} = ݁−଺ܮ{݁−ଷሺ௧−ଶሻݑሺݐ − ʹሻ}                              ݂ሺݐሻ = ݁−ଷ௧ then ݂ሺݏሻ = ଵ௦+ଷ   

          Now applying second shifting theorem then, we get
 

ݐሺݑଷ௧−݁}ܮ           − ʹሻ} = ݁−଺. ݁−ଶ௦ ଵ௦+ଷ = ௘−మሺೞ+యሻ௦+ଷ   

 

Multiplication by‘t’: 

Theorem: If  𝑳{ࢌሺ࢚ሻ} = {ሻ࢚ሺࢌ࢚}𝑳  ࢔ࢋࢎ࢚ ሻ࢙ሺࢌ = ࢙ࢊࢊ−   ሻ࢙ሺࢌ

Proof:   By the definition 
 

         

By Leibnitz’s rule for differentiating under the integral sign, 

                                   

 

    = − ∫ ݁−௦௧{݂ݐሺݐሻ}݀ݐ = −∞଴  {ሻݐሺ݂ݐ}ܮ
 

Thus ܮ{݂ݐሺݐሻ} = −ௗௗ௦ ݂ሺݏሻ 
 

     ∴ {ሻݐ௡݂ሺݐ}ܮ = ሺ−ͳሻ௡ ௗ𝑛ௗ௦𝑛 = ݂ሺݏሻ 

Note: Leibnitz’s Rule 

If 
 
be continuous functions of x and  then  

ௗௗ𝛼 {∫ ݂ሺݔ, 𝛼ሻ݀ݔ௕௔ } = ∫ డడ𝛼௕௔ ݂ሺݔ, 𝛼ሻ݀ݔ  

Where a, b are constants independent of  

 

 

 

   
0

st
f s e f t dt


 

    
0

std d
f s e f t dt

ds ds


 

   
0

std
f s e f t dt

ds s







 
0

st
te f t dt


 

   , ,f x and f x 







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Problems: 

1. Find L.T of tcosat 

Sol: Since {ݐܽ ݏ݋ܿݐ}ܮ = ௦௦మ+௔మ {ݐܽ ݏ݋ܿݐ}ܮ = − ௗௗ௦ [ ௦௦మ+௔మ]  
    =

−௦మ+௔మ−௦.ଶ௦ሺ௦మ+௔మሻమ = ௦మ−௔మሺ௦మ+௔మሻమ
 

2. Find t
2
sin at 

Sol:     Since ܮ{ݏ𝑖݊ ܽݐ} = ௔௦మ+௔మ ݐ}ܮଶ. {ݐܽ 𝑖݊ݏ = ሺ−ͳሻଶ ௗమௗ௦మ ቀ ௔௦మ+௔మቁ  

          =  

3. Find  

Sol:   Since ܮ{ݏ𝑖݊ ͵ݐ} = ଷ௦మ+ଷమ
 

                  ∴ {ݐ͵ 𝑖݊ݏݐ}ܮ = −ௗௗ௦ [ ଷ௦మ+ଷమ] =  ଺௦ሺ௦మ+ଽሻమ 

              Now using the shifting property, we get 

{ݐ͵ 𝑖݊ݏ௧−݁ݐ}ܮ              = ଺ሺ௦+ଵሻሺሺ௦+ଵሻమ+ଽሻమ =  ଺ሺ௦+ଵሻሺ௦మ+ଶ௦+ଵ଴ሻమ 
 

4. Find 𝑳{ࢋ࢚૛࢔࢏࢙࢚ ૜࢚} 

Sol: Since ܮ{ݏ𝑖݊ ͵ݐ} = ଷ௦మ+ଽ
 

 
 

 
2

2 2

3 3
sin3

4 132 9

t
e t

s ss
  

  
L   

{ݐ͵ 𝑖݊ݏଶ௧݁ݐ}ܮ               = ሺ−ͳሻ ௗௗ௦ [ ଷ௦మ−ସ௦+ଵଷ] = ሺ−ͳሻ [ ଴−ଷሺଶ௦−ସሻሺ௦మ−ସ௦+ଵଷሻమ] 
 

 =  

5. Find the L.T. of  

Sol: Since   ሺͳ + ௧ሻଶ−݁ݐ = ͳ + ௧−݁ݐʹ + ଶ݁−ଶ௧ݐ
  

          
       2

2 21 1 2t t t
te te t e

      L L L L  
 

        

 
 

 

2 2

2 3
2 2 2 2

2 32 a s ad as

ds s a s a

    
   

. sin3t
LT of te t



 
 

 
 2 2

2 2

3 2 4 6 2

4 13 4 13

s s

s s s s

 


   

 2

1 t
te



   
2

2

2

1 1 1
2 1 1

1 2

d d

s ds s ds s

              
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6. Find the L.T of t
3
e

-3t
 (already we have solved by another method) 

Sol: ܮ{ݐଷ݁−ଷ௧} = ሺ−ͳሻଷ ௗయௗ௦య  {ଷ௧−݁}ܮ

      = − ௗయௗ௦య ቀ ଵ௦+ଷቁ = −ଷ!ሺ−ଵሻయሺ௦+ଷሻర   

       = 
ଷ!ሺ௦+ଷሻర 

7. Find 𝑳{𝐜ܗ𝐬ܐ ࢚ࢇ 𝐬ܑܖ   {࢚ࢇ

Sol. ܮ{cosh ݐܽ sin {ݐܽ = ܮ {௘ೌ೟+௘−ೌ೟ଶ . sin   {ݐܽ

    =
ଵଶ ௔௧݁}ܮ] sin {ݐܽ + ௔௧−݁}ܮ sin  [{ݐܽ

 

      

8. Find the L.T of the function  

 

Sol: By the definition 

{ሻݐሺ݂}ܮ          = ∫ ݁−௦௧ ݂ሺݐሻ݀ݐ =∞଴ ∫ ݁−௦௧ ݂ሺݐሻ݀ݐ +ଵ଴ ∫ ݁−௦௧ ݂ሺݐሻ݀ݐ∞ଵ  
 

 

   = ∫ ݁−௦௧ ሺݐ − ͳሻଶ݀ݐ∞ଵ = [ሺݐ − ͳሻଶ ௘−ೞ೟−௦ ]ଵ∞ − ∫ ʹሺݐ − ͳሻ ௘−ೞ೟−௦ ଵ∞ݐ݀  
 

 

 

 

 

 

   2 2

1 2 1

1 2

d

s dss s

 
    

   

   2 3

1 2 2

1 2s s s
  

 

   2 22 2

1

2

a a

s a a s a a

 
  

     

   2
1 , 1

0 0 1

f t t t

t

  
  

 
1 2

0 1
0 1st st

e dt e t dt
    

 
1

2
0 1st

e t dt
s

   

 
1

1

2
1

st st
e e

t dt
s s s


                



 2 3 11
1

2 1 2 2
0

st
st ste

e dt e
s s s s s

              


 3 3

2 2
0 s s

e e
s s

 
  
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9. Find the L.T of f (t) defined as ( ) 3f t  ,      t >2 

                                                                       0 ,      0<t<2  

Sol: 
 

{ሻݐሺ݂}ܮ = ∫ ݁−௦௧ ݂ሺݐሻ݀ݐ∞଴  

                          

                          = ∫ ݁−௦௧. Ͳ݀ݐ +ଶ଴ ∫ ݁−௦௧ ͵݀ݐ∞ଶ   

                         

                         
23 s

e
s


 

10. Find 𝑳{࢙࢕ࢉ ࢚ሺ࢚ࢇ +   {ሻ࢈

Sol:               ݏ݋ܿ}ܮሺܽݐ + ܾሻ} = cos}ܮ ݐܽ cos ܾ − sin ݐܽ sin ܾ}   

              = cos ܾ. cos}ܮ {ݐܽ − sin ܾ sin}ܮ   {ݐܽ

   = cos ܾ. ௦௦మ+௔మ − sin ܾ. ௔௦మ+௔మ   
.ݐ}ܮ        ݐሺܽݏ݋ܿ + ܾሻ} = −ௗௗ௦ [cos ܾ. ௦௦మ+௔మ − sin ܾ. ௔௦మ+௔మ] 

            =  

            

11. Find L.T of   L [t࢚࢔࢏࢙࢚ࢋ] 
    Sol: - We know that  L[sint] = 

ଵ ௦మ+ଵ 

                                     L[tsint] = (-1) 
ௗௗ௦L[sint] = -   ௗௗ௦(

ଵ௦మ+ଵሻ= - ሺ−ଵሻଶ௦ሺ௦మ+ଵሻమ 

                                       = ଶ௦ሺ௦మ+ଵሻమ 

By First Shifting Theorem 

L [t݁௧ݏ𝑖݊ݐ] = [ ଶ௦ሺ௦మ+ଵሻమ]௦→௦−ଵ= ଶሺ௦−ଵሻሺሺ௦−ଵሻమ+ଵሻమ = 
ଶሺ௦−ଵሻሺ௦మ−ଶ௦+ଶሻమ 

Division by‘t’: 

Theorem: If 𝑳{ࢌሺ࢚ሻ} = 𝑳 ࢔ࢋࢎ࢚ ሻ࢙ሺࢌ {૚࢚ {ሻ࢚ሺࢌ = ∫ ࢙∞࢙ࢊሻ࢙ሺࢌ   

Proof:   We have  

Now integrating both sides w.r.t s from s to , we have 

   
2

0 2

st st
e f t dt e f t dt

   

   2

22

3 3
0 3 0st st s

e dt e e
s s

    
    

 
 

 

2 22 2

2 2
2 2 2 2

.0 .2.1 .2
cos . sin

s a a ss a s s
b b

s a s a

         
       

 
 2

2 2

2
2 2

1
cos 2 sins a b as b

s a

     

   
0

st
f s e f t dt

  

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0 0

( ) ( )st

s

f s ds e f t dt ds

  
 

  
 

    

                  (Change the order of integration)
 

                         
 

( t is independent of‘s’) 

                           

                          =∫ ݁−௦௧ ௙ሺ௧ሻ௧∞଴ ሻℒݎ݋ሺݐ݀ {ଵ௧ ݂ሺݐሻ} 

Problems: 

1. Find 

 

𝑳 {𝐬ܑܖ ࢚࢚ } 

Sol: Since ܮ{ݏ𝑖݊ݐ} = ଵ௦మ+ଵ = ݂ሺݏሻ 

Division by‘t’, we have 

ܮ  {si୬ ௧௧ } = ∫ ݂ሺݏሻ݀ݏ = ∫ ଵ௦మ+ଵ∞௦∞௦ ݏ݀
 

                = [ܶܽ݊−ଵݏ]௦∞ = ܶܽ݊−ଵ∞− ܶܽ݊−ଵݏ  

                

2. Find the L.T of  

Sol: Since ܮ{sin {ݐܽ = ௔௦మ+௔మ = ݂ሺݏሻ 
 

Division by t, we have 

ܮ  {si୬a ௧௧ } = ∫ ݂ሺݏሻ݀ݏ = ∫ ௔௦మ+௔మ∞௦∞௦  ݏ݀
 

   

 

3. Evaluate 𝑳 {૚−𝐜ܗ𝐬 𝐚 ࢚࢚ } 

Sol: Since  ܮ{ͳ − cos a {ݐ = {ͳ}ܮ − {ݐܽ ݏ݋ܿ}ܮ = ଵ௦ − ௦௦మ+௔మ 

ܮ  {ଵ−c୭s a ௧௧ } = ∫ ቀଵ௦ − ௦௦మ+௔మቁ∞௦ ݏ݀
 

                                 

 
0

st

s
f t e dsdt

    

 
0

st

s
f t e ds dt

       

 
0

st

s

e
f t dt

t

  
   


1 1cot
2

Tan s s    

sin at

t

1 1 11
.

s

s sa Tan Tan Tan
a aa


      

 1 1cot
2

s sTan
a a

    

 2 21
log log

2 s

s s a


     
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Note: 𝑳 {૚−𝐜ܗ𝐬 ࢚࢚ }  =  (Putting a=1 in the above problem) 

4. Find 𝑳 ࢚࢚࢈−ࢋ−࢚ࢇ−ࢋ} } 

Sol:  ܮ {௘−ೌ೟−௘−್೟௧ }=∫ ቀ ଵ௦+௔ − ଵ௦+௕ቁ ௦∞ݏ݀  

                                      

                                      

1

l log log

1
s

a

s ast
b s b

s



          
 

 

                                      

5.  Find 
2

1 cos t

t

 
 
 

L  

Sol:  2

1 cos 1 1 cos
. ..... 1

t t

t t t

       
   

L L  

Now  2

2

1 cos 1 1
log log 1

1 2s
s

t s
ds s s

t s s


                   L

 

    

2 2 2

2 2 2

1 1 1 1
log log log

2 1 2 1 2
s

s s s

s s s


    

           

     

2

2 2

1 cos 1 1
log

2s

t s
ds

t s

      L

 

   

2 2

2 2 3

1 1 2
log . .

2 1s

s

s s
s sds

s s s


                    


 

 
2

2 2

2 2

1 1
2log log log

2 2s
s

s
s s a

s a


              

2

2 2 2

2

1 1 1
og log1 log

2 21
s

s
l

a s a
s


  

              
1

2 2 2 22

2 2 2 2 2

1
og log log

2

s s s a
l

s a s a s



    
          

2 1
log

s

s



   log log log
s

s

s a
s a s b

s b


                

log1 log( ) log( ) log
s b

s a s b
s a

         
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2

2 2 2

1 1 1
.log 1 log 2

2 1ss

s ds
lt s s

s s s





                  


 

             

2
1

2 4 6 2

1 1 1 1 1
.... log 2

2 2 3s
s

s
lt s s Tan s

s s s s







           
     

 
2 3 4

1

2

1 1
0 log 1 2 log 1 .....

2 2 2 3 4

x x x
s Tan s x x

s

                         
       

 

1

2

1 1
cot log 1

2
s s

s

     
   

3. Find L.T of   
࢚࢚࢈−ࢋ−࢚ࢇ−ࢋ      

Sol:  W.K.T    L [݁−௔௧] = ଵ௦+௔    , L [݁−௕௧] = ଵ௦+௕ 

L[௙ሺ௧ሻ௧ ]=∫ ݂ሺ̅ݏሻ݀ݏ∞௦  

            ∴      L [݁−௔௧ − ݁−௕௧ݐ  ] = ∫ ሺ ͳݏ + ܽ −∞
s ͳݏ + ܾሻ݀ݏ 

      = [logሺݏ + ܽሻ − logሺݏ + ܾሻ]௦∞  

 = logሺ௦+௔௦+௕ሻ௦∞   

= logሺଵ+ ೞೌଵ+ ೞ್ሻ௦∞ 

 =log (1)-log (
௦+௔௦+௕)  

=0- log (
௦+௔௦+௕) = log (

௦+௕௦+௔)

 
Laplace transforms of Derivatives: 

If  be continuous and ܮ{݂ሺݐሻ} = ݂ሺݏሻ ݐℎ݁݊ ܮ{݂ଵሺݐሻ} = ሻݏሺ݂ݏ − ݂ሺͲሻ 

Proof:  By the definition 

{ሻݐଵሺ݂}ܮ  = ∫ ݁−௦௧݂ଵሺݐሻ݀ݐ∞଴   

             (Integrating by parts) 

        

  = l ( ) (0)
st

t
t f t fe




 .ݏ+  {ሻݐሺ݂}ܮ

Since f (t) is exponential order 

l ( )
st

t
t f te




 =0   

 ∴ {ሻݐଵሺ݂}ܮ = Ͳ − ݂ሺͲሻ +   {ሻݐሺ݂}ܮݏ

 1
f t

     
0 0

st st
e f t s e f t dt

      

   
0 0

st st
e f t s e f t dt

     
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                          = ሻݏሺ݂ݏ − ݂ሺͲሻ  

The Laplace Transform of the second derivative f
11

(t) is similarly obtained. 

 ∴ {ሻݐଵଵሺ݂}ܮ = .ݏ {ሻݐଵሺ݂}ܮ − ݂ଵሺͲሻ  

         

    

     ∴ {ሻݐଵଵଵሺ݂}ܮ = .ݏ {ሻݐଵଵሺ݂}ܮ − ݂ଵଵሺͲሻ 
 

                           = {ሻݐሺ݂}ܮଶݏ]ݏ − ሺͲሻ݂ݏ − ݂ଵሺͲሻ] − ݂ଵଵሺͲሻ   

                           = {ሻݐሺ݂}ܮଷݏ − ଶ݂ሺͲሻݏ − ଵሺͲሻ݂ݏ − ݂ଵଵሺͲሻ 

    

 

Proceeding similarly, we have 

{ሻݐ௡ሺ݂}ܮ  = {ሻݐሺ݂}ܮ௡ݏ − ௡−ଵ݂ሺͲሻݏ − ௡−ଶ݂ଵሺͲሻݏ … … ݂௡−ଵሺͲሻ 

 

Note 1: ܮ{݂௡ሺݐሻ} = ሻ 𝑖݂ ݂ሺͲሻݏ௡݂ሺݏ = Ͳ ܽ݊݀ ݂ଵሺͲሻ = Ͳ, ݂ଵଵሺͲሻ = Ͳ … ݂௡−ଵሺͲሻ = Ͳ 

Note 2: Now |݂ሺݐሻ| ൑ .ܯ ݁௔௧ ݂ݐ ݈݈ܽ ݎ݋ ൒ Ͳ ܽ݊݀ ݂ܯ ݀݉ܽ ܽ ݏݐ݊ܽݐݏ݊݋ܿ ݁݉݋ݏ ݎ݋.  
We have |݁−௦௧݂ሺݐሻ| = ݁−௦௧|݂ሺݐሻ| ൑ ݁௔௧.  ௔௧݁ܯ

          =M. ݁−ሺ௦−௔ሻ௧ → Ͳ ܽݐ ݏ → ∞  if s>a 

        ∴ 𝑙௧௧→∞ ݁−௦௧݂ሺݐሻ = Ͳ ݂ݏ   ݎ݋ > ܽ  

Problems: 

Using the theorem on transforms of derivatives, find the Laplace Transform of the 

following functions. 

(i). e
at

   (ii). cosat (iii). t sin at        

(i).  

{ሻݐଵሺ݂ }ܮ ݓ݋ܰ       = .ݏ {ሻݐሺ݂ }ܮ − ݂ሺͲሻ  

        𝑖. ݁. , { ௔௧݁ܽ}ܮ = .ݏ { ௔௧݁}ܮ − ͳ  

       𝑖. ݁. , ௔௧݁}ܮ  } − .ݏ { ௔௧݁}ܮ = −ͳ  

          𝑖. ݁. , ሺܽ − { ௔௧݁}ܮሻݏ = −ͳ 

           ∴ ௔௧݁}ܮ  } = ଵ௦−௔ 

(ii). ݐ݁ܮ ݂ሺݐሻ = ሻݐℎ݁݊ ݂ଵሺݐ ݐܽݏ݋ܿ = ሻݐଵଵሺ݂ ݀݊ܽ ݐ𝑖݊ܽݏܽ− = −ܽଶܿݐܽݏ݋ 

          ∴ {ሻݐଵଵሺ݂ }ܮ = {ሻݐሺ݂ }ܮଶݏ − .ݏ ݂ሺͲሻ−݂ଵሺͲሻ  

               

             ܶℎ݁݊ ܮ{−ܽଶ cos {ݐܽ = cos}ܮଶݏ {ݐܽ − .ݏ ͳ − Ͳ 

                        ⟹ −ܽଶܮ{cos {ݐܽ − cos}ܮଶݏ {ݐܽ =   ݏ−

     1. 0 0s s f s f f    

     2 10 0s f s sf f  

     1 . 0 1at at
Let f t e Then f t a e and f  

   10 cos0 1 0 sin 0 0Now f and f a    
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                        ⟹ −ሺݏଶ + ܽଶሻܮ{cos {ݐܽ = ݏ− ⇒ cos}ܮ {ݐܽ = ௦௦మ+௔మ  

(iii).  

                    

               Also fሺͲሻ = Ͳ and ݂ଵሺͲሻ = Ͳ 

{ሻݐଵଵሺ݂ }ܮ ݓ݋ܰ      = {ሻݐሺ݂ }ܮଶݏ −  ሺͲሻ−݂ଵሺͲሻ݂ݏ

       𝑖. ݁. , ܽʹ}ܮ cos ݐܽ − ܽଶݐ sin {ݐܽ = tsin}ܮଶݏ {ݐܽ − Ͳ − Ͳ  

       𝑖. ݁. cos}ܮ ܽʹ, {ݐܽ − ܽଶݐ}ܮ sin {ݐܽ − tsin}ܮଶݏ {ݐܽ = Ͳ  

       𝑖. ݁. , −ሺݏଶ + ܽଶሻܮ{t sin {ݐܽ = −ଶ௔௦௦మ+௔మ ⇒ t sin}ܮ {ݐܽ = ଶ௔௦ሺ௦మ+௔మሻమ  

Laplace Transform of Integrals:        

If  ܮ{݂ሺݐሻ} = ݂ሺݏሻ ݐℎ݁݊ ܮ {∫ ݂ሺݔሻ௧଴ {ݔ݀ = ௙ሺ௦ሻ௦  
 

Proof:   

Then ݃ଵሺݐሻ = ௗௗ௧ [∫ ݂ሺݔሻ௧଴ [ݔ݀ = ݂ሺݐሻ ܽ݊݀ ݃ሺͲሻ = Ͳ  

  
Taking Laplace Transform on both sides 

{ሻݐଵሺ݃}ܮ  =   {ሻݐሺ݂}ܮ

But ܮ{݃ଵሺݐሻ} = {ሻݐሺ݃}ܮݏ − ݃ሺͲሻ = {ሻݐሺ݃}ܮݏ − Ͳ   [ܵ𝑖݊ܿ݁ ݃ሺͲሻ = Ͳ]  
               ∴ {ሻݐଵሺ݃}ܮ =   {ሻݐሺ݂}ܮ

 ⟹ {ሻݐሺ݃}ܮݏ = {ሻݐሺ݂}ܮ  ⇒ {ሻݐሺ݃}ܮ = ଵ௦     {ሻݐሺ݂}ܮ

ሻݐሺ݃ ݐݑܤ                    = ∫ ݂ሺݔሻ௧଴       ݔ݀
            ∴ ܮ {∫ ݂ሺݔሻ௧଴ {ݔ݀ = ௙ሺ௦ሻ௦  

Problems: 

1. Find the L.T of  

Sol: L{sin {ݐܽ = ௔௦మ+௔మ = ݂ሺݏሻ  

Using the theorem of Laplace transform of the integral, we have 

ܮ  {∫ ݂ሺݔሻ௧଴ {ݔ݀ = ௙ሺ௦ሻ௦  

 ∴ ܮ {∫ sin ௧଴ݐܽ } = ௔௦ሺ௦మ+௔మሻ 
2. Find the L.T of  

Sol:  ܮ{sin {ݐ = ଵ௦మ+ଵ 𝑙௧௧→଴ ݋ݏ݈ܽ  si୬ ௧௧ = ͳ ݁ݔ𝑖ݏݐݏ 

   1sin sin cosLet f t t at then f t at at at  

   11 2cos cos sin 2 cos sinf t a at a at at at a at a t at    

   
0

t

Let g t f x dx 

0
sin

t

atdt

0

sint t
dt

t
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     ∴ ܮ {si୬ ௧௧ } = ∫ sin}ܮ ݏ݀{ݐ = ∫ ଵ௦మ+ଵ ௦∞௦∞ݏ݀  

                                 

 𝑖. ݁. , ܮ {si୬ ௧௧ } = ܶܽ݊−ଵ(ͳ ⁄ݏ )ሺݎ݋ሻܿݐ݋−ଵݏ 

 ∴ ܮ  {∫ si୬ ௧௧௧଴ {ݐ݀ = ଵ௦ ܶܽ݊−ଵ(ͳ ⁄ݏ ) ሺݎ݋ሻ ଵ௦  ݏଵ−ݐ݋ܿ

3. Find L.T of  ࢚−ࢋ ∫ ࢚࢚࢔࢏࢙ ૙࢚࢚ࢊ  

Sol:  L [ ݁−௧ ∫ ௦𝑖௡௧௧ ௧଴ݐ݀ ] 

We know that 

                          L {sint} =  ଵ௦మ+ଵ = ݂ሺ̅ݏሻ 

   L {
௦𝑖௡௧௧ } = ∫ ݂ሺ̅ݏሻ݀ݏ∞௦  =∫ ଵ௦మ+ଵ ௦∞ݏ݀   

  ∞ሻ௦ݏଵ−݊ܽݐ)=        

−∞ଵ−݊ܽݐ=     ݏଵ−݊ܽݐ = 𝜋ଶ − =   ݏଵ−݊ܽݐ  ݏଵ−ݐ݋ܿ

   ∴  L {௦𝑖௡௧௧ }  ݏଵ−ݐ݋ܿ  =

Hence    L {∫ ௦𝑖௡௧௧ ௧଴ݐ݀ } = ଵ௦  ݏଵ−ݐ݋ܿ

By First Shifting Theorem  

                                            L [ ݁−௧ ∫ ௦𝑖௡௧௧ ௧଴ݐ݀ ] =݂ሺ̅ݏ + ͳሻ = ሺ௖௢௧−భ௦௦ ሻ௦→௦+ଵ 

∴ L [ ݁−௧ ∫ ݐݐ𝑖݊ݏ ௧ݐ݀
଴ ] = ͳݏ + ͳ ݏଵሺ−ݐ݋ܿ + ͳሻ 

Laplace transform of Periodic functions: 

If f (t) is a periodic function with period ‘a’.  i.e,    f t a f t 
 
then 

L     
0

1

1

a
st

sa
f t e f t dt

e




 
 

Eg: sin x is a periodic function with period 2
 

   . ., sin sin 2 sin 4 .............i e x x x      

Problems: 

1. A function f (t) is periodic in (0,2b) and is defined as  f t  1  0

1  2

if t b

if b t b

  
   

 

Find its Laplace Transform. 

 1 1 1 1 1 1 1cot ( )
2s

Tan s Tan Tan s Tan s s or Tan
s

            
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Sol:      
2

2 0

1

1

b
st

bs
f t e f t dt

e




 L
 

    
   

2

2 0

1

1

b b
st st

bs b
e f t dt e f t dt

e

 


      
 

    

2

2 0

1

1

b b
st st

bs b
e dt e dt

e

 


      
 

   

2

2

0

1

1

b b
st st

bs

b

e e

e s s

 



    
              

   
     2

2

1
1

1

sb bs sb

bs
e e e

s e

  


        

    
2

2

1
1 2

1

sb bs

bs
f t e e

s e

 


    
L  

2. Find the L.T of the function   sin 0f t t if t



    

              
 2 2

0if t where f t has period
  
  

  
 

Sol:  Since f (t) is a periodic function with period 
2


  

    
0

1

1

a
st

sa
f t e f t dt

e




 L
 

    
2

2 0

1

1

st

s
f t e f t dt

e













L

 

  

2

2 0

1
sin .0

1

st st

s
e t dt e dt

e

 
 

  
 



    
 

 

 

 
2 22

0

sin cos1

1

st

s

e s t t

se







  






  
                

 2 2
sin sin cos

at
b

at

a

e
e bt a bt b bt

a b
 


 

 
 2 22

1 1
.

1

s

s
e

se







 






    
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Laplace Transform of Some special functions: 

1. The Unit step function or Heaviside’s Unit functions: 

It is defined as 

 

ݐሺݑ − ܽሻ = {Ͳ   ݐ < ܽͳ   ݐ > ܽ 

Laplace Transform of unit step function: 

To prove that ݑ}ܮሺݐ − ܽሻ} = ௘−ೌೞ௦  

Proof: Unit step function is defined as ݑሺݐ − ܽሻ = {Ͳ   ݐ < ܽͳ   ݐ > ܽ 

 Then  ݑ}ܮሺݐ − ܽሻ} = ∫ ݁−௦௧ݑሺݐ − ܽሻ∞଴  ݐ݀

        

        

        

        ∴ ݐሺݑ}ܮ − ܽሻ} = ௘−ೌೞ௦   

 

Laplace Transforms of Dirac Delta Function: 

 The Dirac delta function or Unit impulse function ∈݂ሺݐሻ = {ͳ ∈⁄    Ͳ ൑ ݐ ൑∈Ͳ            ݐ >∈      

 

2. Prove that 𝑳{ࢌ∈ሺ࢚ሻ} = ૚−࢙∋࢙−ࢋ∈
 
 hence show that 𝑳{𝜹ሺ࢚ሻ} = ૚ 

Proof:  By the definition  ∈݂ሺݐሻ = {ͳ ∈⁄    Ͳ ൑ ݐ ൑∈Ͳ            ݐ >∈  

And  Hence ܮ{ ∈݂ሺݐሻ} = ∫ ݁−௦௧ ∈݂ሺݐሻ∞଴  ݐ݀

     = ∫ ݁−௦௧ ∈݂ሺݐሻ∈଴ ݐ݀ + ∫ ݁−௦௧ ∈݂ሺݐሻ∞∈   ݐ݀

    = ∫ ݁−௦௧ ଵ∈∈଴ ݐ݀ + ∫ ݁−௦௧. Ͳ∞∈   ݐ݀

                                                = ଵ∈ [௘−ೞ೟−௦ ]଴∈ = − ͳ ∈ ⁄ݏ [݁−௦∈ − ݁଴] = ଵ−௘−ೞ∈௦∈     

                              ∴ }ܮ ∈݂ሺݐሻ} = ଵ−௘−ೞ∈௦∈    

Now  ܮ{𝛿ሺݐሻ} = 𝑙௧∈→଴ }ܮ ∈݂ሺݐሻ} = 𝑙௧∈→଴ ଵ−௘−ೞ∈௦∈    ∴ {ሻݐ𝛿ሺ}ܮ = ͳ ݏݑ𝑖݊݃  L-Hospital rule. 

 

 

   
0

a
st st

a
e u t a dt e u t a dt

     

0
.0 .1

a
st st

a
e dt e dt

   
1

.
st as

st as

a
a

e e
e dt e e

s s s

     
          


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Properties of Dirac Delta Function: 

1. ∫ 𝛿ሺݐሻ∞଴ ݐ݀ = Ͳ 

2. 
 
∫ 𝛿ሺݐሻܩሺݐሻ∞଴ ݐ݀ =  .ሺͲሻ  where G(t) is some continuous functionܩ

3. ∫ 𝛿ሺݐ − ܽሻܩሺݐሻ∞଴ ݐ݀ =  .ሺܽሻ where G(t) is some continuous functionܩ

4.  

Problems 

1. Prove that 𝑳{𝜹ሺ࢚ − {ሻࢇ =  ࢙ࢇ−ࢋ

Sol: By Translation theorem 

 L{𝛿ሺݐ − ܽሻ} = ݁−௔௦ܮ{𝛿ሺݐሻ} 

           = ݁−௔௦      [sin ܿ݁ {ሻݐ𝛿ሺ}ܮ = ͳ] 
2. Evaluate ∫ 𝐜ܗ𝐬 ૛࢚ 𝜹(࢚ − 𝝅 ૜⁄ )∞૙  ࢚ࢊ

Sol: By using property (3) then we get 

 ∫ 𝛿ሺݐ − ܽሻܩሺݐሻ݀ݐ = ሺܽሻ∞଴ܩ     

Here ܽ = 𝜋 ͵⁄ , ሻݐሺܩ = cos  ݐʹ

 

 ∴ ∫ cos ݐܽʹ 𝛿(ݐ − 𝜋 ͵⁄ )∞଴ ݐ݀ = cos ʹ 𝜋 ͵⁄ = −𝜋 ʹ⁄   

3. Evaluate  

Sol: By the 4
th

 Property then we get 

 

      

     

 

 

 

 

 

 

 1 1

0

( ) ( )G t t a G a


  

    1cos2
3 3 2

G a G      

 4 1

0

2t
e t dt


 

   1 1

0

( )t a G t dt G a


  

  4 2t
G t e and a

 

 1 44. t
G t e

 

   1 1 82 4.G a G e
   

   4 1 1 8

0

2 4.t
e t dt G a e


     
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Inverse Laplace Transforms: 

             If is the Laplace transforms of a function of f (t) i.e. ܮ{݂ሺݐሻ} = ݂ሺݏሻ  then f (t) 

is called the inverse Laplace transform of  and is written as ݂ሺݐሻ = ∴  {ሻݏሺ݂}ଵ−ܮ  .ଵ is called the inverse L.T operator−ܮ

Table of Laplace Transforms and Inverse Laplace Transforms 

S.No. ܮ{݂ሺݐሻ} = ݂ሺݏሻ ܮ−ଵ{݂ሺݏሻ} = ݂ሺݐሻ 

{ͳ}ܮ .1 = ͳ ⁄ݏ ଵ{ͳ−ܮ  ⁄ݏ } = ͳ 

{௔௧݁}ܮ .2 = ͳݏ − ଵ{ͳ−ܮ ܽ ݏ − ܽ⁄ } = ݁௔௧ 

{௔௧−݁}ܮ .3 = ͳݏ + ଵ{ͳ−ܮ ܽ ݏ + ܽ⁄ } = ݁௔௧ 

{௡ݐ}ܮ .4 = ௡+ଵݏ!݊ ݊ 𝑖ݏ ܽ + ଵ−ܮ ݎ݁݃݁ݐ𝑖݊ ݁ݒ { ͳݏ௡+ଵ} =  !௡݊ݐ
{௡−ଵݐ}ܮ .5 = ሺ݊ − ͳሻ!ݏ௡ ଵ{ͳ−ܮ  ⁄௡ݏ } = ௡−ଵሺ݊ݐ − ͳሻ! , ݊ = ͳ,ʹ,͵ … 

sin}ܮ .6 {ݐܽ = ଶݏܽ + ܽଶ ܮ−ଵ { ͳݏଶ + ܽଶ} = ͳܽ . sin  ݐܽ

cos}ܮ .7 {ݐܽ = ଶݏݏ + ܽଶ ܮ−ଵ { ଶݏݏ + ܽଶ} = cos  ݐܽ

sinh}ܮ .8 {ݐܽ = ଶݏܽ − ܽଶ ܮ−ଵ { ͳݏଶ − ܽଶ} = ͳܽ sinh  ݐܽ

cosh}ܮ .9 {ݐܽ = ଶݏݏ − ܽଶ ܮ−ଵ { ଶݏݏ − ܽଶ} = cosh  ݐܽ

௔௧݁}ܮ .10 sin {ݐܾ = ܾሺݏ − ܽሻଶ + ܾଶ ܮ−ଵ { ͳሺݏ − ܽሻଶ + ܾଶ} = ͳܾ . ݁௔௧ sin  ݐܾ

௔௧݁}ܮ .11 cos {ݐܾ = ݏ − ܽሺݏ − ܽሻଶ + ܾଶ ܮ−ଵ { ሺݏ − ܽሻሺݏ − ܽሻଶ + ܾଶ} = ݁௔௧ cos  ݐܾ

௔௧݁}ܮ .12 sinh {ݐܾ = ܾሺݏ − ܽሻଶ − ܾଶ ܮ−ଵ { ͳሺݏ − ܽሻଶ − ܾଶ} = ͳܾ . ݁௔௧ sinh  ݐܾ

௔௧݁}ܮ .13 cosh {ݐܾ = ݏ − ܽሺݏ − ܽሻଶ − ܾଶ ܮ−ଵ { ሺݏ − ܽሻሺݏ − ܽሻଶ − ܾଶ} = ݁௔௧ cosh  ݐܾ

௔௧−݁}ܮ .14 sin {ݐܾ = ܾሺݏ + ܽሻଶ + ܾଶ ܮ−ଵ { ͳሺݏ + ܽሻଶ + ܾଶ} = ͳܾ . ݁−௔௧ sin  ݐܾ

௔௧−݁}ܮ .15 cos {ݐܾ = ݏ + ܽሺݏ + ܽሻଶ + ܾଶ ܮ−ଵ { ݏ + ܽሺݏ + ܽሻଶ + ܾଶ} = ݁−௔௧ cos  ݐܾ

{ሻݐ௔௧ ݂ሺ݁}ܮ .16 = ݂ሺݏ − ܽሻ ܮ−ଵ{݂ሺݏ − ܽሻ} = ݁௔௧ܮ−ଵ{݂ሺݏሻ} 

{ሻݐ௔௧ ݂ሺ−݁}ܮ .17 = ݂ሺݏ + ܽሻ ܮ−ଵ{݂ሺݏ + ܽሻ} = ݁−௔௧ ݂ሺݐሻ݁−௔௧ܮ−ଵ{݂ሺݏሻ} 

  

 f s

 f s
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Problems 
 

1. Find the Inverse Laplace Transform of  

Sol: ܮ−ଵ {௦య−ଷ௦+ସ௦య } = ଵ−ܮ {ͳ ⁄ݏ − ͵. ͳ ⁄ଶݏ + Ͷ ⁄ଷݏ } 
 

                        
 
 

                                    

2. Find the Inverse Laplace Transform of 
 ૚૜+࢙૛−૝࢙૛+࢙

Sol: ܮ−ଵ { ௦+ଶ௦మ−ସ௦+ଵଷ} = ଵ−ܮ { ௦+ଶሺ௦−ଶሻమ+ଽ} = ଵ−ܮ { ௦−ଶ+ସሺ௦−ଶሻమ+ଷమ}
 

   
= ଵ−ܮ { ௦−ଶሺ௦−ଶሻమ+ଷమ} +Ͷ. ଵ−ܮ { ଵሺ௦−ଶሻమ+ଷమ} 

 

 

3. Find the Inverse Laplace Transform of  

Sol: ܮ−ଵ {ଶ௦−ହ௦మ−ସ} = ଵ−ܮ { ଶ௦௦మ−ସ − ହ௦మ−ସ} 

            
= ଵ−ܮʹ { ௦௦మ−ସ} − ͷܮ−ଵ { ଵ௦మ−ସ} 

 

                                   

4. Find 𝑳−૚ { ૛࢙+૚࢙ሺ࢙+૚ሻ}  

 

Sol:  ܮ−ଵ {௦+௦+ଵ௦ሺ௦+ଵሻ} = ଵ−ܮ { ଵ௦+ଵ + ଵ௦}  

                           = ଵ−ܮ { ଵ௦+ଵ} + ଵ−ܮ {ଵ௦} = ݁−௧ + ͳ  

5. Find  𝑳−૚ { ૜࢙−ૡ૝࢙૛+૛૞}  

 

Sol: 𝑳−૚ { ଷ௦−଼ସ௦మ+ଶହ} = ଵ−ܮ { ଷ௦ସ௦మ+ଶହ} − ͺܮ−ଵ { ଵସ௦మ+ଶହ}  

                  
= ଷସ ଵ−ܮ { ௦௦మ+(ହ ଶ⁄ )మ} − ସ଼ ଵ−ܮ { ଵ௦మ+(ହ ଶ⁄ )మ}

 

       

2

3

3 4s s

s

 

     1 1 1
2 3

1 1 43
s s s

    L L L

2
21 3 4. 1 3 2

2!

t
t t t     

2 24
cos3 sin3

3

t t
e t e t 

2

2 5

4

s

s




1
2.cosh 2 5. sinh 2

2
t t 

3 5 8 2 5
.cos . sin

4 2 4 5 2
t t 
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6. Find the Inverse Laplace Transform of  

Sol: ܮ−ଵ { ௦ሺ௦+௔ሻమ} = ଵ−ܮ {௦+௔−௔ሺ௦+௔ሻమ} = ݁−௔௧ܮ−ଵ {௦−௔௦మ } 
 

                                 
= ݁−௔௧ܮ−ଵ {ଵ௦ − ௔௦మ} 

                                           
= ݁−௔௧ ଵ−ܮ] {ଵ௦} − ܽ. ଵ−ܮ { ଵ௦మ}]

 

                                                       

7. Find  𝑳−૚ { ૜࢙+ૠ࢙૛−૛࢙−૜} 

 

Sol:    

ݏሺܣ  − ͵ሻ + ݏሺܤ + ͳሻ = ݏ͵ + ͹  

ݏ ݐݑ݌  = ͵, Ͷܤ = ͳ͸ ⇒ ܤ = Ͷ  

ݏ ݐݑ݌  = −ͳ, − Ͷܣ = Ͷ ⇒ ܣ = −ͳ 
 

ଵ−ܮ  { ݏ͵ + ͹ݏଶ − ݏʹ − ͵} = ଵ−ܮ { −ͳݏ + ͳ + Ͷݏ − ͵} = −ͳܮ−ଵ { ͳݏ + ͳ} + Ͷܮ−ଵ { ͳݏ − ͵}
 

      

8. Find 𝑳−૚ {  {(૛+૚࢙)૚ሻ૛+࢙ሺ࢙

Sol: 
௦ሺ௦+ଵሻమሺ௦మ+ଵሻ = ஺௦+ଵ + ஻ሺ௦+ଵሻమ + ஼௦+஽௦మ+ଵ ݏሺܣ  + ͳሻሺݏଶ + ͳሻ + ଶݏሺܤ + ͳሻ + ሺݏܥ + ݏሻሺܦ + ͳሻଶ =  ݏ

Equating Co-efficient of s
3
, A+C=0……..(1) 

Equating Co-efficient of s
2, A+B+2C+D=0…….(2) 

Equating Co-efficient of s, A+C+2D=1…….(3) 

 

Substituting (1) in (3)  

Substituting the values of B and D in (2)   

i.e.  ܣ − ଵଶ + ܥʹ + ଵଶ = Ͳ ⇒ ܣ + ܥʹ = Ͳ, ܣ ݋ݏ݈ܽ + ܥ = Ͳ ⇒ ܣ = Ͳ, ܥ = Ͳ  

3 5 4 5
cos sin

4 2 5 2
t t 

 2

s

s a

 1at
e at
 

2

3 7

2 3 1 3

s A B
Let

s s s s


 

   

2

3 7 1 4

2 3 1 3

s

s s s s

 
  

   

34.t t
e e
  

1
1,2 1

2
put s B B      

1
2 1

2
D D  
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ଵ−ܮ { ௦ሺ௦+ଵሻమሺ௦మ+ଵሻ} = ଵଶ ଵ−ܮ] { ଵ௦మ+ଵ} − ଵ−ܮ { ଵሺ௦+ଵሻమ}]

 

                              = ଵଶ [sin ଵ−ܮ௧−݁−ݐ { ଵ௦మ}]
 

                               

9. Find 𝑳−૚ {  {૝ࢇ૝+૝࢙࢙

Sol: Since   

         = ሺݏଶ + ݏܽʹ + ʹܽଶሻሺݏଶ − ݏܽʹ + ʹܽଶሻ  

                    ሺݏܣ + ଶݏሻሺܤ − ݏܽʹ + ʹܽଶሻ + ሺݏܥ + ଶݏሻሺܦ + ݏܽʹ + ʹܽଶሻ =   ݏ

Solving we get  

ܮ  { ௦௦ర+ସ௔ర} = ଵ−ܮ { − భరೌ௦మ+ଶ௔௦+ଶ௔మ} + ଵ−ܮ { భరೌ௦మ−ଶ௔௦+ଶ௔మ } 

.  

 

 

10. Find i. 𝑳−૚ ૜࢙૝+࢙૛−૜࢙} }  ii. 𝑳−૚ {૜(࢙૛−૛)૛૛࢙૞ } 

Sol: 

 i. ܮ−ଵ {௦మ−ଷ௦+ସ௦య } = ଵ−ܮ {௦మ௦య − ଷ௦௦య + ସ௦య} = ଵ−ܮ {ଵ௦ − ଷ௦మ + ସ௦య}
 = ଵ−ܮ {ଵ௦} − ଵ−ܮ͵ { ଵ௦మ} + Ͷܮ−ଵ { ଵ௦య}  = ͳ − ݐ͵ + Ͷ ௧మଶ! = ͳ − ݐ͵ +   ଶݐʹ

ii. ܮ−ଵ {ଷ(௦మ−ଶ)మଶ௦ఱ } = ଷଶ ଵ−ܮ {(௦మ−ଶ)మ௦ఱ } = ଷଶ ଵ−ܮ {௦ర−ସ௦మ+ସ௦ఱ }  

= ͵ʹ ଵ−ܮ {ͳݏ − Ͷݏଷ + Ͷݏହ} + ͵ʹ ଵ−ܮ} {ͳݏ} − Ͷܮ−ଵ { ͳݏଷ} + Ͷܮ−ଵ { ͳݏହ}} 

     2 2 22

1 1

2 2

11 1 1

s

ss s s



  
  

1
sin

2

t
t te

   

   
2 24 4 2 24 2 2s a s a as   

Let
4 4 2 2 2 24 2 2 2 2

s As B Cs D

s a s as a s as a

 
 

    

1 1
0, 0, ,

4 4
A C B D

a a


   

1

2 2

1 1 1
.

4 ( ) 4
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  
    

L . 1
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  
   

L

1 1 1 1
. . sin . sin

4 4

at at
e at e at
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
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 2

1
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at at
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 
2 2

1 1
.sin .2sinh sin sinh

4 2
at at at at

a a
 



MAMATHMATICS - II LAPLACE TRANSFORMS 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 249 
  

 

 

11.  Find 𝑳−૚ [  [૛ࢇ−૛࢙࢙
Sol:    ܮ−ଵ [ ଶݏݏ − ܽଶ] = ଵ−ܮ [ ଶݏሺʹݏʹ − ܽଶሻ] = ͳʹ ଵ−ܮ [ ݏሺݏʹ − ܽሻሺݏ + ܽሻ] = ͳʹ ଵ−ܮ [ ͳݏ − ܽ + ͳݏ + ܽ]

 

 

                              

12. Find 
1 4

( 1)(s 2)
L

s

  
   

  

Sol:     
1 4

( 1)(s 2)
L

s

  
   

1 1 21 1 1
4 4 4[e e ]

( 1)(s 2) 1 2

t t
L L

s s s

                    

13.       Find 1

2 2

1

( 1) ( 4)
L

s s

  
   

 

Sol: 
2 2 2 2

1

( 1) ( 4) 1 ( 1) 4

A B Cs D

s s s s s


  

      

 

1 1 1 1 1

2 2 2 2 2

1 1 1 1 2 3 1

( 1) ( 4) 1 5 ( 1) 25 4 25

2

25 4

s
L L L L

s s s s s
L

s

                                     
  

2

25

t
e
 1 1

2

1 1 1 2 3 1
cos 2 . sin 2

5 25 25 2

t
L e L t t

s s

          
   

 

 

14. Find 

2
1 2

( 3)(s 2)

s s
L

s s

   
   

   

Sol:   
 

Comparing with s
2
, s, constants, we get 

 

2
1 2

( 3)(s 2)

s s
L

s s

   
   

1 1 4 2

3 15( 3) 5( 2)
L

s s s

  
     

 

2 4 4
2 4 23 4 3 1

1 4 1 2 6 6
2 2! 4! 2 6 4

t t t
t t t

   
              
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1
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at at
e e at

    

2 1 2 3
, , ,

25 5 25 25
A B C D
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1 1 11 4 2

3 15( 3) 5( 2)
L L L

s s s

                   
 

                                             
3 21 4 2

3 15 5

t t
e e
    

15. Find  

2
1

2

2 4

( 9)(s 5)

s s
L

s

   
   

    

Sol:  
2

2

2 4

( 9)(s 5)

s s

s

 
 

=
25 9

A Bs C

s s




   

Comparing with s
2
, s, constants, we get 

 

               

         

2
1

2

2 4

( 9)(s 5)

s s
L

s

   
   

2
1

2

2 4

( 9)(s 5)

s s
L

s

   
          

                              

1 1 1

2 2

31 3 83

34(s 5) 34( 9) 34( 9)
L L L

s s

       
                

                                          

531 831 3cos3t sin3
3434 3

t
e t

       

First Shifting Theorem: 

If    1 1( ) ( ), thenL ( ) ( )at
L f s f t f s a e f t
     

Proof: We have seen that  ( ) ( )at
L e f t f s a     1 1( ) ( ) ( )at at

L f s a e f t e L f s
      

1.  Find   1 1

2

1
( 2)

( 2) 16
L L f s

s

  
    

 

Sol:     
1

2

1

( 2) 16
L

s

  
   

2 1

2

1

16

t
e L

s

        

                                    

2
2 1 sin 4

. sin 4
4 4

t
t e t

e t


 
 

 

2.  Find 1

2

3 2

4 20

s
L

s s

  
   

 

Sol: 
1 1 1

2 2 2 2

3 2 3 2 3( 2) 4

4 20 ( 2) 16 ( 2) 4

s s s
L L L

s s s s

                          
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34 34 34
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1 1

2 2 2 2

2 1
3 4

( 2) 4 ( 2) 4

s
L L

s s

    
          

 

 

2 1 2 1

2 2 2 2

1
3 4

4 4

t ts
e L e L

s s

            
 

 

2 2 1
3 cos 4 4 sin 4

4

t t
e t e t   

 3.  Find 1

2

3

10 29

s
L

s s

  
   

   

Sol: 
1 1 1

2 2 2 2 2

3 3 5 8

10 29 ( 5) 2 ( 5) 2

s s s
L L L

s s s s

                          
 

5 1 5

2 2

8 1
cos 2 8. sin 2

2 2

t ts
e e t t

s

            
L

 

 

Second shifting theorem: 

If  1 1( ) ( ), { ( )} (t)as
L f s f t then L e f s G
    , where 

 
G( )

0

f t a if t a
t

if t a

   
  

   

Proof: We have seen that 
 

G( )
0

f t a if t a
t

if t a

   
  

 
 

                                . ( )as
then L G t e f s


 

                              
   1 ( )as

L e f s G t
  

 

1.  Evaluate (i) 
1

2

1

1

s
e

L
s


  
  

(ii) 

3
1

2( 4)

s
e

L
s


  
  

 

Sol: (i) 
1

2

1

1

s
e

L
s


  
  

= 1

2

1

1
L

s

  
  

+ 
1

2 1

s
e

L
s


  
  

 

  Since
1

2

1
sin ( )

1
L t f t

s

      
, say 

 ∴ By second Shifting theorem, we have
1

2 1

s
e

L
s


  
  

sin(t ) ,

0 ,

if t

if t

 


  
   

  

                                                          or

 

1

2 1

s
e

L
s


  
  

=sin(t-π)H(t-π)= -sint. H(t-π) 

Hence
1

2

1

1

s
e

L
s


  
  

=sint-sint. H (t-π) =sint [1- H (t-π)] 
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Where H (t-π) is the Heaviside unit step function 

(ii)  Since
1 4 1

2 2

1 1

( 4)

t
L e L

s s

          
 

                                              =
4 . ( )t

e t f t , say 

  ∴ By second Shifting theorem, we have

3
1

2( 4)

s
e

L
s


  
  

4( 3).( , 3

0

)

, 3

3t
if t

if t

e t
 

 



 

  

                                                            or

 

3
1

2( 4)

s
e

L
s


  
  

= 4( 3).( 3)t
e t

  H(t-3) 

Where H (t-3) is the Heaviside unit step function 

Change of scale property: 

If     L f t f s , Then   1 1
, 0

t
L f as f a

a a

    
   

Proof: We have seen that     L f t f s
 

                                 

  1
, 0

t
Then f as L f a

a a

     
    

                                    1 1
, 0

t
L f as f a

a a

     
 

 

1.   If 1

2 2( 1)

s
L

s

  
  

=
1

sin
2

t t , find 
1

2 2

8

(4 1)

s
L

s

  
  

  

 Sol: We have 1

2 2( 1)

s
L

s

  
  

=
1

sin
2

t t ,  

Writing as for s, 

       
1

2 2 2(a 1)

as
L

s

  
  

 =
1 1

. . sin
2

t t

a a a
=

2
.sin

2

t t

a a
, by change of scale property. 

Putting a=2, we get  

         
1

2 2

2

(4 1)

s
L

s

  
  

= sin
8 2

t t
or

1

2 2

8

(4 1)

s
L

s

  
  

=
1

sin
2 2

t
 

Inverse Laplace Transform of derivatives: 

Theorem:  1 ( ) ( )L f s f t
   , then  1 ( ) ( 1) ( )

n
n n

L f s t f t
   where ( ) ( )

n
n

n

d
f s f s

ds
     

Proof: We have seen that  ( ) ( 1) (s)

n

n n

n

d
L t f t f

ds
   
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 1 ( ) ( 1) ( )
n

n n
L f s t f t
  

 

1.     Find 1 1
log

1

s
L

s

  
  

 

Sol: Let 1 1
log ( )

1

s
L f t

s

     
 

  1
log)

1
(

s
L t

s
f




  

  1
log( )

1

d
L tf t

ds

s

s

   
  


 

  1

1 1
(

1
)

s
L tf t

s




 
 

     

1 1
(

1
)

1

1s
tf t L

s

    



 

          

1( .
1

)
1

1 Ltf t
s

 


  
 
 

  
1 1

1
L

s

  
  

 

                 = ݁−௧ + ݁௧ 

     

1 1 2sinh
log

1

s t

s t
L
    
 




 

Note: 1 1
log

s
L

s

  
 
 

=  

2. Find  1 1cot ( )L s
  

Sol:   Let  1 1cot ( ) ( )L s f t
    

  1( ) cot ( )L f t s
  

  2 2

1( ) [cot ( )
1 1

1 1

d
L

s
f s

d s
t t

s

       


  

       

1

2
( )

1
sin

1
t

s
tf t L

     
  

       

 1 1 1
cot ( ) sin

t
L s t
    

 

    2sinh
2sinh

t
t f t t f t

t
  

1 t
e

t



  sin t
f t

t

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Inverse Laplace Transform of integrals: 

Theorem:  1 ( ) ( )L f s f t
   , then 1 ( )

( )
s

f t
L f s ds

t


     
  
  

Proof: we have seen that 
( )

( )
s

f t
L f s ds

t

   
    

                            
1 ( )

( )
s

f t
L f s ds

t


     
  
  

1.  Find 
2 2

1 1

( 2 2)

s

s s
L
  
   

 

Sol:  Let 
2 2

1
( )

( 2 2)

s
f s

s s




 
 

Then  1 ( )L f s


=
2 2

1 1

( 2 2)
s

s
ds

s
L

s


   
    
  

                                  =
1

2 2

1

[( 1) 1]

s
L

s

  
   

 

                            = 1

2 2( 1)

t s
e L

s

   
  

, by First Shifting Theorem 

                                sin sin
2 2

t tt t
e t e t
   1

2 2 2
sin

( ) 2

s t
L at

s a a

  
    

Multiplication by power of’s’: 

Theorem:  1 ( ) ( )L f s f t
   , and f (0),then  1 1( ) ( )L s f s f t

   

Proof: we have seen that  1( ) ( ) (0)L f t s f s f   

 1( ) ( )L f t s f s    [ (0) 0]f   or 

 1 1( ) ( )L s f s f t
   

Note:  1 ( ) ( ),if (0) 0forn 1,2,3.........n 1n n n
L s f s f t f
      

 

1.         Find (i)
1

2( 2)
L

s

s

  
  

 (ii)
1

2( 3)
L

s

s

  
  

 

Sol: Let 
2

1
( )

( 2)
f s

s



Then 
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 1 1

2

1
( )

( 2)
L f s L

s

   
   

=
2 1

2

1t
e L

s

   
 
 

=
2 . ( )t

e t f t
  , 

Clearly f (0) =0 

Thus 1

2( 2)
L

s

s

  
  

=
1

2
.
( 2)

s
s

s
L
  
  

=  1 . ( )sL f s


=
1( )f t  

                                            =
2( )td

te
dt


=

2 2t( 2 ) .1t t
e e
   =

2 (1 2 t)t
e
   

Note: in the above problem put 2=3, then 1

2( 3)
L

s

s

  
  

= 3 (1 3t)t
e
   

Division by S: 

Theorem: If  1 ( ) ( )L f s f t
   , Then 

   1

0

tf s
L f u du

s


    
  


 

Proof: We have seen that    
0

t f s
L f u du

s

 
 

 
  

   1

0

tf s
L f u du

s


    
  

  

Note: If  1 ( ) ( )L f s f t
  , then 

   1

2

0 0

.

t tf s
L f u du du

s


    
  

   

1. Find the inverse Laplace Transform of 
2 2 2

1

( )s s a
 

Sol: Since 1

2 2

1

( )
L

s a

  
  

=
1

sinat
a

, we have 

           
1

2 2

1

s( )
L

s a

  
  

=

0

1
sin

t

atdt
a  

                                          =

0

1 cos
t

at

a a

 
 
 

=
2

1
(cosat 1)

a
  =

2

1
(1 cosat)

a
  

Then 1

2 2 2

1

( )
L

s s a

  
  

=
2

0

1
(1 cos )

t

at dtdt
a

  

                                    =
2

0

1 sin
t

at
t

a a

  
 

=
2

1 sin at
t

a a

  
 

 

     1

2 2 2

1

( )
L

s s a

  
   

=
2

1 sin at
t

a a

  
 
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Convolution Definition: 

If f (t) and g (t) are two functions defined for  then the convolution of f (t) and g (t) is 

defined as  

 

 

Properties: 

The convolution operation * has the following properties 

1. Commutative i.e.   

2. Associative   

3. Distributive  

 

Convolution Theorem: If and are functions defined for  then 

 

i.e., The L.T of convolution of f(t) and g(t) is equal to the product of the L.T of f(t) and g(t) 

Proof: WKT 
 

  
 

The double integral is considered within the region enclosed by the line 

u=0 and u=t 

On changing the order of integration, we get 

 

    

    

    

            
 

 

 

 

0t 

       
0

*
t

f t g t f u g t u du 
      * *f t g t canalsobewrittenas f g t

     * *f g t g f t

       * * * *f g h t f g h t      

         * * * 0f g h t f g t f h t for t     

( )f t g( )t 0t 

              * . .f t g t f t g t f s g s L L L

       0 0

t
st

t e f u g t u du dt
   L

   
0 0

t
st

e f u g t u du dt
   

L       
0

st

u
t e f u g t u dt du

    

      0

s t usu

u
e f u e g t u dt du

     

    0 0

su sv
e f u e g v dv du put

     t u v 

            
0 0

.su su
e f u g s du g s e f u du g s f s

     
              * . .f t g t f t g t f s g s L L L
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Problems: 

1. Using the convolution theorem find  

Sol:  =  

 

So that  

 

By convolution theorem, we have 

 

   

 

  

 

 

 

  

 

 

2. Use convolution theorem to evaluate   

Sol: 

 

 

So that 

 

1

2 2 2( )

s
L

s a

  
  

1

2 2 2( )

s
L

s a

  
  

1

2 2 2 2

1
.

s
L

s a s a

  
   

   
2 2 2 2

1s
Let f s and g s

s a s a
 

 

 1 1

2 2
( ) cos ( )

s
f s at f t say

s a

        
L L

 1 1

2 2

1
( ) sin ( )

s
L g s L at g t say

s a a

        



1

2 2 2

0

1
cos . .sin ( )

( )

t
s

L au a t u du
s a a

  
   


 
0

1
sin(au ) sin( )

2

t

at au au at au du
a

     

 
0

1
sin sin(2 )

2

t

at au at du
a

  

0

1 1
sin . .cos(2 )

2 2

t

at u au at
a a

     

   1 1 1
sin cos 2 cos

2 2 2
t at at at at

a a a

       

1 1 1
sin cos cos

2 2 2
t at at at

a a a

     

sin
2

t
at

a


2
1

2 2 2 2( )( )

s
L

s a s b

  
   

2
1 1

2 2 2 2 2 2 2 2
.

( )( )

s s s
L L

s a s b s a s b

            

   
2 2 2 2

s s
Let f s and g s

s a s b
 

 

 1 1

2 2
( ) cos ( )

s
L f s L at f t say

s a

        
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By convolution theorem, we have 

 

 

 

 

 

3. Use convolution theorem to evaluate 

 

Sol: 

 

 

So that 

 

 

 

                    

 

 

 1 1

2 2
( ) cos ( )

( )

s
L g s L bt g t say

s b

   
     



1

2 2 2 2
.

s s
L

s a s b

       0

cos .cosb( )

t

au t u du

 
0

1
cos( ) cos( )

2

t

au bu bt au bu bt du     

0

1 sin( ) sin( )

2

t
au bu bt au bu bt

a b a b

        

2 2

1 sin sin sin sin sin sin

2

at bt at bt a at b bt

a b a b a b

         

1

2 2
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s( 4)
L

s

  
 

 

1 1

2 2 2 2 2

1 1
.

s( 4) ( 4)

s
L L
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    
       

   
 22 2

1

4

s
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 



 1 1

2

1
( ) ( )L g s L t g t say

s

       
 
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.sin 2 in 2
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      
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1
sin 2 sin 2

4 4
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t
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    
 

2
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 
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4. Find  

Sol:  

 

       
 

  So that 

 

 

   

       (By Convolution theorem)

      

         

 (or)

 

 

 

         

         

         

        

 

5. Find  

Sol: 

 

 

So that 

 

 

By using convolution theorem, we have 

1

2

1

( 2)( 1)
L

s s

  
   

1 1

2 2

1 1 1
.

( 2)( 1) 2 1
L L

s s s s

            

   
2

1 1

2 1
Let f s and g s

s s
 

 

 1 1 21
( ) ( )

2

t
L f s L e f t say

s

        

 1 1

2

1
( ) sin ( )

1
L g s L t g t say

s

        

1

2

1 1
.

2 1
L
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      

t
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t
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2 1
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       
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            

   1 1
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 

 
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1

t
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6. Find  

Sol: 

 

 

So that 

 

 

By using convolution theorem, we have 

 

     

    

  =  

  

  

3. Using Convolution theorem, evaluate 𝑳−૚{
 {૛+ૢሻ࢙ሺ𝑺+૛ሻሺ࢙

Sol:  ܮ−ଵ { ଵ௦+ଶ . 𝑆௦మ+ଽ} }ଵ−ܮ = ଵ௦+ଶ . 𝑆௦మ+ଷమ}=ܮ−ଵ{݂ሺ̅ݏሻ. ݃̅ ሺݏሻ} 

 ݂ሺ̅ݏሻ=
ଵ௦+ଶ = ⇒ {ሻݐሺ݂}ܮ ݂ሺݐሻ = ଵ−ܮ { ଵ௦+ଶ} = ݁−ଶ௧----------------- (1) 

 ݃̅ሺݏሻ=
௦௦మ+ଷమ = ⇒ {ሻݐሺ݃}ܮ ݃ሺݐሻ = ଵ−ܮ { ௦௦మ+ଷమ} =  (2) -----------------ݐ͵ݏ݋ܿ

By Convolution theorem we have  

1 2( )

0

1

( 1)(s 2)

t

u t u
L e e du

s

   
   

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
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         

 
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  
  
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   
2 2 2
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 
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       
 
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2 2 2

0

1 1
. sinh ( )

( )

t

u a t u du
s s a a

  
   
L

0

1
sinh( )

t

u at au du
a

 

   
2

0

sin1
cosh

t
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.ሻݏଵ{݂ሺ̅−ܮ ݃̅ ሺݏሻ} = ݂ሺݐሻ ∗ ݃ሺݐሻ 

Where ݂ሺݐሻ ∗ ݃ሺݐሻ = ∫ ݃ሺݑሻ݂ሺݐ − ௧଴ݑሻ݀ݑ  

 ∴ ଵ−ܮ         { ଵ௦+ଶ . 𝑆௦మ+ଽ} = ∫ ݁−ଶሺ௧−௨ሻܿݑ݀ݑ͵ݏ݋௧଴  

           =  ݁−ଶ௧ ∫ ݁ଶ௨ܿݑ݀ݑ͵ݏ݋௧଴  

           = ݁−ଶ௧. ଵଶమ+ଷమ ݑ͵ݏ݋ܿʹ] − ଴௧[ݑ͵𝑖݊ݏ͵  

           =  ௘−మ೟ଵଷ ݐ͵ݏ݋ܿʹ] − ʹ −  [ݐ͵𝑖݊ݏ͵
           = ଵଵଷ [݁−ଶ௧ሺʹܿݐ͵ݏ݋ − [ሻݐ͵𝑖݊ݏ͵ − ଶ௘−మ೟ଵଷ  

Application of L.T to ordinary differential equations: 

 

(Solutions of ordinary DE with constant coefficient): 

1. Step1: Take the Laplace Transform on both the sides of the DE and then by using the 

formula 

1 1 1 2 2 1{f ( )} {f(t)} s (0) s (0) s (0) ............. (0)n n n n n n
L t s L f f f f

         and apply 

given initial conditions. This gives an algebraic equation. 

2. Step2: replace f (0),
1(0)f , 2 (0)f  ,……… 1(0)n

f
 with the given initial conditions. 

Where       1 0 0 –  0f s f f  

     2 2 1(0) –  0 0sf s f s f f  , and so on  

3. Step3: solve the algebraic equation to get derivatives in terms of s. 

4. Step4: take the inverse Laplace transform on both sides this gives f as a function of t 

which gives the solution of the given DE 

 

Problems: 

1. Solve 

 

using Laplace Transformation given that  

and  

Sol: Given that  

Taking the Laplace transform on both sides, we get 

 

111 11 12 2 0y y y y   

1(0) (0) 0y y  11(0) 6y 

111 11 12 2 0y y y y   

       111 11 1( ) 2 ( ) 2 0y t y t y y   L L L L

    3 2 1 11 2 1( ) (0) (0) (0) 2 ( ) (0) (0)s y t s y sy y s y t sy y       L L

    ( ) (0) 2 ( ) 0s y t y y t  L L
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Comparing both sides s2,s,constants,we have 

 

 

______________ 

 

_____________ 

 

 

 

=
 

Which is the required solution 

 

2. Solve  using Laplace Transformation given that 

 

Sol: Given that  

Taking the Laplace transform on both sides, we get 

 

 

   3 2 2 1 11 12 2 ( ) (0) (0) (0) 2 (0) 2 (0) (0)s s s y t s y sy y sy y y         L

0 0 6 2.0 2.0 0     

   3 22 2 ( ) 6s s s y t    L

  3 2

6 6
( )

2 2 ( 1)( 1)( 2)
y t

s s s s s s
 

     
L

1 1 2

A B C

s s s
  

  

( 1)( 2) ( 1)( 2) ( 1)( 1) 6A s s B s s C s s         

2 2 2( 3 2) ( 2) ( 1) 6A s s B s s C s        

0,3 0,2 2 6A B C A B A B C        

A B C 0

2A 2B C 6

  
  

3 6

3 0

A B

A B

 
 

6 6 1

3 0 3 3

A A

A B B A B

  
       

0 1 3 2A B C C A B          

  1 3 2
( )

1 1 2
y t

s s s
   

  
L

1 1 11 1 1
( ) 3. 2.

1 1 2
y t

s s s

                     
L L L 23 2.t t t

e e e
  

11 1 33 2 4 t
y y y t e   

   10 1 0 1y and y  

11 1 33 2 4 t
y y y t e   

         11 1 3( ) ( ) 2 ( ) 43 t
y t y t y t t e  L{ L L L L

     2 1

2
(0) (0) 3 2

4 1
( ) ( ) (0) ( )

3
y t y ts sy y ys

s s
y t        
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Comparing both sides s4,s3,we have 

 

 

 

 

 

 

from eq.(2) B= -7+18+
 

 

 

3. Using Laplace Transform Solve 
 
given that when t=0 

Sol:  Given equation is  

 2
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4 1
( 3 2 4)
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( )y ts s

s s
s 
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Now consider 
 

 

 

Comparing both sides s3,we have
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1

1 3 11 3 1

A B Cs D
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
  

    
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1
1,8 1

8
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1
3, 40 1
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put s B B


     
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A B C C      
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C
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  

3 1 1
3 2 0
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  
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       

 
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  31 1 1 1
cos sin
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4. Solve  

Sol: Given equation is  

 

 

 

 

 

(By using partial fractions)
 

 

 

5. Solve given that x=Dx=0, when t=0 

Sol: Given equation is   

 

 

 

 

 

(By using convolution theorem I –part, partial fraction in II-part)
 

 sin t, 0 2
dx

x x
dt

  

sin t
dx

x
dt

 

       1 sin tx t x t  L L L

        2 2
s. 0x t x x t

s




   


L L

      2 2
s. 2x t x t

s




   


L L

     2 2
1 2s x t

s




   


L

 
  

1

2 2

2

11
x t

ss s





        

L

  
1 1

2 2

1
2

1 1s s s




 
             

L L

2 2 2
1

2 2 2 2

1 1 12
1

t

s

e
s s s

  
  

 
 

 
          
 

L

2 2 2

1
2 cos . sin

1 1 1

t t
e e t t

   
   

    
  

   2 2 sinD n x a nt   

   2 2 sinD n x a nt   

     11 2 sinx t n x t a nt   

       11 2 sin cos cos sinx t n x t a nt a nt   L L L

             2 1 20 0 cos sin sin coss x t sx x n x t a nt a nt      L L L L

    2 2

2 2 2 2
cos sin .

n s
s n x t a a

s n s n
    

 
L

  
   2 2

2 2 2 2
cos sin

n s
x t a a

s n s n
  





L
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6.  Solve    ࢟૚૚ − ૝࢟૚ +  ૜࢟ = using L.T given that y (0) = y ࢚−ࢋ
1
 (0) = 1. 

Sol:  Given equation is  ݕଵଵ − Ͷݕଵ + ݕ͵  = ݁−௧ 

          Applying L.T on both sides we get ܮሺݕଵଵሻ − Ͷܮሺݕଵሻ + ሻݕሺܮ͵  =  ሺ݁−௧ሻܮ

               ⇒ {s
2
L[y] –s y (0) – y

1
 (0)} – 4{s L[y] – y (0)} + 3L{y} = 

ଵ௦+ଵ  
        ⇒ (s

2
 + 4s +3) L{y} –s-1-4 =   ଵ௦+ଵ  

   ⇒ (s
2
 + 4s +3) L{y} = 

ଵ௦+ଵ +s +5 

               ⇒ (s
2
 + 4s +3) L{y} =   ଵ௦+ଵ + s + 5 

  L{y} = 
ଵሺ௦+ଵሻሺ௦మ+ସ௦+ଷሻ + ௦+ହሺ௦మ+ସ௦+ଷሻ 

y =ܮ−ଵ[ ଵሺ௦+ଵሻሺ௦మ+ସ௦+ଷሻ] + ]ଵ−ܮ ௦+ହሺ௦మ+ସ௦+ଷሻ] 
 Let us consider 

]ଵ−ܮ                                               ଵሺ௦+ଵሻሺ௦మ+ସ௦+ଷሻ] = ]ଵ−ܮ ଵሺ௦+ଵሻమሺ௦+ଷሻ] ͳሺݏ + ͳሻሺݏଶ + Ͷݏ + ͵ሻ = ͳሺݏ + ͳሻଶሺݏ + ͵ሻ 

       = ஺௦+ଵ + ஻ሺ𝑆+ଵሻమ + ஼𝑆+ଷ 

      = ሺ−భరሻ௦+ଵ + ሺభమሻሺ𝑆+ଵሻమ + ሺభరሻ𝑆+ଷ 

ଵ[ሺ−భరሻ௦+ଵ−ܮ=       + ሺభమሻሺ𝑆+ଵሻమ + ሺభరሻ𝑆+ଷ] 

   2

1

20

1 1 sin 1
cos .sin . sin

2

t a d
na nx n t x dx

n n ds s n

 
      

  
 L

  
0

cos sin 1
cos 2 cos sin

2 2

ta a
nt nx nt dx t nt

n n

 
   

  
0

cos
cos 2 cos sin sin

2 2

ta a
n t x nt dx t nt

n n

       

 
0

cos 1 sin
.sin 2 cos sin

2 2 2

t
a at

n t x x nt nt
n n n

       

cos sin sin
cos sin

2 2 2

a nt at
t nt nt

n n n

      

 2

cos sin
cos cos sin sin

2 2

a nt at
nt nt

n n

    

 
2

cos sin
cos

2 2

a nt at
nt

n n

   
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ଵ[ሺ−భరሻ௦+ଵ−ܮ= + ሺభమሻሺ𝑆+ଵሻమ + ሺభరሻ𝑆+ଷ] 
=− ଵସ ]ଵ−ܮ ଵ௦+ଵ] + ଵଶ ]ଵ−ܮ ଵሺ𝑆+ଵሻమ] + ଵସ ]ଵ−ܮ ଵ𝑆+ଷ] 

ଵ−ܮ [ ͳሺݏ + ͳሻሺݏଶ + Ͷݏ + ͵ሻ] = − ͳͶ ݁−௧ + ͳʹ ௧−݁ݐ + ͳͶ ݁−ଷ௧ − −−→ ሺͳሻ 

ଵ−ܮ            [ ௦+ହሺ௦మ+ସ௦+ଷሻ] = ]ଵ−ܮ ௦+ଶሺሺ௦+ଶሻమ−ଵሻ]+ܮ−ଵ[ ଷሺሺ௦+ଶሻమ−ଵሻ] 
]ଵ−ܮ࢚૛−ࢋ= ௦ሺ௦మ−ଵሻ]+ܮ−ଵ + ૜ࢋ−૛ܮ࢚−ଵ[ ଵሺ௦మ−ଵሻ]  

ଵ−ܮ           [ ௦+ହሺ௦మ+ସ௦+ଷሻ]  = − ࢚࢔࢏࢙࢚૛−ࢋ૜+࢚࢙࢕ࢉ − −→ ሺʹሻ 

    From (1) & (2) 

  ∴ ݕ = − ଵସ ݁−௧ + ଵଶ ௧−݁ݐ + ଵସ ݁−ଷ௧+ࢋ−૛࢚࢙࢕ࢉ࢚+૜ࢋ−૛࢚࢔࢏࢙࢚ 

 

7. Solve 
࢚૛ࢊ࢞૛ࢊ + ࢞ૢ = ) using L.T. given x (0) =1, x ࢚૛࢙࢕ࢉ

𝝅૛) = -1. 

Sol:  Given  ݔଵଵ + ͻݔ =  ݐʹݏ݋ܿ

L [ݔଵଵ] + ͻ[ݔ] = [ݔ]ܮଶݏ  ⇒ [ݐʹݏ݋ܿ]ܮ − ሺͲሻݔݏ − ଵሺͲሻݔ + ͻݔ]ܮ} = ௦௦మ+ସ ⇒ሺݏଶ + ͻሻ[ݔ]ܮ − ݏ − ܽ = ௦௦మ+ସ ⇒ሺݏଶ + ͻሻ[ݔ]ܮ=  ௦௦మ+ସ + ሺݏ + ܽሻ 

௦ሺ௦మ+ସሺሺ௦మ+ଽሻ  =[ݔ]ܮ           + ௦ሺ௦మ+ଽሻ + ௔ሺ௦మ+ଽሻ 
X= ܮ−ଵ[ ௦ሺ௦మ+ସሺሺ௦మ+ଽሻ] + ]ଵ−ܮ ௦ሺ௦మ+ଽሻ] + ]ଵ−ܮ ௔ሺ௦మ+ଽሻ] 

       = 
ଵହ ]ଵ−ܮ

௦௦మ+ସ − ௦௦మ+ଽ] + ݐ͵ݏ݋ܿ + ௔ଷ  ݐ͵𝑖݊ݏ

     =
ଵହ ]ଵ−ܮ

௦௦మ+ସ] − ଵହ ]ଵ−ܮ ௦௦మ+ଽ] + ݐ͵ݏ݋ܿ + ௔ଷ  ݐ͵𝑖݊ݏ

    =
ଵହ ݐʹݏ݋ܿ − ଵହ ݐ͵ݏ݋ܿ + ݐ͵ݏ݋ܿ + ௔ଷ →------------------  ݐ͵𝑖݊ݏ ሺͳሻ 

Given x (
𝜋ଶ) = -1.      ∴  −ͳ = ଵହ ʹݏ݋ܿ ቀ𝜋ଶቁ − ଵହ ݏ݋ܿ ଷ𝜋ଶ ݏ݋ܿ +  ଷ𝜋ଶ + ݏ݋ܿ ଷ𝜋ଶ  + ௔ଷ 𝑖݊ݏ ଷ𝜋ଶ  ⇒     -1= - ଵହ − Ͳ + Ͳ − ௔ଷ 

         ௔ଷ = − ଵହ + ͳ  

          
௔ଷ = ସହ ∴     x =  ଵହ ݐʹݏ݋ܿ + ସହ ݐ͵ݏ݋ܿ + ସହ  From (1)                     ݐ͵𝑖݊ݏ



MAMATHMATICS - II LAPLACE TRANSFORMS 
 

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD) 268 
  

 

 

 ૡ. 𝑺࢕𝒍ࢋ࢜ሺ𝑫૜ − ૜𝑫૛ + ૜𝑫 − ૚ሻ࢟ = ૚࢟,Using L.T given y (0) =1 ࢚ࢋ૛࢚ = ૙, ૚૚ሺ૙ሻ࢟ = −૛ 

Sol: Given  ݕଵଵଵ − ଵଵݕ͵ + ଵݕ͵ − ݕ =  ଶ݁௧ݐ

[ଵଵଵݕ]ܮ  − [ଵଵݕ]ܮ͵ + [ଵݕ]ܮ͵ − [ݕ]ܮ =  [ଶ݁௧ݐ]ܮ
 ⇒ [ݕ]ܮଷݏ} − ሺͲሻݕଶݏ − ଵሺͲሻݕݏ − {ଵଵሺͲሻݕ − [ݕ]ܮଶݏ}͵ − ଵሺͲሻݕݏ − {ሺͲሻݕ [ݕ]ܮݏ}͵+ − {ሺͲሻݕ − [ݕ]ܮ ⇒ [ଶ݁௧ݐ]ܮ = ሺݏଷ − ଶݏ͵ + ݏ͵ − ͳሻ[ݕ]ܮ − ଶݏ − Ͳ + ʹ + Ͳ + ͵ሺͳሻ − ͵ሺͳሻ = ሺ−ͳሻଶ ݀ଶ݀ݏଶ  [௧݁]ܮ
   ⇒ ሺݏ − ͳሻଷL[y]-ݏଶ + ʹ = ௗమௗ௦మ ቀ ଵ௦−ଵቁ 

                                                     = ଶሺ௦−ଵሻయ 

       ⇒ ሺݏ − ͳሻଷL[y] = ଶሺ௦−ଵሻయ +ݏଶ − ʹ 

[ݕ]ܮ = ʹሺݏ − ͳሻ଺ + ݏଶሺݏ − ͳሻଷ − ʹሺݏ − ͳሻଷ 

ݕ             = ]ଵ−ܮ ଶሺ௦−ଵሻల] + ]ଵ−ܮ ௦మሺ௦−ଵሻయ] − ]ଵ−ܮ ଶሺ௦−ଵሻయ] 
]ଵ−ܮʹ =   ଵሺ௦−ଵሻల] + ]ଵ−ܮ ௦మሺ௦−ଵሻయ] − ]ଵ−ܮʹ ଵሺ௦−ଵሻయ] 

=ʹ݁௧ܮ−ଵ [ ଵሺ௦ሻల] + ଵ−ܮ ௦మሺ௦−ଵሻయ − ʹ݁௧ܮ−ଵ [ ଵ௦య] 
= ʹ݁௧ ௧ఱହ! − ʹ݁௧ ௧మଶ! + ଵ−ܮ [ ௦మሺ௦−ଵሻయ] 

Consider ܮ−ଵ [ ௦మሺ௦−ଵሻయ] 
W.K.T ܮ−ଵ [ ଵሺ௦−ଵሻయ] = ݁௧ܮ−ଵ [ ଵ௦య]=݁௧ ௧మଶ!=௘೟௧మଶ  

ଵ−ܮ [ ݏଶሺݏ − ͳሻଷ] = ݀ଶ݀ݏଶ ቆ݁௧ݐଶʹ ቇ = ͳʹ ݐ݀݀ ሺʹ݁ݐ௧ + ଶ݁௧ሻݐ = ͳʹ ሺʹ݁௧ + ௧݁ݐʹ + ௧݁ݐʹ +  ଶ݁௧ሻݐ

=  ଵଶ ሺʹ݁௧ + Ͷ݁ݐ௧ +  ଶ݁௧ሻݐ

                          ∴ ݕ     = ʹ݁௧ ௧ఱହ! − ʹ݁௧ ௧మଶ! −  ଵଶ ሺʹ݁௧ + Ͷ݁ݐ௧ +  ଶ݁௧ሻݐ

 

 

 

 

 


