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Objectives

e The objective of interpolation is to find an unknown function which approximates the
given data points and the objective of curve fitting is to find the relation between the
variables x and y from given data and such relationships which exactly pass through
the data (or) approximately satisfy the data under the condition of sum of least squares
of errors.

e The aim of numerical methods is to provide systematic methods for solving problems
in a numerical form using the given initial data and also used to find the roots of an
equation and to solve differential equations.

e In the diverse fields like electrical circuits, electronic communication, mechanical
vibration and structural engineering, periodic functions naturally occur and hence
their properties are very required. Indeed, any periodic and non periodic function can
be best analyzed in one way by Fourier series method.

e PDE aims at forming a function with many variables and also their solution methods
.Method of separation of variables technique is learnt to solve typical second order
PDE.

e Properties of Laplace Transform, Inverse Laplace Transform and Convolution

theorem

UNIT - I: Solution of Algebraic, Transcendental Equations and Interpolation

Solution of Algebraic and Transcendental Equations: Introduction — Graphical
interpretation of solution of equations .The Bisection Method — Regula-Falsi Method — The
Iteration Method — Newton-Raphson Method.

Interpolation: Introduction-Errors in polynomial interpolation-Finite differences- Forward
Differences- Backward differences —Central differences — Symbolic relations and separation
of symbols-Differences of a polynomial-Newton’s formulae for interpolation — Central
difference interpolation Formulae — Gauss Central Difference Formulae — Interpolation with
unevenly spaced points-Lagrange’s Interpolation formula.

UNIT - II : Numerical Techniques

Numerical integration: Generalized Quadrature-Trapezoidal rule, Simpson’s 1/3™ and 3/8"
Rule.

Numerical solution of Ordinary Differential equations: Solution by Taylor’s series
method —Picard’s Method of successive Approximation- single step methods-Euler’s
Method-Euler’s modified method, Runge-Kutta Methods.

Curve fitting: Fitting a straight line —Second degree curve-exponential curve-power curve by
method of least squares.

UNIT - III: Fourier series

Definition of periodic function. Fourier expansion of periodic functions in a given interval of
length 2. Determination of Fourier coefficients — Fourier series of even and odd functions —
Half-range Fourier sine and cosine expansions-Fourier series in an arbitrary interval .




UNIT-IV: Partial differential equations

Introduction -Formation of partial differential equation by elimination of arbitrary constants
and arbitrary functions, solutions of first order linear (Lagrange) equation and non-linear
equations (Charpit’s method), Method of separation of variables for second order equations
and Applications of PDE to one dimensional (Heat equation).

UNIT - V Laplace Transforms and Applications

Definition of Laplace transform- Domain of the function and Kernel for the Laplace
transforms- Existence of Laplace transform- Laplace transform of standard functions- first
shifting Theorem,-Laplace transform of functions when they are multiplied or divided by “t”-
Laplace transforms of derivatives and integrals of functions — Unit step function — second
shifting theorem — Dirac’s delta function- Periodic function — Inverse Laplace transform by
Partial fractions-Inverse Laplace transforms of functions when they are multiplied or divided
by ”’s”, Inverse Laplace Transforms of derivatives and integrals of functions- Convolution
theorem —Solving ordinary differential equations by Laplace transforms.

PRESCRIBED TEXT BOOKS:
1. Mathematics-1I by Tata Mc Graw Hill Publishers.

REFERENCES:

1. Mathematical Methods by T.K.V Iyenger ,B.Krishna Gandhi and Others ,S Chand.
2. Introductory Methods by Numerical Analysis by S.S. Sastry, PHI Learning Pvt. Ltd.
3.Advanced Engineering Mathematics by Kreyszig, John Wiley & Sons Publishers.

Outcomes:

e From a given discrete data, one will be able to predict the value of the data at an
intermediate point and by curve fitting, one can find the most appropriate formula for
a guesses relation of the data variables. This method of analysis data helps engineers
to understand the system for better interpretation and decision making.

e The student will be able to find a root of a given equation and will be able to find a
numerical solution for a given differential equation. Helps in describing the system by
an ODE, if possible. Also, suggests to find the solution as a first approximation.

e One will be able to find the expansion of a given function by Fourier series.

e One will be able to find a corresponding Partial Differential Equation for an unknown
function with many independent variables and to find their solution.

e The student is able to solve certain differential equations using Laplace Transform.
Also able to transform functions on time domain to frequency domain using Laplace
transforms




MATHEMATICS-1I INTERPOLATION

UNIT-I
SOLUTION OF ALGEBRAIC, TRANSCENDENTAL EQUATIONS AND
INTERPOLATION
INTRODUCTION
Using mathematical modeling, most of the problems in engg and physical and
economical sciences can be formulated in terms of systems of linear or non linear
equations, ordinary or partial differential equations or Integra equations. In majority of
the cases, the solutions to these problems in analytical form are non-existent or
difficult or not amenable for direct interpretation. In all such problems, numerical
analysis provides approximate solutions practical and amenable for analysis.
Numerical analysis does not strive for exaxtness.instaed.it yields approximations with
specified degree of accuracy. The early disadvantages of the several numbers of
computations involved has been removed through high speed computation using
computers, giving results which are accurate, reliable and fast. Numerical is not only a
science but also an ‘art’ because the choice of ‘appropriate’ procedure which ‘best’
suits to a given problem yields ‘good’ solutions.

Approximations curve is the graph of data obtained through measurement ofr
observation. Curve fitting is the process of finding the “best fit” curve since different
approximation curves can be obtained for the same data. Least squares method is the
best curve fitting by a sum of exponentials, linear weighted and non-linear weighted
least squares approximation.

Solution of algebraic and Transcendental equations
Introduction:

Polynomial function: A function f (x) is said to be a polynomial function, if f (x) isa

polynomial in x. ie, f(x) = agx™ + @y x™ 1+ -+ oo Ay 1x + ay,
wherea, # 0, the co-efficients a,,aq........... a, are real constants and n is a non-negative
integer.

Algebraic function: A function which is a sum (or) difference (or) product of two
polynomials is called an algebraic function. Otherwise, the function is called a
transcendental (or) non-algebraic function.

Eg: f(x) = x3 — 4x? + 5x — 2 is a algebraic equation

Eg:  f(x) = xcosx — e* = 0 is a Transcndental equation

Root of an equation: A number @ is called a root of an equation f(x)=0 if

f(a)=0.We also say that & is a zero of the function.

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 1




MATHEMATICS-1I INTERPOLATION

Graphical view of a root of an equation.

The roots of an equation are the points where the graph y = f (x) cuts the x-axis.

Methods to find the roots of an equation f (x) =0
1.Direct methods 2.Iterative methods
1.Direct methods : We know the solution of the polynomial equations such as linear equation

ax + b =0, and quadratic equation ax®+bx+c =0,using direct methods or analytical methods.
Analytical methods for the solution of cubic and quadratic equations are also available.But we are
unable to find roots of higher order (from fourth order) algebraic equations,and also transcendental

euations.So,we go for Numerical methods i.e Iterative methods

2.Iterative methods:The following are some iteravative methods to find an approximate
root of an equation

(1) Bisection Method

(2) Regula- Falsi Method

(3) Iteration method

(4) Newton Raphson method

Intermediate value theorem: If fis a real-valued continuous function on the interval
[a, b], and u is a number between f(a) and f(b), then there is a ¢ € [a, b] such that f(c) = u.

Bisection method or Half-interval method:

Bisection method is a simple iteration method to find an approximate root of an equation.
Suppose that given equation of the form is f(x) = 0.
In this method first we choose two points x, x4 such that f(x,) and f(x;) will have opposite

signs (i.e f(xg). f(x1) < 0) then the root lies in interval (x,, x;). Now we bisect this interval
at x, ,if f(x,) = 0 then x, is a root of an eqution otherwise the root lies in (xy, X5) or(x,, x;)
accordingly f(xg). f(x3) < 0and f(x;). f(x;) <O.

Assume that f(xg).f(x,) < 0 then the root lies in interval (x,,x,) , now we bisect this
interval at x5, ,if f(x3) = 0 then x5 is a root of an eqution otherwise the root lies in (xy, x3)
or(xs, x,) accordingly f(x,). f(x3) < 0 and f(x3). f(x;) <O.

We continue this procedure till the root is found to the desired accuracy.
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MATHEMATICS-1I INTERPOLATION

PROBLEMS

1. Using bisection method, find the negative root of x’ —4x+9=0
SOL:

Givenf(x)= x> —4x+9

f(-1)=-1+449=12>0

f(-2)=-8+84+9=9>0

f(-3)=-27+12+9=-6<0

Since f(-2)>0 and f(-3)<0 therefore root lies in interval (-2,-3)= (xq, X1)
Bisect this interval to get next approximation X,

ie x2=$= 25, f(=25)>0

Since f(-2)>0 f(-2.5)>0 {£(-3)<0 therefore root lies in (-2.5,-3)

Bisect this interval to get next approximation X5

lex=—2222075, f(=2.75)<0

P

Since f(-2.5)>0 f£(-2.75)<0 f(-3)<0 therefore root lies in (-2.5,-2.75)
Bisect this interval to get next approximation x,

22 2P 2625, f(=2.625) <0

[.e xy=

Since f(-2.5)>0 £(-2.625)>0 f(-2.75)<0 therefore root lies in (-2.625,-2.75)

Bisect this interval to get next approximation Xs

i Xg=— 22 ) 6875, f(—2.6875) <0

Since (-2.625)>0 (-2.6875)>0 1(-2.75)<0 therefore root lies in (-2.6875,-2.75)

Bisect this interval to get next approximation x¢

ie x6:w=——2.7187, f(=2.7187) < 0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)

2). Find a root of the equation x’ —x—1=0 using the bisection method in 5 — stages
Sol Given f(x) =x3—-x—1
f)=-1<0
f2Q)=5>0
~One root lies between 1 and 2
Now see f(1) is near to O than f(2). So root is near to 1
so again find f(1.1),f(1.2)......
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MATHEMATICS-1I INTERPOLATION

Till one is + ve and another — ve.

Clearly (1.1)<0,f(1.2)<0

£(1.3)=-0.103<0

£(1.4)=0.344>0

Since f(1.3)<0 and f(1.4)>0 therefore root lies in interval (1.3,1.4)= (xq, X1)
Bisect this interval to get next approximation X,

1
o =5(13+14)=135

here f(2) =5>0

Since f(1.3)<0 £(1.35) > 0 f(1.4)>0 therefore root lies in (1.3,1.35)

Bisect this interval to get next approximation X5
13+1.35

1.e x3= =1.325, f(1.325) =0.0012>0

> =

Since f(1.3)<0 £(1.325)>0 f(1.35)>0 therefore root lies in (1.3,1.325)
Continuing like above upto two iterations nearly same upto three decimals,we get
~ Approximate Root = 1.32

3) Find a root of an equation 3x= e*using bisection method.
Sol

Let f(x)=3x—e"
f(l):0.281718>0
f(2)=—1.389056<0

Since f(1)>0 and f(2)<0 therefore root lies in interval (1,2)= (x,, X1)
Bisect this interval to get next approximation X,
X, + X

=1.5 f(1.5) > 0

1.6 x, =

Since f(1)>0 f(1.5)>0 f(2)<0 therefore root lies in (1.5,2)

Bisect this interval to get next approximation x5
1.5+2

iexs = =1.75 f(x3) = f(1.75) <0

P

Since f(1.5)>0 £(1.75)<0 f(2)<0 therefore root lies in (1.5,1.75)

Bisect this interval to get next approximation X,
1.5+1.75

i.ex,= =1.625, f(1.625) = 1.666 > 0

2
Continuing like above up to 12 iterations we get
x1; = 1.512323
and
X1, = 1.512208
Therfore we got two successive iterations same up to three decimal places
~ Approximate Root = 1.512
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MATHEMATICS-1I INTERPOLATION

4. Find a root of an equation x logo x= 1.2 using bisection method which lies between 2
and 3

Sol:

Given f(x) = x logiox — 1.2

f(1)=-1.2<0

(2)=-0.59<0

£(3)=0.23>0

Since f(2)>0 and f(3)<0 therefore root lies in interval (2,3)= (xq, X71)

Bisect this interval to get next approximation X,

. 2+3
1. X2=T =2.5

Here f(2.5) <0

Since f(2)<0 £(2.5)<0 £f(3)>0 therefore root lies in (2.5,3)

Bisect this interval to get next approximation X3

2.5+3
iexs= 2+ =2.75 Here f(x3) = f(2.75) > 0
Continuing like above ,we get xq = 2.7453 x,(,=2.7406

-~ Approximate root = 2.74

5.Find a root of an equation x = cosx using bisection method.
SOL:

Given fx) = x - cos(x)

f(0)=0—cosO0 = -1 <0

f(1)=1-cosl = 04597 >0

then one root must be lies between in (0,1)

Here f(1)value is near to zero so

f(09) = 0.2784 >0

f(0.8) = 0.1033>0

f(0.7) = —0.0648 <0

Since £(0.7)<0 and f(8)>0 therefore root lies in interval (0.7,0.8)= (xq, X1)
Bisect this interval to get next approximation x,

xo"Z'X1 — 0.7;-0.8 — 0.75 f(075) — 00183 > 0

Since £(0.7)<0 £(0.75)>0 f£(0.8)>0 therefore root lies in (0.7,0.75)
Bisect this interval to get next approximation X3

X, + X 0.7+ 0.75
iexs =— > 0 = S——=0725  f(0.725) = —0.0235 <0

Since £(0.7)<0 f(0.725) < 0 £(0.75)>0 therefore root lies in (0.725,0.75)
Bisect this interval to get next approximationx,

X2+ x3 0725+ 0.75
2 2

iex, = =0.7375  £(0.7375) = —0.0027 < 0

Since £(0.725) < 0 £(0.7375) < 0 f(0.75)>0 therefore root lies in (0.7375,0.75)
Bisect this interval to get next approximation Xs
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MATHEMATICS-1I INTERPOLATION

X2+ x4 07375+ 0.75

iexs =" = > =0.7425  £(0.7425) = 0.0057 > 0

We continue this procedure till the root is found to the desired accuracy. (stop the procedure
when two successive approximations are same up to four decamal places)
The required approximate root = 0.7392.
6. Find a root of an equation 3x = cosx + 1 using bisection method.
SOL:Given f(x) = 3x— cosx-1
f(0)=-2<0
f(1) = 14597 > 0
f(0.5) = —-0.3776 < 0
Since £(0.5)<0 and f(1)>0 therefore root lies in interval (0.5,1)= (xq, X1)

Bisect this interval to get next approximation X,
Xo+ X1 0.5+1
— =5 = 0.75 f£(0.75) = 0.5183 > 0

Since £(0.5)<0 £(0.75)>0 f£(1)>0 therefore root lies in (0.5,0.75)
Bisect this interval to get next approximation X

1.e Xp=

X2+ Xg _ 0.5+0.75

. = 0.625  f(0.625) = 0.06403 > 0

Since f(0.5)<0 f(0.625) > 0 £(0.75)>0 therefore root lies in (0.5,0.625)

Bisect this interval to get next approximationx,
iex, =" = °'5+§'625 =0.5625  f(0.5625) = —0.1584 < 0
Since f(0.5)<0 f(0.5625) < 0 £(0.625) > 0 therefore root lies in (0.5625,0.625)

X3+ X, _ 0.5625+0.625
2 2 -

i.e x3=

Bisect this interval to get next approximation xg i.e X5=

0.59375  f(0.59375) = —0.0475< 0

We continue this procedure till the root is found to the desired accuracy.

(stop the procedure when two successive approximations are same up to four decamal places)
So the required approximate root = 0.6074.

7.Find the real root of the equation x’-5x+1=0 by bisection method.

Sol: given that f(x)= X°-5x+1
f(0)=1 >0,
f(1)=-3 <0
Hence the root lies between 0 and 1

Let the initial approximation be xo= % =0.5

£f(0.5)=-1.375<0
since f(0) > 0 and £(0.5)<0
therefore the root lies between 0 and 0.5

The second approximation x;= 0+05 =0.25

£(0.25)=-0.234 <0

since f(0) > 0 f(0.25) <0 £(0.5)<0
therefore the root lies between 0 and 0.25
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MATHEMATICS-1I INTERPOLATION

0+0.25 ~0.125

the third approximation x,=

Now (0.125)=0.3749 > 0
f(0) > 0 £(0.125)>0 £(0.25) <0

therefore the root lies between 0 and 0.125

continue this procedure till the desired occurucy is obtained.

False Position Method ( Regula — Falsi Method)

Using False position method we find the approximate root of the given equation f (x) =0 in
in this method first we choose two initial approximate values X, and x; such that f(x,) and
f(x1) will have opposite signs i.e f (xo) S (xl) <0. Therefore the root lies in interaval

(%0, X0)

Here two cases occur (i) f(x,)<0, f(x)>0 @) f(x,)>0, f(x)<0

y
B
(x1,1(x1))
f(X1)>O
C -
o X
f(Xo)<OW root

A (Xo,f(X0))

FIGURE OF CASE (I)

v

Let A=(x,.f(x,)))and B=(x,f(x)) be the points on the curve y= f(x) Then the
y=£(xo) — fO)-fxo) (1)

X—Xo X1—Xo

equation to the chord AB is

At the point C where the line AB crosses the x — axis, where f(x) =0ie, y =0
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MATHEMATICS-1I INTERPOLATION

substitute y = 0 in equation (1), then we get
XX
X=Xx,— f(xo)—>(2)
f(x)-f(x)
x is given by (2) serves as an approximated value of the root, when the interval in which it
lies is small. If the new value of x is taken as x, then (2) becomes

X, = X, _—(xl—xo) X
N () )
=xof(x1)_x1f(xo)

f(x1)_f(xo)

Now we decide whether the root lies between

R 3)

X, and x, (or)x2 and x,

In the above graph clearly f(x;)<0
Therefore root lies between x; and x,

We name that interval as (x,, x, )

x.f (xz ) -X%f (xl)

f(x)-f(x)
This will in general, be nearest to the exact root. We continue this procedure till the root
is found to the desired accuracy.

The next approximation is given by x, =

The iteration process based on (3) is known as the method of false position
The successive intervals where the root lies, in the above procedure are named as

(xo,xl),(xl,xz),(xz,x3) etc

Where x; < x;41 andf(x,), f(x;41) are of opposite signs.
Also x., = xi—lf(xi)_xif(xi—l)

f(xi)_f(xi—l)
CASE(D f(x,)>0, f(x)<0

Repeate same procedure as case(i).

PROBLEMS:

1. Find an approximate root of the equation f(x) = logx — cosx by using Regula-Falsi
method.

Sol : Given equation is f(x) = logx — cosx

f(1) =logl — cos1l = —-0.5403 < 0

f(2) =log2 — cos2 =1.1093 > 0

Since f(1) < 0 and f(2) > 0 Therefore the root lies in interval (1,2) = (x, x;)
Since f(x,) = —0.5403 < 0 and f(x;) = 1.1093 > 0
The next approximation to the root is given by

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 8




MATHEMATICS-1I INTERPOLATION

Y = Xof (x1) — x1f (%)
? f(x1) = f(x0)
f(x;) = f(1.3275) = 0.04239 > 0

= 1.3275

Since f(xy) = —0.5403 < 0 , f(x;) = 0.04239 >0, f(x;) = 1.1093 > 0

Therefore the root lies in interval (x,, x,) = (1,1.3275)
The next approximation is
Xy = Xof (x2) — x2f (x0)
f(x2) — f(xo)

Continue the procedure until the successive approximations are same up to four decimal
places

= 1.3035

2. Find an approximate root of the equation f(x) = e*sinx — 1 = 0 by using Regula-
Falsi method.
Sol: Given equation is f(x) = e*sinx —1 =10
f(0O)=-1<0
f(1)=1.2873>0

Since f(0) <0 and f(1) >0
Therefore the root lies in interval (0,1) = (xg, x1)
f(xg) =—1<0 and f(x;) =1.2873 >0
The next approximation to the root is given by

_ xof (x1) — 21 f (x0)

S T ) — fg) T

f(xy) = f(0.4372) = —0.3444 < 0

f(x;) =1.2873 >0 and f(x;) = —0.3444 < 0

Therefore the root lies in interval (0.4372,1) = (x4, x5)
The next approximation is

A x1f (x2) — x2f (x1)
f(xz) — f(x1)

Continue the procedure until the successive approximations are same up to four decimal
places

= 0.556

3. Find an approximate root of the equation f(x) = 2x — log;o x — 7 = 0 by using
Regula-Falsi method.
Sol: Given equation is f(x) = 2x — logj, —7 =0

f()=-5<0

f(2) =-33010<0

f(3)=-14771<0

f(4) =0.3979 >0

Since f(3) <0 and f(4) >0
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MATHEMATICS-1I INTERPOLATION

Therefore the root lies in interval (3,4) = (xq, x;1)
f(xo) = —1.4771 <0 and f(x;) = 0.3979 > 0
The next approximation to the root is given by
%y = xof (1) — x1f (x0)
f(x1) = f(x0)

= 3.7878

f(x,) =—-0.0028 <0
f(x1) =0.3979 > 0 and f(x,) = —0.0228 < 0

Therefore the root lies in interval (3.7878,4) = (x5, x;)
The next approximation is

%g = X2 f (1) — x1f (x2)
fx1) = f(x2)

Continue the procedure until the successive approximations are same up to four decimal
places

= 3.7893

4. Find a root of an equation 3x= e* using False position method.
Sol. Let f(x)=3x—¢"

£(0)=-1,£(0.1)=-0.8,...
£(0.6)=-0.0221192 <0, £(0.7) = 0.086247 > 0

Then

Since f(0.6). £(0.7) <0 and these values are near to zero

Therefore the root lies in the interval (0.6,0.7)= (x,, x;)
By False position method
The next approximation to the root is given by

_ xof (x1) — 211 (%)

S Ien e R

_ 0.6£(0.7)=0.7£ (0.6)

— F0.D-f(0.6)

=0.620451
Since f(xy)<0 f(xy) =1(0.620451)=0.001587>0  f(x1)>0
Therefore the root lies in the interval (0.6, 0.620451)= (x,, x5)
The next approximation to the root is given by

Y = Xof (x2) — x2f (x0)
’ f(x2) = f(x0)

0.6£(0.620451)—0.620451f(0.6)
B £(0.620451)—£(0.6)
=0.619083

£ (0.619083)=0.000025>0

= The Approximate root is 0.6190

5.Find the root of xlog;ox — 1.2 = 0 using Regula falsi method.
Sol:

f(x) = xlog1ox—1.2
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MATHEMATICS-1I INTERPOLATION

Here
f(2)=-0.59<0,
£(3)=0.23>0
Since £(2)<0 and f(3) >0 the root lies in the interval (2,3) = (xg, X1)
The next approximation to the root is given by
Xy = Xof (x1) — x1f (x0)
fx) — f(xo)

_2f(3)-3f(2)

T f®-f@)

=2.7195
Since f(x)<0 f(xy) =1(2.7195)=-0.0184<0  f(x1)>0
Therefore the root lies in the interval(2.7195,3)= (x5, x;)
The next approximation to the root is given by

Xg = Xof (1) — %1 (x2)
f(x1) = f(x2)

27195 £(3)—3f(2.7195)
- f(3)—f(2.7195)

=2.7403

£(2.7403)=-0.000302<0
Clearly f(2.7403) is nearly equal to zero up to 3 decimal places
=~ The Approximate Root is 2.740

6.By using Regula - Falsi method, find an approximate root of the equation

x* —x—10=0 that lies between 1.8 and 2. Carry out three approximations
Sol.

Let us take f(x)=x"'—-x-10and x,=1.8,x, =2

Then f(x,)=f(1.8)==1.3<0and f(x)=/(2)=4>0

Since f (xo) and f (xl)are of opposite signs,the equation f (x) =0 has a root between
x, and x,
The first order approximation of this root is

f(x)

Y - A~ X

‘ f(xl)_f(xo)

_2—1.8
4+1.3

=1.849

We find that f(x,)=-0.161 so that f(x,) and f(x,) are of opposite signs. Hence the

Xy =

=1.8

x(—1.3)

root lies between x, and x, and the second order approximation of the root is
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A
wen | e
=1.8490— [w} x(-0.159)
0.159
=1.8548
We find that f(x;)= f(1.8548)
=-0.019

So that f (x3) and f (xz) are of the same sign. Hence, the root does not lie between
x, and x;But f(x;) and f(x,) are of opposite signs. So the root lies between

x, and x, and the third order approximate value of the root is

_ _ X1—X3
%= = [ G
= 1.8548 — Z2%%8 5 (-0.019)
440.019

The approximate value of x = 1.8557

ITERATION METHOD:

Consider an equation f(x)=0 which can taken in the form x=¢(x)—> (1)
where ¢(x) satisfies the following conditions
@) For two real numbers a and b, a <x <b implies a < ¢(x) <b and
(ii) For all x'.x"' lying in the interval(a,b), we  have
‘¢(x1)—¢(x“)‘ < m‘xl —x"
where m is a constant such that 0<m <1
Then, it can be proved that the equation (1) has a unique root ‘@ ’ in the interval (a,b). To

find the approximate value of this root, we start with an initial approximation X, of the root
'a' and find ¢(x,)

We put x, = ¢(x0) and take x, as the first approximation of 'a'

Next, we put x, :¢(x]) and take x, as the second approximation of & .Continuing the
process, we get the third approximation x,, the forth approximation x,, and so on.

The n" approximation is given by x, =¢(x, —1),n21—(2)

In this process of finding successive approximation of the root & , an approximation of & is

obtained by substituting the preceding approximation in the function ¢ (x) which is known.
Such a process is called on iteration process. The successive approximations X, X, ...
obtained by iteration are called the iterates. The n" approximation x,1s called the n" iterate.

A formula x, = @(x, —1),n>1 is called an iterative formula.
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Convergence of An Iteration:-

Since X;,X,, X;........ x, are taken as successive approximations of the root a, each

approximation is nearest to & than the preceding approximation, so that for large n, x, may

be taken to be almost equal to @. In other words, if the sequence {x;;} converges to a, we
can say that the iteration process is convergent. We state below a theorem with out proof

giving a sufficient condition for the convergence of the iteration given by x, = ¢(xn — 1),n >1

Note:- Let I be an interval containing a root @ of the equation (1). If [¢*(x)] < 1 for all x

in I, then for any value of x, in I, the iteration given by (2) is convergent.

PROBLEMS:
1 . Explain the iterative method approach in solving the problems.
Sol:  In Latin the word iterate means to repeat. Iterative methods use a process of obtaining
better and better estimates of solution with each iteration (or) repetitive computation. This
process continues until an acceptable solution is found
The steps involved in an iterative method are
1. Develop an algorithm to solve a problem step-by-step
2. Make an initial guess or estimate for the variables (or) variables of the solution. The
initial estimates should be reasonable. Success in the solution is dependent of the
selection of proper initial values of variables
3. Better and better estimates are obtained in the progressive iterations by using the
algorithm developed.
4. Stop the iteration process after reaching an acceptable solution, based on a reasonable
criteria being met.

2. Explain the classification of iterative method based on the number of guesses
Sol.  Iterative methods can be classified into two categories based on the number of
guesses
1. Interpolation methods — also called as bracketing methods
2. Extrapolation methods — also called as open end methods
Two estimates are made for the root in the interpolation methods. One is positive value for

the function f (x) and the other gives a negative value for the function f (x) This means

that the root is bracketed between these two values
By proper selection, the gap between the two estimates can be reduced further to arrive at
every small gap. Two popular methods of this type are
a) Bi-section method b)False position method

A single value, which is called as initial estimate is chosen in the extrapolation
methods. The new value of the root is successively computed in each step, depending on the
algorithm. This process is continued untill the difference between the values of two
successive iterations is small enough to stop the iteration process. Some methods of this type
are Newton- Raphson method
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3.Find a root of an equation 2x - log x = 7 using iterative method.
SOL:

Given f(x) = 2x-logx — 7

f(1) =-5<0

f(2) =-3.3068<0

f(3) =-2.099<0

f(4) =-0.387<0

f(5) = 1.3905>0

Since f(4) < 0 and f(5) > 0 therefore root lies in interval (4,5)

Given equationis 2x - logx - 7 = 0 --------- (D
Solve eqution (1) for x
Lex = long-l-7 and x = e 7 oo 2)
we have x = @(x)-----------------mmommeo- (3)
. __logx+7 _ ox—7
comparing (2) and (3) then we have @(x) = — and @(x) =e

choose @(x) such that |@'(x)|<1 in (4,5)

l 7
choose @(x) = og:+ for which (D’(x)=% and |@'(x)|<1in (4,5)

Choose xy = 4TH;:4.5

We know that by iteration method x,,,; = @(x;,) ; n =0,1,2,3----
Forn =20

x1=0(x0)=0(4.5) = 2EE =4 05

log(4.252)+7

X,=0(x,)= =4.2236

log(4.2236)+7

x3=0(x;)= =4.2203

Continue the procedure until to get a desired accuracy.

4.By the fixed point iteration process, find the root correct to 3-decimal places, of
the equation 3x =cosx+1

Sol:  Given 3x=cosx+1

£(0.5)=-0.33<0

f(1)=1>0

Since f(0.5) < 0 and f(1) > 0 therefore root lies in interval (0.5,1)

The given equation is of the form x = ¢(x)

1+cosx
3

‘¢1(x)‘ =|sinx/3| <1 for all x

Where ¢(x)=

Hence, the iteration process x, = @(x,_,) is convergent in every interval.
Choose f(0.5)=-0.33<0  f(1)=1>0
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Here £(0.5) is near to zero so choose x0=0.5

Then, by iteration formula X, = ¢(X,H)
X, = ¢(x0) = (cos(O.S) +1)/3=0.625861
X, = ¢(x1) = (cos(O.S) +1)/3=0.603486
X, = ¢(x2) = (cos(O.S) +1)/3=0.607787

Similarly we get,
x, =0.607

By observing these iterations, we conclude the approximate Root as 0.607 for the required
root correct to three decimal places

5.Solve x=1+tan"' x by iteration method

Sol:Let f(x) =x—1—tan " !x.

F0)=-1<0

f(1) = —0.785 < 0

£(2) =-0.10714<0

£(3) = 0.7509 > 0

Since f(2) < 0 and f(3) > 0 therefore root lies in interval (2,3)

The given equation is of the form x = ¢(x)
where ¢(x) = 1 + tan™1x,
1.8 _ 1
Here ¢'(x) = = < 1
Hence the process converges in the interval(2,3)

and we take

1

x,,, =l+tan  Xx,

choose Xy = 2

~x; =1+ tan"1(2) = 2.1071

x, =1+ tan"1(2.1071) = 2.1276
x; =1+ tan"1(2.1276) = 2.1314
x, =1+ tan"1(2.1314) = 2.1321
xs =1+ tan"1(2.1321) = 2.1322
x¢ = 1+ tan~1(2.1322) = 2.1322

Hence the root is 2.1322(correct up to four decimal places)
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NEWTON RAPHSON METHOD:

The Newton- Raphson method is a powerful and eligant method to find the root of an
equation. This method is generally used to improve the results obtained by the previous
methods.

Let x, be an approximate root of f (x) =0 and let x, = x, +/ be the correct root
which implies that f (x;)=0. We use Taylor’s theorem and expand f(x,)= f(x,+/)=0
= f(x0)+hf' (xo):O
f(x)
f1(x%)
Substituting this in x, ,we get
fx
SEIE)
(%)

.. X, 1s a better approximation than x,

=>h=-—

Successive approximations are given by
_ fxp)
frx)

X3, X3 ver e wee v Xpgpq Where x4 = X;

GEOMETRICAL INTERPRETATION

From below diagram tanf=—br= [(x0) (1)
adj xo—x1

But slope =tanf = f(X0) ..oeeveennen.. (2)
From (1) and (2) we have

f (%)

X =Xy—

f(xl)

f(x)
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PROBLEMS

1. Using Newton — Raphson method
a) Find square root of a number
b) Find reciprocal of a number

Sol.  a) Square root:-
Let f (x) =x"—N =0, where N is the number whose square root is to be found. The

solution to f(x) is then x = JN
Here f '(x) =2x
By Newton-Raphson technique

Using the above iteration formula the square root of any number N can be found to
anydesired accuracy. For example, we will find the square root of N =24.

Let the initial approximation be x, =4.8
1(23.04+24) __47.04

1 24
X1 = 5(4'8 T E) T2\ s 9.6 4.9
oo f40 241 2401424) 4801, o0
2 49 2 4.9 9.8

N :1(4.89“ 24 j:1(23.949g;1g 24]: 47.9904 _ , cog

4.898) 2 9.796

Since x, = x;, there fore the solution to f (x)=x>—-24=0 is 4.898. That means,

the square root of 24 is 4.898
b) Reciprocal:-

.. The reciprocal of Let f (x) = 1 N =0 where N is the number whose reciprocal is to be
X
found
The solution to f (x)is then = % . Also, f'(x)= _—21
X

To find the solution for f (x) =0, apply Newton — Raphson methodﬂ[

)

-1/x?

Xip1 = X — = x;(2 — x;N)

For example, the calculation of reciprocal of 22 is as follows

Assume the initial approximation be x, = 0.045
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- x, =0.045(2-0.045x22)
=0.045(2-0.99)
=0.0454(1.01) = 0.0454

x, = 0.0454(2-0.0454x 22)

=0.0454(2-0.9988)

= 0.0454(1.0012) = 0.04545
x, =0.04545(2-0.04545x22)

= 0.04545(1.0001) = 0.04545

x4 = 0.04545(2 — 0.04545 x 22)
= 0.04545(2 — 0.99998)
= 0.04545(1.00002)
= 0.0454509
~Reciprocal of 22 is 0.04545
2. Find by Newton’s method, the real root of the equation xe* = cosx correct to
three decimal places.
Sol. Let cosx — xe* = f(x)

Then f (O) =1>0,f (0.5) =0.053>0£(0.6)=-0.267<0
So root of f (x) lies between 0.5 and 0.6

Here (0.5) value is near to zero
f(1) is near to zero. So we take X, =0.5 and f'(x)=—sinx—(x+1)e"

.. By Newton Raphson method,we have
f(x)

Xiy1 = X; — 1) for i:O,l,Z.. ..
First approximation is given by
_ f(%)
N=EX Ty
£H(x)
=0.5- 053222 =0.68026
—2.952507
The second approximation is given by
_ f(x)
X, =X — 7 (x )
1
— 068026020269
—3.946485
=0.536920

.. Continue like above we have x3=0.51809 x4= 0.517757

Approximate Root = 0.517

3. Find a root of an equation e* sinx = 1 using Newton Raphson method
Sol : f(x)=e* sinx -1

f(0)=-1<0

£(0.1)=-0.8<0 ....
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£(0.5)=-0.209561<0

£(0.6)=0.028846>0

Since £(0.5)<0 and £(0.6)>0 the root lies in the interval(0.5,0.6)
but £(0.6) value is near to zero

So choose x¢=0.6

and

fH(x)=(cosx +sinx)e*

By applying Newton Raphson method,we have

X1 = X —% for i=0,1.2.....

f(x)
f1(%)

=0.6 _ 0028846 =0.58861

2.532705
f(x)
f! (x,)

=0.588611—

First approximation x, = x, —

The second approximation x, = x, —

0.000196

2498513
=0.588533

=~ Approximate Root is 0.588
4.Find a root of an equation x+log; x = 2 using Newton raphson method.
SOL:
Given f(x) = x + log1ox — 2
Here
f(1)=-1<0
£(2)=0.301>0
Since f(1)<0 and f(2)>0 the root lies in the interval (1,2)
Here f(2)is near to zero
So £(1.9)=0.1788>0; f(1.8)=0.0553>0
Since f(1.8) is near to zero
Choose xy = 1.8 then

logig e
f100 = 1+-—22
By Newton Raphson method,we have
f(xp) .
Xiz1 = X; — flécxi) for i=0,1,2.....
_w o) 0.0555 _
X1 = X o) 8 T 12412 =1.7552
Now f(1.7552)=-0.00013 and f7(1.7552) = 1.2473
flexn)
Xy = X1 — =1.7555
20T e

Now f(1.7555) =-0.00000012
Hence Approximate root is 1.7555(coorect to 4 decimal places)
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5. Using Newton — Raphson method
a) Derive formula for cube root of a number
b) Find cube root of 15.
SOL:Let f(x)=x3 = N where N is the real number whose root to be found.
Solution to f(x) is then x> = N f (x) = 3x2
&y X3-N
fay Tt 3x2

Newton Raphson formula to find X; ;1 = X; —

Here f(2)=-7 <0 and f(2.5) =0.625>0
so one root lies between (2,2.5)
take initial approx value is xy = 2

using Newton Raphson formula X;,; = X; — %
2)% — 15
X, =2- ()—2 = 2.58333
3(2)
(2.58333)° — 15
X, = 2.58333 — — = 247144
3(2.58333)
X, = 2.47144 (2.47144)° — 15 _ 2.46622
3T & 3(247144)2 — ©
X, = 2.46622 (2.46622)° — 15 _ 2.46621
4 3(2.46622)2 ~ ©

“ Xg = X9 = 2.466221( upto 4 decimal places) is the required approximate root.

6.Find a real root of the equation3 x = cos x + 1 Using Newton Raphson method.
f(x)=3x-cosx—1

f(0)=-2<0

f(1)=1.4597 >0

.. The root lies between 0 and 1.

Let x, =1
using Newton Raphson formula,we have
() .
Xiy1 = Xj — fl(xli) fori=0,1,2.....

f (x)=3+sinx

f (1)=3+sin1=3.8414

l(xo) 1 0.4597
f(xo0) 3.8414
£(0.8804) =2.6412-0.6368 —1=1.0044

And £ (0.8804) =3.7709

=0.8804

First approximate root X; = Xg —

fO) _ 10044
f(x) 3.7709
£(0.6141) =1.8423-0.8172-1=0.0251

and

£(0.0251) =3.5762

=(0.8804-0.2663=0.6141

Second approximation is x, = x, —
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Third approximation is x, = x, — f,(xz) =0.6141- 0.0251 =0.6141-0.007=0.6071

f(x) 3.5762
~. £(0.6071)=1.8213-0.8213—1=0

Hence Required Root is 0.6071

7. Find the root between 0 and 1 of the equation x>-6x+4 = 0 correct to five decimal
places.
Sol: Let f(x)= x’-6x+4

f(0)=4 >0 and f(1)=-1 <0

therefore the root lies between 0 and 1.

Let the root is nearer to 1.

SO, X()Zl

f(x)=3x>-6 , f'(1)=-3

The first approximation to the required root is

xi=x0- L 2 220 66666

f'(x0)
Second approximation is given by

xo=x; - L~ 073015
J(x)

Third approximation is given by

xs=x2 - L~ 073204
f(x2)

Fourth approximation is given by

xa=x3 - L8 _ 073205
"(x3)

The root is 0.73205 correct to five decimal places

ORDER OF CONVERGENCE

The deviation from the approximate root with actual root is called ERROR.
Error at n th ,(n+1) iterations are

€n =Xp - €n+1 = Xn+1-«
If e,,1 <k e,” then the method is said to be of order ‘p’.
NOTE:

1.The method converges very fast if ‘k’ is very very small and ‘p’ is large.
2.Regula falsi and iteration methods converge Linearly.

1.Show Bisection method converges LINEARLY.

Sol: Choose initial approximations a, b such that f(a).f(b)<0

And let first approximation be x;

. a+b b—-a
Distance between a and x; =x;-a = A=

: a+b b-a
Distance between b and x; =b — x; =b — ——=—-

Here say Root a lies between a and x; or b and x;

b-a
|x1-a|< -
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After n iterations, we get

b—a
|[xXn-al< -

1b-a
[Xni1-al< 550
1 . : .

ent1 < Ee}l =~ Bisection method converges linearly
2.Show Newton Raphson method converges Quadratically
Sol:Let x,.be the actual root and X;, x;, are ith,(i+1)th iterations in NRM.Then

_ f(xl.)
Xi+l _xi fl(xl.)
xi+1 fl ('xi)=xi fl (-x,')'f(xi
fx)= 1 (2) (X=X )i (1)

Taylor’s theorem around x=Xx,

Is given by f(x,)=f(x;+h
= f00)+ (or —xi) £ (x) + 21 () 4o
Neglecting higher order terms and sub (1) in (2) ,we get
0=/l{(x- X, )+ (er — xi) f'(x,) +@f” (x)
Solving

f”(x,-)

Jjieo)

f"(xi)

X))

ejy1=-1/2 ( Ye;> Where p=2 and k==-1/2 ( )
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INTERPOLATION :
Introduction:

If we consider the statement y = f(x);x, < x < x, we understand that we can find the
value of y, corresponding to every value of x in the range x, < x < x, . If the function f (x)
is single valued and continuous and is known explicitly then the values of f (x) for certain

values of x like x,,x,......... x, can be calculated. The problem now is if we are given the set

of tabular values

X : X X1 D 4 N [ Xn

y : y 0 yl yz ................ yn

Satisfying the relation y = f (x) and the explicit definition of f (x) is not known, it
is possible to find a simple function say ¢(x) such that f (x) and ¢(x) agree at the set of
tabulated points. This process to finding ¢(x) is called interpolation. If ¢(x) is a
polynomial then the process is called polynomial interpolation and ¢(x) is called

interpolating polynomial. In our study we are concerned with polynomial interpolation
OR

Let Yo-X1 =77 7%  be the values x and y,,y,,y,.,———y, be the values of yand

y = f(x) be a unknown function .The process to find the value of the unknown function
y = f(x) when the given value of x and the value of x lies within the limits x,to x, is called

interpolation

Extrapolation:

Let *°X17777% pe the values x and ,,y,,y,.——— Y, be the values of y and y=f(x) be
a unknown function .The process to find the value of the unknown function y=f(x) when the
given value of x and the value of x lies outside the range of x,to x, is called Extrapolation

Note: If the differences of x values are equal in the given data then it is called equal spaced
points otherwise it is called unequal spaced points

Note:
1) Suppose a given value of x is nearer to starting value of x then we use Newton’s
forward interpolation formula.
i1) Suppose a given value of x is nearer to ending value of x then we use Newton’s

backward interpolation formula.
1i1) Suppose a given value of x is nearer to middle value of x then we use Gauss
interpolation formula.
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v)

Suppose the given data has unequal spaced points then we use Lagrange’s
interpolation formula

Finite Differences:

Finite differences play a fundamental role in the study of differential calculus, which is an

essential part of numerical applied mathematics, the following are the finite differences.

1.

Forward Differences 2. Backward Differences 3. Central Differences

1.Forward Differences: The Forward Difference operator is denoted by A , The forward

differences are usually arranged in tabular columns as shown in the following table called a

Forward difference table

Values Values of | First differences | Second Third differences Fourth differences

of x y differences

“xo yO
Ayy =y— Y,

X Vi A2y() :Ayl_yo
Ay, =y, -y Ay, =Ny, — A%y,

X, ¥ A%y, = Ay, — Ay, Ay, =Ny, =Ny,
Ay, =y, -y, Ay =Ny, — A%y,

X3 Y3 Azyz =Ay3_Ayz

Xq Yy Ays =y, — Y3
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2. Backward Differences: The Backward Difference operator is denoted by V and the

backward difference table is

X |y | Vy | Ay | Ay | Ay
X0 Yo
Vyl
X1 Y1 V2y2
VyQ V3y3
X2 y2 V2y3 V4Y4
Vys Viy,
X3 y3 V2y4
Vy4
X4 Y4

3.Central Difference Table: The central difference operator is denoted by & and the

central Difference table is

X Y | dy 8y | &y | dy
X0 Yo
5}’1/2
X1 Y1 52}’1
dysp 8’yan
X2 | Y2 8°ya 8'ys
dysn 8ysn
X3 | 3 &%y;
dy71
X4 Ya

Symbolic Relations and Separation of symbols:
We will define more operators and symbols in addition to A, V and o already

defined and establish difference formulae by Symbolic methods

. . ) . 1
Definition:- The averaging operator u is defined by the equation uy, = E[y”m + Y, ]

Definition:- The shift operator E is defined by the equation Ey, =y, ,,. This shows that the

effect of E is to shift the functional value y, to the next higher value y, . A second
operation with E gives E’y, =E(Ey,)=E(y,,,)=Y,.

Generalizing E"y =y,
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Definition:-

Inverse operator E~' is definedas E™'y, =y
In general E™"y =y,

Definition :-

The operator D is defined as Dy(x) = ;—x [y(x)]

Relationship Between operators:
i) Relation between A and E

Proof: We have Ay, =y — Yo

=Eyo—yo = (E— Dy
= A=E—-1(or)E=1+A
ii) V=1-E
Pf: Wehave Vy; =y, — y,
Vy, =y —E7'yy
Vy, = (1 —-E Dy,
v=1-E"
iii) o=E”-E"
Pf : We have (S‘y% =y1—Yo

1 )
= b2y —E 2y1
2 2
4 _1
by1=(E2—E 2)y1
2 2
S=E"? _E"
. 1 1/2 —1/2
iv =—\(E""+E
) U 2( )
Pf: we have puy, = %(sz +y,.1)
2 2
1.1 _1
wyr = E(Ezyr +E zy,)
1.1 _1
wyr =5 (B2 + E2)y,
1. 1 _1
u= E(Ez + F 2)

v) i’ El+i§2
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1,1 192
PR LHS=p? = [5(E2 + E72)|

=S(E+E1+2)
172 _13?
=Z[(E2—E2) +4 ]

=~ (82 + 4)=RH.S

vi). Prove that A= %62 +6 ’1 + i(?z
Pf: Let RH.S=>62+6 /1 + =52

=Z5[6+2 [1+-62]
2 4

= 5[5 +VA+57]

= 15[ - E) + \/4 + (2 = E72)2

= 15[(E7 ~ E2) + (B2 + E72)?

1 1 -1 1 1
=—5[(E2—E z)+(Ez+E 2)
2
1
=-8.2.E2
2
1
=4.E2
Z .
= (Ez — F 2)_E2
=F—-1=A=RHS.
vii) Relation between the Operators D and E

Using Taylor’s series we have, y(x+h)=y(x)+hy' (x)+—y" (x)+%yl“ (x)+————

This can be written in symbolic form

D> WD’ WD
Ey. —{1+hD+ X + 3t t———— |y =€y,
E=el
X If f (x) is a polynomial of degree n and the values of x are equally spaced then

A" f (x) is a constant

1. As A" f(x) is a constant, it follows that A" f (x)=0,A""f (x)=0,
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2. The converse of above result is also true. That is, if A" f (x) is tabulated at equal

spaced intervals and is a constant, then the function f (x) is a polynomial of

degree n

3. A?f(x) = A(A(f(x))

Problems :
1.Evaluate

(i)Acosx

(ii)A2 sin(px+q)

(iii)A"e™™"

(iv). If the interval of difference is unity then prove that

Alx(x+D(x+2)(x+3) =4(x+1(x+2)(x + 3))

Sol:  Let h be the interval of differencing

(i)Acosx=cos(x+h)—cosx
=-2sin (x+ﬁ] sinE
2 2
(ii)Asin(px+q)=sin[p(x+h)+q]—sin(px+q)

ph)\ . ph
=2cos| px+qg+— |sin—
(g s 2 fsin 2
. ph . (~x ph
=2sin—sin| —+ px+q+-—
2 (2 A 2]
204 I N I 1
A%sin(px + q) = 2sin >-A|sin px+q+2(n+ph)

2
= {ZSin%h} sin[px+q +%(7Z’+ ph)}
(iii) Aeax+b N ea(x+h)+b _ eax+b
— e(ax+b)(eah—1)
A2e@Xx+Dh — A[A(eax+b)] — A[(eah _ 1)(eax+b)]
— (eah _ 1)2A(eax+b)
— (eah — 1)Zeax+b
Proceeding on, we get A" (e‘”*b) = (e“h —1)n ™’
iv)Let f(x) =x(x + D(x +2)(x + 3)
given h=1
we know that Af (x) = f(x + h) — f(x)
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Alx(x+D(x+2)(x+3)] =+ D +2)(x+3)(x+4))
—x(x+1)(x+2)(x+3)
=+ +2)(x+3)[x+4—x]
=4(x+1D(x+2)(x+3)
2.Find the missing term in the following data
x 0 1 2 3 4
y 1 3 9 - 81

Why this value is not equal to 3’ . Explain
Solution: ~ Consider A*y, =0
= Y4 —4y3+6y; —4y1 + ¥, =0
Substitute given values, we get
8l1-4y, +54-12+1=0= y, =31
From the given data we can conclude that the given function is y=3". To find y,,
we have to assume that y is a polynomial function, which is not so. Thus we are not
getting y =3’ =27

Equally Spaced : If the differences of x values are equal in the given data then it is called
equal spaced points otherwise it is called unequal spaced points

Newton’s Forward Interpolation Formula: Given the set of (n+ 1) values
(%0, Vo), (X1, V1), — — =X, ¥) of x and y. It is required to find a polynomial of n™ degree
ya(X) such that y and y,(x) agree at the tabular points with x’s equidistant (i.e.) X; = Xo+th (1
=0, 1, 2.....n) then the Newton’s forward interpolation formula is given by

p(p—1)(p—-2) A3

y = f(x) =yo +pAyo +@A2yo R

Yo+t ——

N p(p-1)(p-2)-——— (p—(n-1)) Any,

n!

X—Xo

where p =

Note : this formula is used when value of x is located near beginning of tabular values

Problems :

1.Find the melting point of the alloy containing 54% of lead, using appropriate
interpolation formula

Percentage of lead(p) | 50 60 70 80

Temperature (Q°c) |205 |225 |248 |274
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Solution: The difference table is

X y A A? A®
50 205
~
5
\‘A
60 225 3
\\A

23 0
70 248 3

26
80 274

Let temperature = f (x)

We have x = 54,x, = 50,h = 10 p=x?”=04

By Newton’s forward interpolation formula
p(p-1) p(p-1)(®-2)
FGO) = yo + phy, + BED a2y, + PEDCD 3y y

0.4(0.4—-1) 4 (0.4)(0.4 —1)(0.4 —2)

2! ) 3!

=205+8-0.36 =212.64. Melting point = 212.64

£(54) = 205 + 0.4(20) + (0)

2. The population of a town in the decimal census was given below. Estimate the

population for the 1895
Year x 1891 1901 1911 1921 1931
Populationin
46 66 81 93 101
thousands

Solution: The forward difference table is

X y A A | A A
1891 46
89 \\20\
1901 66 \55\\\\
15 "2\\\\\
1911 81 3 "3
12 1
1921 93 4
8
1931 101
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46 + (0.4)(20) + (0-4)(06-4 -1 (=5 + (0.4 — 1)0:(0.4 ~2) -

given h = 10,x, = 1891,x = 1985 then p=2/5=04
By Newton’s forward interpolation formula
p(p+1) p(p+1)(p+2)
fG0) =yo +pAye + EE= A%y + EE =AYy + — —
(0.4)(0.4-1)(0.4-2)(0.4-3)
(-3)

24

f(1895) = +
=54.45 thousands

3. Find y (1.6) using Newton’s Forward difference formula from the table

X 1 14 |18 |22

y 349 482 596 |65

Solution: The difference table is
X[ vy Ay | Ay Ay

1| 349
14| 482 | 133

18 596 | 114 |08 | -1l
22| 65 | 054 |

x—xo_
ho 2

Let = 1.6, xo=1, h=1.4 -1=04, p =

Using Newton’s forward difference formula, we have
r(p+1) r(p+ 1D +2)
f() = yo+pAyo + ——— A% + T

35 357

Mg+ == ==

£ (1.6) =3.49 + 3/2(1.33) + % (-0.81)+%(-1.41)

=4.9656

4.Find the cubic polynomial which takes the following values

X 0 1 2 3

Y=f(x) 1

Hence evaluate f(4).
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Sol: The forward difference table is given by

X y Ay Ay ANy
0 1
1
1 2 9
-1 12
2 1 10
9
3 10
p=2" 0 =x ; h=1

Using newton’s forward interpolation formula, we get

-1 -Dx-2
Y=yo+ % Ay, + X(T,Z ) A2y0+ —x(x 1;(; ) A3y0
x(x-1) x(x—-D(x-2)
-2 12
> (-2)+ e (12)

= 1+x(1)+

= 2x°-7x*+6x+1
Which is the required polynomial.
To compute f(4), we take x,=3 , x=4
X—Xx

So that p= P = =1

Using Newton’s backward interpolation formula , we get

p(p+D) _,  pp+D(p+2) _;
Ys=ys4+pVy,+———= V'y. + \Y%
AEYTR YT Y3 123

3

= 10+9+10+12

=41
Which is the same value as that obtained by substituting x=4 in the cubic polynomial 2x’-
Tx*4+6x+1.

Newton’s Backward Interpolation Formula: Given the set of (n+ 1) values
(%0, Vo), (X1, Y1), = — =X, V) of x and y. It is required to find a polynomial of n™ degree
ya(X) such that y and y,(x) agree at the tabular points with x’s equidistant (i.e.) x; = xo+ih (i
=0, 1, 2.....n) then the Newton’s backward interpolation formula is given by

p(p+1) V2

p(p+1)————[p+(n-1)]
21 vty

n!

Yt ===+

Ya(x) = yn + 0Vy, + 0

Where p = x—hxn

Note : This formula is used when value of x is located near end of tabular values
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Problems :

1. The population of a town in the decimal census was given below. Estimate the

population for the 1925

Year x 1891 1901 1911 1921 1931
Population in
46 66 81 93 101
thousands

Solution : The backward difference table is

X y v | V| W -
1891 46

20
1901 66 5

15 2
1911 81 3 3

12 1)
1921 923 | 4 d

i

17

1931 101

X—Xp _ 1925-1931

given h = 10,x, = 1931,x = 1925 thenp = - n —0.6
By Newton’s backward interpolation formula
plp+1) p(p+1...[p+ (-1
Yn(X) = Yo + PV + == Voyp + — + - V™o
—0.6)(0.4
~ f(1925) =101 + (—0.6)(8) + %(—4)
—0.6)(0.4)(1.4 —-0.6)(0.4)(1.4)(2.4
LE0009A8 1 (090HAHEY
6 24
=96.21
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2.Find y(42) from the following data. Using Newton’s interpolation formula

X 20 25 30 35 40 45
y 354 332 291 260 231 204

Solution: since x=42 is located near end of the tabular values therefore we use NBIF

the backward difference table is

X y A A? A3 A* A®
20 354
-22
25 332 -19
41 29
30 291 10 -37

-31 -8 /745
35 260 2 y 8
-29 /v 0
40 231 " 2

27
v
/

45 204

X—Xo
h

Givenx =42 and x, =45, h =5, thenp = =—-0.6

We know that NBIF

p(p+1D)(p+2) o3
— Vot

(p+1)
Yn(X) = Yn + pVyy + EE=V2y, +

p(p+1)(p+2)(p+3) p(p+1)(p+2)(p+3)(p+4)
m Viy, + - V3

(—0,6)(—0_6+1)(2)+0+(—0.6)(—0.6+ 1)(-0.6+2)(-0.6+3) (8) n
2

y(42) = 204 + (=0.6)(—27) + ”

(—0.6)(—0.6+1)(—0.6+2)(—0.6+3)(—0.6+4)
120

(45)

=234.44
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Central Difference Interpolation: The middle part of the forward difference table is

X y Ay A’y Ay Aty Ay
X4 Vo
Ay, AZY—4
X3 V3
Ay, Az)’fs A V4 A4y4 A Y4
X Yo
Ay, A2y72 A’ Y3 A4)’-3 A Vi
Xy Y
Ay, Ay, Ay, Ay, Ay,
X0 Yo
Ay, Ay, Ay, Ay, Ny,
X Vi
Ay, A2y1 A3y0 A4yo
X, B
Ay, A%y, A%y,
X3 V3
Ay,
Xy Y4

1.Gauss’s forward Interpolation Formula: Given the set of (n+ 1) values
(%0, Vo), (X1,¥1), — — =%y, V) of x and y. It is required to find a polynomial of n™ degree
ya(X) such that y and y,(x) agree at the tabular points with x’s equidistant (i.e.) x; = xo+ih (i
=0, 1, 2.....n) then the Gauus Forward interpolation formula is given by

Where p = x_hx"

Note:- We observe from the difference table that
AYy =0y, Ny =5°y,A’y  =8y,,,A'y , =5"y, and so on. Accordingly the

formula (4) can be rewritten in the notation of central diffk
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-1 +1 -1
¥, =y + poy,, + L Z, )52)’0+(p )5,(1? )
) (p-1)p(p-2)

41

53)’1/2

§4y0+____]

2.Gauss’s Backward Interpolation formula: Given the set of (n+ 1) values
(%0, Vo), (X1, Y1), — — =%, V) of x and y. It is required to find a polynomial of n™ degree
ya(X) such that y and y,(x) agree at the tabular points with x’s equidistant (i.e.) x; = xo+ih
(1=0, 1, 2.....n) then the Gauus Backward interpolation formula is given by
r(p+1) rlp+D{p-1)
2! 3!
N p(p + 1)(p4| Vp+2)

Note: Gauss forward and Backward formulae used when x is located middle of the

Ay i+ Ay_,

y=Yyot+tpldy_,+

V_o + ..

tabular values
Problems :

1.Use Gauss Forward interpolation formula to find f(3.3) from the following table
X 1 2 3 4 5

y=f(x) |15.30 15.10 15.00 14.50 14.00

Solution: the difference table is

X y Ay A%y A%y Aty

1 X2 15.3 Y2
0.2

2 X1 15.1y, 0.1
-0.1 -0.5

3 Xo 15.0 yo 0.4 A%y_, 0.9A%y_,

\ /

-0.5 Ay 0.4A3y_,

4 X1 14.5 Y1 0.0
-0.5

5 X2 14.0 y2

Given x=3.3 , Xo=3 ,h=1 hence p = "‘hx" =0.3

We know that Gauss forward interpolation formula is
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p(p=1) o (prD)p(p-1) s

v, =0y +p(Ay,)+

X Yo Y Y
+1 -1 -2
) (p=1)p(p )(A4y_2)+____]%(4)
41
=15+(0.3)(0.5 20270 (—0.4) + L2 g ), CIOEDRID (g g)
=14.9
2. Find f (2.5) using following Table
X 1 2 3 4
y 1 8 27 64
Solution: The difference table is
X |y | Ay |Ay Ay
1 1
7
2 8 12
19
3 27 18 6
37
4 64
h=1
p XX, 252
h 1
Using Gauss Forward interpolation formula,
—84(0.5)19+ (0.5)(-0.5) 12+ (0.5- 1)(06.5)(1 S+1) ©)
=15.625
3. Use Gauss forward interpolation formulae to find f(3.3) from the following
X 1 2 3 4 5
y 15.30 15.10 15.00 14.50 14.00
Solution:
X y Ay A’y Ay Ay
1 15.30
2| 1sa0 | 0%l oo |
3 15.00 _0'50 -0.40 0 '40 0.90
4 14.50 _0'50 0.00 ’
5 14.00 ’
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+(0.3)(0.4) %

—15+03(-0.5) + SN

+ (03)(-0.7)(1.3)(=13) (—0.9) =14.8604925 = 14.9

24
4. Find f(2.36) from the following table
x: | 1.6 1.8 20 |22 |24 2.6
y: | 4.95 6.05 7.39 | 9.03 | 11.02 13.46
Solution:
X y A A? A3 A* AS
1.6 4.95
L1 0.24
1.8 6.05 134 0.06 0.01
0.3 0.06
2.0 7.39 0.05 ’
1.64 035
2.2 x, 9.03 Yo — aq—" | T~o1—] %%
1.99
0.45
2.4 11.02 544
2.6 13.46
here we have x = 2.36 ,x, =22, h=02,p = x_hxo =0.8
r(p—1 p+1)p(p—1
Y, =[yo+p(Ayo)+(T)A2y1+( )3,( )A*’y,l
+1 —1 -2
L(pe)(p-Dp(p )(A4y_2)+____] L (4)

4!
Substituting all above values in the formula then
f(2.36) =
9.03 + (0.8)(1.99) +

(0.8)(;).8—1)(0.35)_‘_ (0.8+1)(0é8)(0.8—1)(0.1)+ (0-8+1)(0-8)(2(1-8—1)(0-8—2)(0'05)

=10.02
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5. Find f(22) from the following table using Gauss forward formula

X 20 25 30 35 40 45
y 354 332 291 260 231 204
Solution : the middle part of the difference table is
X y A A? A3 A* AS
20x 354y, \\fzz .
25 332 -19
-41 29
30 291 10 -37
-31 -8 45
35 260 2 8
-29 0
40 231 2
-27
45 204
Givenx =22 and x, =20, h =5, thenp = —2 = 0.4

h

The Gauss forward formula is
Yy = Yo + pAy,
=354 + (0.4)(—22)
=345.2

6. Find by Gauss’s Backward interpolating formula the value of y at x=1936, using the

following table.
X 1901 1911 1921 1931 1941 1951
y 12 15 20 27 39 52
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Solution: The difference table is

X y Ay A%y A%y Aty Ay
1901 X3 12 Y3
3
1911 x, 15ya 2
5 0
1921 X-1 20 Y-1 2 3
/ 7 Ay—l\ / 3A3y—2 \ /_1OASY—3
1931x9 27 yo 5A0%y_, TA*y_,
12 -4
1941 x, 39y, 1
13
1951 X2 52 Y2
Given x=1936 and let xg =1931 and h=10 then p = x_hxo =0.5
By Gauss backward interpolation formula we have
(p+Dp (p+Dp(p—-1)
Y=Y +tpAy_; + TAZY—1 + 3 Ay_,
thl - Dp-2
Lo )10(104| )p—2) My, ———
=27_'_(0.5)(7)_'_0.5)((;.5+1) (5) + (0.5)(1.2)(—0.5) (3) 4 (0.5)(1.5)(2;0.5)(—1.5) (_7) +

(0.5)(1.5)(=0.5)(=1.5)(2.5) (_ 10)
120

=32.345

7. Using Gauss back ward difference formula, find y(8) from the following table

X

0

5

10

15

20

25

y

7

11

14

18

24

32
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Solution: Solution: The difference table is

X y Ay A%y Ay Aty A%y
O0x2 7ya2
4
5 x4 11y, -1
3 2
10xo 14 y()/ T~ 1 7 \‘_1
4 1 0
15 x; 18 y; 2 -1
6 0
20 x5 24y, 2
8
25 x3 32y;

X—Xo
h

=-04

Given x=8 and let xo =10 and h=5 then p =

By Gauss backward interpolation formula we have

(p+Dp (p+Dplp-1)
Y = Yo+ pAy s + Ay + 30 Ay,
+ Dplp-1D(p -2
L@ )10(104| )(p —2) Ny, + —

(~0.4)(=0.4+1)(—0.4—1)
6

14+(0.4)(3)+w (1) + (2) +

(-0.4)(-0.4+1)(-0.4-1)(—0.4-2)
24

(=1)=12.704

Lagrange’s Interpolation Formula: Let f(x) be continuous and differentiable (n+1)
times in the interval (a,b). Given the (n+1) points as(Xo, yo), (X1, ¥1), (X2, ¥2)-.... (Xn,yn) Where
values of x not necessarily be equally spaced then the interpolating polynomial of degree ‘n’
say f(x) is given by
C(x=x)(x= %) (2 x,) (x=2,)(x =%, ) (x—x,)
f(x)= f %)+ fx)
(o =) (3 =%, ) ooy — 3, ) (=) (3 — %) (3~ x, )

(c—x0)(x—x1)(Xx=%3) wevrenne (x—xn)f(x )+ n (x=x0)(x=%1) errnne (x—xn-1) f(x )
2 . n

(x2=20) (X2 =%1) wrveenne (x2—xn) T (n=x0) (X=X 1) e (Xxn—xn-1)

Note : This formula is used when values of x are unequally spaced and equally spaced
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PROBLEMS:-

1. Using Lagrange formula, calculate f (3) from the following table

x |0 1 2 4 5 6

f(x) 1 |14 |15 |5 |6 |19

Solution: Given xy =0,x; =1,x, =2,x3 =4,x, =5,x: =6
f(x0)=1,f(x,)=14,f(x2)=15,f(x3):S,f(x4):6,f(x5)=19

From Lagrange’s interpolation formula

:£—§x14+—6x15+§x5—§x6+£x19
240 60 48 6
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=0.05-4.2+11.25+3.75-1.840.95

=10
f (x3) =10
2. Find f (3.5 ) using Lagrange method of 2" and 3" order degree polynomials.
x 1 2 3 4
fx) |1 2 9 28
Sol: By Lagrange’s interpolation formula For n=4 ,we have

fx)+

(x5 —20) (%5 =%, ) (%5 — x,)

(35-2)(3.5-3)(3.5-4) . (3.5-1)(3.5-3)(3.5-4)

A e T 7y R Ay ' e o oy
(3.5—-1)(3.5-2)(3.5—-4) (35-1)(3.5-2)(3.5—-3)
G-DE-2G6-H Pt a-na-2a-3 @
=0.0625+(-0.625)+8.4375+8.75
=16.625
Now f(x) = (x — 2)(x_—63)(x —4) ) + (x—D(x ; 3)(x—4) @
Tt (x—l)(EC_—ZZ))(x—4) ) + (x—l)(x;Z)(x—S) (28)
2 _ 2 _ _
_ (x= — 5x 1-66)(9( 4) O dx+ 3)(x—4) 4 (x= —3x 1-22)(x 4) ©
2 _ —
¢ (x*=3x+2)(x—3) 28)
6
x3 —9x?% + 26x — 24 x3 —7x%*+ 14x -8
= — +x3 —8x?2+19x— 12 + — (9
3 .2 _
X 6x ;— 11x—6 (28)
B [—x3 +9x% —26x+24+6x" —48x* +114x—72—-27x> +189x* —378x+216+308x + 28x" —168x” —168]
- 6

3 1Q.2
:6x 186x +18x:>f(x):x3—3x2+3x
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- f(35)=(3.5)

~3(3.5)" +3(3.5) =16.625

3. Find f (4) use Lagrange’s interpolation formulae.

X 0 2 6

Y=f(x) |4 |2 14 | 158
oluiotn : 1 (x (x= 2)(x x3)(x x4) " (X—xl)(x—x3)(x—x4)
Soludotn ()= ) ) () ) ()

(x—x)(x—x,)(x—x,)

) ) ) ) (e w) )
Where x=4,x,=0,x,=2,x,=3,x, =6
_(4-2)(4-3)(4-6)
B[ = I
@OM)(2) ., 4x2x(-2)
2(-1)( 4)X(2)+3><1><3(—3)X14
@)
"o
:_( 2) ﬁ+§:—4—18+224+158
9 9 9
=40

4.The following are the measurements T made on curverecorded by the oscilograph
representing a change of current I due to a change in condn s of anelectric current

T|1.2 |2 2.5 3
I [1.36|0.58]0.34 | 0.2
Solution :

Since data is unequispaced,we use Lagrange’s interpolation

(x—x)(x—x,)(X—x3)

(x —x)(x —x,))(X—Xx3)

B (X0 — x)(x5 — X%,)(Xo— X3) Yo (o — x5 (x; — x,) (X, — x3) .
(x—xy)(x — x )(X—Xx3) (x—x )(x—x )(X—x,)
(265 — X)) (6, — X )(X,— x3) : (X3 — X)) (x5 — X )(X3—x,) ’

L 1.6—1.2)(1.6 —2)(1.6 —3)
T 1.6—1.2)(1.6—2)(1.6—3)
1.6—1.2)(1.6—2)(1.6—3)
1.6—1.2)(1.6—2)(1.6 —3)

=0.8947 . I = 0.8947

(1.36) +

0.34) +

(1.6—-1.2)(1.6—2.5)(1.6 —3)

(2—1.2)(2—2.5)(1.6 —3)
1.6—1.2)(1.6—2)(1.6—2.5)
1.6—1.2)(1.6—2)(1.6—2.5)

(0.58)

0.2

5.Find the parabola passing through points(0,1),(1,3) and(3,55) using Lagrange’s

Interpolation Formula.
X 0 1 |3
y 1
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Solution :Given Lagrange’s interpolation formula is
_ (x—x)(x—x,) y (x—x,)(x—x,) y
(xo _xl)(xo _xz) ’ ('xl _xo)(xl _xz) 1
N (x—x,)(x—x,) :
(X, = X)) (X, — x,)
(x D(x— 3) (x—0)(x-3)
(O DH(O0— 3) 1-0)1-3)
N (x—0)(x-1 (55)
B-0)3-1)
== [48x2 — 36x + 6]
=8x%2 —6x + 1

3)

6.A Curve passes through the points (0,18),(1,10),(3,-18) and (6,90). Find the slope of the
curve at x=2.

x |0 1 3 6
y [18 |10 |-18 90
Solution : Given data is

Since data is unequispaced,we use Lagrange’s interpolation

_ (x_xl)(-x_xz)(x_ -x3) + (X—XO)(.X—X2)(X— x3)
- (X = X)X, — X)X, — X;5) ’ (6 = x)(x — X,)(X,— x3) 1
(x—xy)(x—x )(X—x;) (x—x))(x—x)(X~x,)

(x, = x)(x, = X)) (X, = X3) ’ (X5 = X)) (X3 = X, )(X3— ;) ’

_ G =D(x=3)(x = 6) (x—O)(x—3)(x—6)10
~(0-1)(0-3)(0— 6) (1-0)1-3)1-6)

N (X)(x—1)(x—6) (-18) +(X)(x—1)(x—3)90
(3=03-1)(3-6) (6)(6—-1)(6-3)
:(x—l)(x—3)(x—6)18+(x—O)(x—3)(x—6)10

(0-D(O0=3)(0-6) (1-0)d-3)1-6)

N (X)(x-1D(x—6) (-18)+ () (x=D(x-3) 90
(3 -0)3-D(3-6) (6)(6-1)(6-3)
=2x>-10x*+18
dy B
a 6x% — 20x

=~ Slope of curve at x = 21is 6(2)% — 20(2) = —
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UNIT - II
NUMERICAL TECHNIQUES

CURVE FITTING
Method of Least Squares:

Suppose that a data is given in two variables x & y the problem of finding an analytical

expression of the form y= f (x) which fits the given data is called curve fitting.
Let (xl, yl),(xz, yz) ........ (xn, yn) be the observed set of values in an experiment and

y=f (x) be the given relation x& y,Let E,E,,.....E_ are the error of approximations then

we have

E =y _f(xl)

E, =y, _f(xz)

E, =y, _f(x3)

E =y,—f(x,) Where f(x),f(x,). e f(x,) are called the expected values of y
corresponding t0 X=X, X = X,........ X=x,

Y» Y.y, are called the observed values of y corresponding to
X=X, X=Xyourune. x=x,  the differences E E,...E between expected values of y and
observed values of y are called the errors, of all curves approximating a given set of points,
the curve for which E=E’+E,”>+...E’ is a minimum is called the best fitting curve (or) the

least square curve, This is called the method of least squares (or) principles of least squares

L. FITTING OF A STRAIGHT LINE:-

Let the straight line be y=a+bx —(1)

Let the straight line (1) passes through the data points

(xl,yl),(xz,yz) ...... (xn,yn)i.e.,(xi, yi),i =12..n

Sowe have y; = a+ bx; - (2)

The error between the observed values and expected values of y = y; is defined as
Ei=yi—(a+bx),i=12......n - (3)

The sum of squares of these errors is

E=Y",Ef =Y" [yi — (a + bx;)]*> Now for E to be minimum 9E _ O;G_E -0

da  ob
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These equations will give normal equations

n n
Zyi = na+b2xi
i=1 i=1
n n n
inyi = ain +b2xi2
1 i=1

i=1 i=

The normal equations can also be written as

Z y=na+ be
Z Xy = az X+ bz x’
Solving these equation for a, b substituting in (1) we get required line of best fit to the given
data.
II. NON LINEAR CURVE FITTING
1. PARABOLA:-

Let the equation of the parabola is y = a + bx + cx?

D

The parabola (1) passes through the data points

(X1, 1), (X2, V2) v vee e i, V), 1€, (X1, ¥1); 0= 1,2 om0

We have y; = a + bx; + cx? — (2)

The error E; between the observed an expected value of y =y, is defined as
E;=y;—(a+bx;+cx?),i=123......n - (3)

The sum of the squares of these errors is

n n
E=)El=) (i—a-bx—cx?l -4
i=1 i=1

for E to be minimum, we have
The normal equations can also be written as
Ty = na + bIx + cZx?
Xy = aXx + bIx? + cIx3
Tx%y = aZx?® + bIx3 + cZx*
Solving these equations for a, b, ¢ and satisfying (1) we get required parabola of best fit
2. POWER CURVE:-

The power curve is given by y=ax" — (1)

Taking logarithms on both sides log,oy = log,oa + blog,ox
(or) Y = A+ bX = (2) whereY =log,0y,A = logipa and X = log,px
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Equation (2) is a linear equationin X & Y

The normal equations are given by

2Y = nA + bXX
XY = AXX + bXx?
From these equations, the values A and b can be calculated then a = antilog (A) substitute a &

bin (1) to get the required curve of best fit.
3. EXPONENTIAL CURVE:- (1) y=ae™ (2) y=ab"
1. y=ae™ —(1)
Taking logarithms on both sides log,,y = log,o + bxlogipe
(or)Y =A+BX - (2) WhereY = log,yy,A = log,0a,B = blog,pe & X = x
Equation (2) is a linear equation in X and Y
So the normal equation are given by

XY = nA + BXX

XY = AZX + BIX?

Solving the equation for A & B, we can find

B
log,, e

a=antilogA&b =

Substituting the values of a and b so obtained in (1) we get
The curve of best fit to the given data.
2. y=ab* — (1)
Taking log on both sides log,oy = logipa + xlog,ob
(or) Y =A+BX - (2)
Where Y = log,9y, A = log,0a, B = blog,ob & x = X
The normal equation (2) are given by
2Y =nAd + BXX
XY = AZX + BIX?

Solving these equations for A and B we can find a =antilog A,b = antilog B

Substituting a and b in (1)
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Problems:

1. By the method of least squares, find the straight line that best fits the following data

x 1 2 3 4 5
y 14 27 40 55 68

Solution: The values of Xx, Xy, x? and Xxy are calculated as follows

Xi Vi X7 XiVi
1 14 1 14
2 27 4 54
3 40 9 120
4 55 16 220
5 68 25 340

Tx; = 15;Xy; = 204; =x? = 55 and Ix;Xy; = 748
The normal equations are

Ty =na+ bIx — (1) Ixy = aZx + bZx? — (2)
Solving we get a=0,b=13.6

Substituting these values a & b we get

y=0+13.6x= y=13.6x

2. Fit a straight line y=a+bx from data

x (0 1 2 3 4
y 1 18 |33 |45 |63

Solution: Let the required straight line be y=a+bx...(1)

X y X" Xy
0 i 0 0
1 1.8 1 1.8
2 33 4 6.6
3 45 9 135
4 6.3 16 252
Zx =10 |Zy=169 | Xx*=30 ny =471

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL TECHNIQUES

Normal equations are

Z y=na+ be

Z Xy = az x+ bz x°

Substitute in above we get

5a+10b=16.9

10a+30b=47.1

Solving we get a=0.72; b=1.33.

~ The straight lineisy = 0.72 + 1.33x

3. Fit a straight line y=a+bx from data

x |0 5 10 |15 |20
y |7 -11 |16 |20 |26

Solution: Let the required straight line be y=a+bx...(1)

2

X y X Xy
0 7 0 0

5 -11 25 -55
10 16 100 160
15 20 225 300
20 26 400 520

zx _co | 2Yy=58 ¥ x2=750 | ¥ xy =925

Normal equations are

Z y=na+ bz X

Z Xy = az X+ bz x°

Substitute in above we get

5a+50b=58

50a+750b=925

Solving we get a=-2; b=1.36.

=~ The straight lineisy = —2 + 1.36x

4. Fit a straight line y=a+bx from data

X 0 5 10 | 15 | 20 | 25
y 12 15 17 | 22 | 24 | 30
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Solution: Let the required straight line be y=a+bx...(1)

X y 'S Xy

0 12 0 0

5 15 25 75

10 17 100 170

15 22 225 330

20 24 400 480

25 30 625 750

Zx _7c | Xy=120 | X x?=1375| ¥ xy =1805

Normal equations are

Z y=na +be

ny = aZx + bz x°

Substitute in above we get

6a+75b=58

75a+1375b=1805

Solving we get a=11.2862; b=0.6971.

~ The straight line isy = 11.2862 + 0.6971x

5. Fit a straight line and a parabola to the following data and find out which one is most

appropriate. Give your reason for the conclusion

x |1 [2 [3 [4 [5
y |4 [3 Je6 [7 |11

Solution: Let the required straight line be y=a+bx...(1)

X y X" 'S x" Xy Xy

1 4 1 1 1 4 4

2 3 4 8 16 6 12

3 6 9 27 81 18 54

4 7 16 64 256 28 112

5 11 25 125 625 55 275

15 Yy=31| Y x%=55| ¥ x3=225 | ¥ x*=979 | Y xy =111 | ¥ x?y=457
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Normal equations for fitting a straight line are

Z y=na+ be
Z Xy = az x+ bz x°
Substitute in above we get
Sa+15b=31
15a+55b=111
Solving we get a=0.8 ; b=1.8.
=~ the straight line isy = 0.8 + 1.8x
Let the required parabola be y=a+bx+cx2. .(2)
Normal equations for fitting a parabola are
Ty = na + bIX + cIx?
Xy = aZx + bZx? + cIx3
Tx?y = aZx? + bIx3 + cZx*
Substituting values, we get
Sa+15b+55¢ =31
15a+55b+225¢c =111
55a+225b+979¢ =457
Solving we get a=4.7998;b=-1.6284;c=0.5714
~The parabola fit is 4.7998x>-1.6284x+0.5714

Conclusion: Clearly parabola fit is best fit because error is near to ZERO than linear fit.

y Error of linear fit Error parabola fit
E=y-f(x) E=y-g(x)

4 1.4 0.2572

3 -1.4 -0.8286

6 -0.2 0.9428

7 -1 -0.4286

11 1.2 0.0572

6. Fit a second degree parabola to the following data

X 0 1 2 3 4
y 1 5 10 22 38

Solution: Equation of parabola y=a+bx+cx’ — (1)
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Normal equations

Yy = na + bIx + cZx?

Xy = aXx + brx? + cxx3

Ix?y = aXx?® + bIx3 + cZx* — (2)
y Xy x° X’y X x*
0 1 0 0 0 0 0
1 5 5 1 5 1 1
2 10 20 4 40 8 16
3 22 66 9 198 27 81
4 38 152 16 608 64 256

¥x =10,Xy = 76,3xy = 243,%x? = 30,2x%y = 851, 2x3 = 100, 2x* = 354
Normal equations

76 =5a+10b+30c
243 =10a +30b+100c
851=30a+100b +354c

Solving a=1.42,b=0.26,c =2.221
Substitute in (1) => y=1.42+0.26x+2.221x"

7. Fit a second degree parabola to the following data:

X: 0 1 2 3 4
fx): 1 1.8 13 25 63

Solution:

Let the equation of the parabolabe Y=a+ b x + ¢ x? ----- (1)

The normal equations are given by Xy = na + bZx + cZx?
Xy = a¥x + bZx? + cZx3-----(2)
x?y = aZx? + brx3 + cZx*

X y x? x3 x* Xy x%y
0 1.0 0 0 0 0 0

1 1.8 1 1 1 1.8 1.8
2 1.3 4 8 16 2.6 5.2
3 2.5 9 27 81 7.5 22.5
4 6.3 16 64 256 25.2 100.8
10 12.9 30 100 354 37.1 130.3

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
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12.9 = 5a +10b +30c
37.1 = 10a+30b+100c
130.3 = 30a+100b+354c

Solving the above equations we get a=14.2, b=-1.07, ¢ = 0.55
Substituting the above values in (1) y = 14.2-1.07x + 0.55x2
Which is the required equation of the parabola.
8. Fit a parabola y = a + bx + cx? to the data given below
X: 1 2 3 4 5
y: 10 12 8 10 14

Solution: Let the equation of the parabola be Y=a +b x + ¢ x% - (1)
The normal equations are given by Xy = na + bZx + cZx?
Xy = aXx + bZx? + cZx3--—-(2)
Ix%y = aXx?® + brx3 + cxx*

X y x2 X3 o Xy X2y
1 10 1 1 1 10 10
2 12 4 8 16 24 48
3 8 9 27 81 24 72
4 10 16 64 256 40 160
5 14 25 125 625 70 350
15 54 55 225 979 168 640

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
54 =5a +15b +55c¢
168 = 15a+55b+225c¢
640 = 55a+225b+979c
Solving the above equations we get a =14, b=-3.6857, ¢=0.7142
substituting the above values in (1) y = 14-3.6857x + 0.7142x?
which is the required equation of the parabola.

9. Fit a parabola of the form y = ax? + bx + ¢

X:

1

2

3

4

y:

23

5.2

9.7

16.5

294

54.4

Solution: Let the equation of the parabolabe y = ax? + bx + ¢
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The normal equations are given by

Yy = na + bIx + cIx?
Xy = aXx + bZx? + cIZx3----(2)
Ix%y = aZx?® + brx3 + cxx*

Table for calculations:

X y x? x3 x4 Xy x%y

1 2.3 1 1 1 2.3 2.3

2 5.2 4 8 16 10.4 20.8
3 9.7 9 27 81 29.1 87.3
4 16.5 16 64 256 66 264
5 294 25 125 625 147 735
6 35.5 36 216 1296 213 1278
7 54.4 49 343 2401 380.8 2665.6
28 153 140 784 4676 848.6 5053

Since there are 5 pairs of values so n=5 substituting the above values in (2) we get
153 =7a +28b +140c
848.6 = 28a+140b+784c
5053 = 140a+784b+4676¢
Solving the above equations we get a =2.3705, b =-1.0924, ¢ = 1.1928
substituting the above values in (1) y=1.1928 x2-1.0924 x+2.3705

which is the required equation of the parabola.

10. Fit a curve y =ax’ to the following data

X 1 2 3 4 5 6
y 2.98 4.26 5.21 6.10 6.80 7.50

Sol:- Let the equation of the curve be y =ax” — (1)

Taking log on both sides logy = loga + blogx
(o) Y =A+bX — (2) WhereY =logy, A =1loga, X =logx
The Normal Equations are 2Y = nA + bxX

IXY = AZX + bZX? — (3)
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X X=logx |y Y=logy | XY X2
1 0 2.98 0.4742 0 0

2 0.3010 4.26 0.6294 0.1894 | 0.0906
3 0.4771 5.21 0.7168 0.3420 | 0.2276
4 0.6021 6.10 0.7853 0.4728 | 0.3625
5 0.6990 6.80 0.8325 0.5819 | 0.4886

X = 2.8574,XY = 4.3133,ZXY = 2.2671,XX? = 1.7749
4.3313=6A+208574b and 2.2671=2.8574A+1.7749b
Solving A=0.4739, b=0.5143
A=anti log (A) =2.978

Ly = 2.978x05143

11. Fit a curve y=ab*
X 2 3 4 5 6
y 144 172.8 [ 2074 |248.8 |298.5

Solution: Let the curve to be fitted is y = abX
Taking log onbothsides logy = loga + xlogh — (1)
Y=A+xB — (2)
Y =logy,A=1loga,B =logh
XY = nA + B2x
IXY = AZX + bIx?* — (3)

y x2 Y =logy Xy
144.0 4 2.1584 43168
3 172.8 9 2.2375 6.7125
4 207.4 16 2.3168 9.2672
5 248.8 25 2.3959 11.9795
6 298.5 36 2.4749 14.8494

Substituting these values the normal equations are
11.5835=5A + 20B

47.1254 = 20A+90B

Soving A and B, taking antilogarithms

a=100, b=1.2

Substituting in (1), the equation of the curve is y =100(1.2)"

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL TECHNIQUES

NUMERICAL INTEGRATION
INTRODUCTION:

The process of evaluating a definite integral from a set of tabulated values of the integrand f(x),
which is not known explicitly is called Numerical Integration.

Newton —Cote’s Quadrature Formula:

We want to find Definite integral form f: f (x)dx, where f(x )is unknown explicitly,then

We replace f(x) with interpolating polynomial.
Here we replace with Newton Forward Interpolation formula

Divide the interval (a,b) into n sub intervals of width h so that

a=x9<xy =Xg+h........<x, =%, +h=> Then

PP \2

o N p(p—D(p=2)....(p—(n—1)) A"y

¥, (X)) =y, + pAy, + o

0

Where p=% hdp=dx atx=x,= p=0and x=x,, = p=n

b xn xn
fa f(X)dX = fxo Y, (x) dx=h fxo (y0+pAy0 + P(I;l—l) APyy + e )dp

n
= —1
hfo (yo +pAyo+p(p?,)A2y

=Tlh[ + P Ay + T 2n=3)A%y, + - (n—2)2 A3 +]
Yo > ) 12( A"y, 24( ) Yo

This is Newton Cotes Quadrature Formula.
. ] . . . b
Derive Trapezoidal Rule for numerical integration of fa f(x)dx:

L.TRAPEZOIDAL RULE:-

Sub n=1 in Newton Cotes Quadrature_Formula and taking the curve y = f(x) passing through
(%0, ¥o)and (x;,y1) as a straight line so that differences of order higher than first become

zero( i.e., A% A3etc become zero) (n=number of intervals)
1 .
[ f()dx = h[ ,, L g JE2AY Y (i)

Similarly we get

L2 £ (0)dx =h/20yi+yal v (i)
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Adding above we get
" h
[otydx =S [0+ yn) +20n + Y2 + == = = + o )]

h
f ydx = > [(sum of the Ist & last oridinates) + 2(sum of the remaining ord.)]

L

x0 x1 xE xd

Here trapezoidal rule denotes sum of areas of above trapeziums.
. . N O 4 b
Derive Simpson’s 1/3 Rule for numerical integration of fa f(x)dx

I1. Simpson’s 1/3 Rule (n=2)

sub n=2 in Newton Cotes Quadrature Formula and taking the curve y = f(x) passing through
(%0, ¥0), (x1,y1) and (x,,y,) as a parabola so that differences of order higher than second

become zero( i.e., A3, A*etc become zero)
f;:z f(x)dx = 2h[y0+Ay0+éA2 Yol

We know E = 1+A A
then [ol f()dx =2[yo + 431 + 2]
Similarly f;: f(x)dx=2hly,+4y,+y,]

h

and so on f;n"_z fx)dx = 3 (Vs +4yn_q1 + Yn]

Adding

n h
[oydx = 2[00 + ¥ + 401 + yo+ .+ Vuo)) + 2002 + Yat o+ Yp)]

Xn

fydxz

X0

w| s

[(sum of the first and last oridinates) + 4(sum of the odd ordinates)

+ 2(sum of the remaining even ordinates)]

This is known as Simpson’s 1/ 3 Rule (or) Simply Simpson’s Rule. .
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I11. Simpson’s 3 / 8 Rule

n 3h
[t ydx = 2[00 +y) + 30 + vz +Ya + Vst Y1) + 203 + Vet -+ Yn3)]
Note: -

1. Trapezoidal Rule is applicable for any number of subintervals

2. Simpson’s 1/ 3 rule is applicable when the number of subintervals must be even
3. Simpson’s 3/ g rule is applicable when the number of subintervals must be multiple of 3

Compare Trapezoidal Rule and Simpson’s 1/3 rule

In trapezoidal rule we take n=1(no of subintervals).between every two points we are taking a st
line(LINEAR) where as in simpsons rule n=2 means We are taking a PARABOLASO error is
less compare to trapezoidalrule.

PROBLEMS

1. Evaluate f : %dx by using trapezoidal and simpson’s 1/3 rules taking n=6

SOL: h= bra =
n 6
Here T_l since lim,,_, smx:l
X 0 n 2 3n 4m S s
6 6 6 6 6
sinx 0 0.5 0.866 1 0.866 0.5 0
Sinx/x 1 0.9549 0.8270 0.6366 0.4135 0.1910 0
i) Trapezoidal rule :
f — dx ——[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) |

1+x
=;2- [ (140) +2(0.827+0.4135+0.9549+0.6366+0.1910) | = 1.8446
ii) Simpson’s 1/3 rule:

fo de_ [(sum of the Ist & last oridinates) + 4(sum of the odd ordinates) +

2(sum of the remaining even ordinates)]|

= 171—8[(1 +0)+2(0.827+0.4135)+4(0.9549+0.6366+0.1910)] = 1.852

X 0 1/6 2/6 3/6 4/6 5/6 6/6

1 1 0.8571 0.75 0.6666 0.6 0.5454 0.5
Yo Y1 Y2 Y3 Va Vs Ve
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MATHEMATICS - 11 NUMERICAL TECHNIQUES

2. Evaluate [ 01 ﬁdx by using trapezoidal , simpson’s 1/3, Simpson’s 3/8 rules.

SOL: We want to use above 3 rules so take n=6

b—a 1-0 1
h=—=—==
n 6 6

i) Trapezoidal rule :
f 0 mdx ——[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) |
:% [ (1+0.5) +2( 0.8571+0.5454+0.75+0.6+0.6666) ] = 0.69485
ii) Simpson’s 1/3 rule:
fo :dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]|

:118[(1+0.5)+2(0.75+0.6)+4(0.8571+0.6666+0.5454)] =0.6931

iii) Simpson’s 1/3 rule:
11
0 1+x

X =20 +Yn) +3Q71 + Y2 +¥a + Yo+ + Yuo1) + 2073 + Y+ ..+ Ynos)]

= 1—6[(1+0.5)+2(0.6666)+3(0.8571+0.75+0.6+0.5454)] =0.6932

3. Evaluate [ 45'2 logx dx by using trapezoidal , simpson’s 1/3,Simpsons 3/8 rules from

X 4 4.2 4.4 4.6 4.8 5 5.2
logx | 1.3863 | 1.4351 | 1.4816 | 1.5261 | 1.5686 | 1.6094 | 1.6487

Yo Y1 Y2 Y3 Ya Ys Ye
SOL: Here h=4.2-4=0.2

1) Trapezoidal rule :

f 45'2 logx dx =§[ (sum of first and last ordinates) + 2( sum of the remaining ordinates) |

:02;2[(1.3863+1.6487)+2(1.4351+1.4816+1.5261+1.5686+1.6O94)] =1.8277
ii) Simpson’s 1/3 rule:
f —dx— [(sum of the first and last oridinates) + 4(sum of the odd ordinates) +
2(sum of the remaining even ordinates)]
:03;2[(1.3863+1.6487)+2(1.4816+1.5686)+4(1.4351+1.5261+1.6094)] =1.8279
iii) Simpson’s 3/8 rule:

1 1
—dx= [(yo +y) +31+ Y2t ya+yst+.ot Y1) +2(y3 + yet+.. + Yno3)]

0 1+x

:%[(1.3863+1 .6487)+2(1.5261)43(1.4351+1.4816+1.5686+1.6094)] = 1.8278
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MATHEMATICS - 11 NUMERICAL TECHNIQUES

4. The velocity v (m/sec) of a particle at distance S(m) from a point on its path given by
following table

S (0 10|20 |30 |40|50|60
v |47 |58 |64 | 65|61 |52|38

Estimate the time taken to travel 60 meters by Simpsons 1/3 and 3/8 rules.

a
SOL: Letv = d—: be the velocity of particle at any time ‘t’

d
Then dt = ?S Integrating on both sides with limits O to 60

601
Then t = fo > ds

S |0 10 20 30 40 50 60
v |47 58 64 65 61 52 38
1/v | 0.0212 | 0.0172 | 0.0156 | 0.0153 | 0.0163 | 0.0192 | 0.0263

I) Simpson’s %rule:

(sum of the first and last oridinates)
fOGO% ds= — +4(sum of the odd ordinates)
+2(sum of the remaining even ordinates)

= 20(0.0212+0.0263)+2(0.0156+0.0163)+4(0.0172+0.0153+0.0192) = 1.0603 sec
ii) Simpson’s % rule:
=[5 ds= % [(vo + ) + 301 +y2 +ya+ys+.+yn_1) + +2(5 + Y6+ .+ yn3)]
=22[(0.0212+0.0263)+2(0.0153)+3(0.0172+0.0163+0.0192) = 0.8857 sec

5.Evaluate | : /2 gsinxgy correct to four decimals places by Simpsons 3/8rule

SOL: Here h=—
12

X |0 . ¢ 2T 3 i 5 n
12 12 12 12 12 2
Y |1 1.2954 | 1.6487 |2.0281 |2.3774|2.6272 | 2.718

. 3
Simpson’s 3 rule:

601 3h
t=J, - ds=F [o+y) + 301+ y2 +yatyst.+yn1) ++2(¥3 + Yo . + yn-3)]

4

= z—Z[(1+2.718)+2(2.0281)+3(1.2954+1.6487+2.3774+2.6272)=3.1015
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1

6. Evaluate I

0

e dx using Simpson’s 3/8 rule
+x

Sol: Divide the interval into 6 sub intervals & tabulate the values of f(x;) = as follows

1+x2

x; |0 | 1/6 2/6 | 3/6 4/6 5/6 6/6
f(x;) |1 09729090 | 0.80 |0.69231 | 0.59016 | 0.5

Here h=1/6

Using Simpson’s rule

101 3h
I'= fo dx =?[(J’o+3’6)+3()’1+ Y2 + Y4 +¥s) + 2y5]

1+x2
3 1
=386 [(1.0 + 0.50) + 3(0.9729 + 0.90 + 0.69231 + 0.59016) + 2(0.80)] = 3(12.5662)

= 0.785395 = 0.7854
1

dx , taking 5 sub internals & by using Trapezoidal rule.

1
7. Find the value of _[ >
0

1+x
f(x): ! n=5a=0,b=
1+ x*
Sol: b 1
h=2"4_""_o2
n 5

Construct a table of values of x;&y; = f(x;) as follows

X; 0.0 0.2 0.4 0.6 0.8 1.0
Vi 1.00 0.961538 | 0.832069 | 0.735294 | 0.609755 | 0.50

Using Trapezoidal rule we get

1+x°
=(.783734

1
1= L = o;zz (1.0+0.50) +2(0.961538 +0.832069 +0.735294 +0.609759) |
0

8. Find the area bounded by the curve f(x)=y and x-axis from x=7.47 to x=7.52

X; 7.47 7.48 7.49 7.50 7.51 7.52
Vi 1.93 1.95 1.98 2.01 2.03 2.06

Sol:- Here h = 0.01

Area formed by the curve y = f(x) and x — axis from x=7.47 to x=7.52 is
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7.52
Area = I f(x)dx
747

Applying Trapezoidal rule we get

7.52

Area = J. f(x)dx=§[(yo+y5)+2()’1+)’2+)’3+)’4)]

7.47

_ %[(1.9% 2.06)+2(1.95+1.98+2.01+2.03) ]
= 0.0996

1
3. Evaluate 9.Evaluate 9.Findjx3dx with 5 sub intervals by Trapezoidal rule
0

Sol: - Here azO,bzl,ﬂzS&y:f(x):x3
p=2ma 120 4,
n 5
The values of x & y are tabulated below
X 0.2 0.4 0.6 0.8 1
0512 |1

y 0.008 |0.064 |0.216

By Trapezoidal rule
1 h
Jo ¥3dx = [0 +ya) + 2(y1 + y2 + ¥3)]

= "2—2 [(0.008 + 1) + 2(0.064 + 0.216 + 0.512)]

=0.2592 = 0.26

10. Evaluate :‘T‘, sin z«r using Trapezoidal rule
(o]

Sol:- Divide the interval (0, 7) in to 6 parts each of width A = %

The values of f (z)=zsinz are given below
t 0 /6 216 | 37/6 | 4x/6 | S7m/6 | 7
f(t) =y |0 0.2618 | 0.9069 | 1.5708 | 1.8138 | 1.309 0
Yo Vi V) Y3 V4 Vs Yo
By Trapezoidal rule

7 ) h
[rsinidt =2[ (3o +3e)+2(3+ 32+ 35+ yi+ 3]
0

_ %[(m 0)+2(0.2618+0.9069 +1.5708+1.8138 +1.309) |

T
= Z(11.7246
L )

=3.0695 = 3.07
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11. Find the value of j‘@ by Simpson’s 1/3 rule. Hence obtain approx. value of log,2

Sol:- Divide the interval (1,2) in to 8(even) parts each of width 42 =0.125

X 1 1125 | 125 |1375 |15 1625 | 1.75 |1.875 |2
1 |1 0.8888 | 0.8 | 0.7272 | 0.6666 | 0.6153 | 0.5714 | 0.5333 | 0.5
y=—
oy N ¥, Vs Vs Vs Yo ¥, Vs

By Simpson’s 1/3 rule
2 d
- [(yo +Ye) + 41+ Y3 +¥s +¥7) + 2072 + Va + V6]

1 x

0 125 [(1+0 5)+4(0 8888+0.7272+0.6153 +0. 5333)+2(O 8+0.6666 +0. 5714)]

0.125 =0.6931

[16.6344]

_0 125[1 5+11.0584+4.076]  —

By actual integration,

2
j logx =log2—logl=1log?2

1

Hence log2 =0.6931, correct to four decimal places
12. A rocket is launched from the ground. Its acceleration is registered during the first 80
seconds and is given in the table below. Using Simpson’s 1/3 rule, find the velocity of the
rocket at t = 80 seconds

t (sec) 0 10 20 30 40 50 60 70 80
31.63 | 33.34 | 35.47 | 37.75 | 40.33 | 43.25 | 46.69 | 50.67

f(cm/secz) 30

Sol:- We know that the rate of velocity is acceleration Le., f = ?
t

". Velocity of the rocket at # =80sec is given
v= [ fdt
10
=3 [(30 +50.67) + 4(31.63 + 35.47 + 40.33 + 46.69)2(33.34 + 37.75 + 43.25)]
= ? [80.67 + 616.48 + 228.68] = ?(925.83) =3086.1
13. A river is soft wide. The depth ‘d’ in feet at a distance x ft from one bank is given by

the table

x [0 [10|20]30]40|50|60|70 |80
yl|0{4 |7 |9 (1215148 |3

Find approximately the area of cross-section

Sol:- Here h=10,y,=0,y,=4,y,=7,y,=9,y,=12,y, =15y, =14, y, =8& y, =3
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. 80
Area of cross section = [ yex
0

-y
Area = L0020+ 40+ 33+ 35+ 3,) +2(32+ ¥i+ vo) ]

=?[(0+3)+4(4+9+15+8)+2(7+12+14)]

=E[3+144+66]
3

=710sq.ft

T

14. Evaluate J.sin xdx by dividing the interval(0,7) in to 8 sub intervals & using

0
Simpson’s 1/3 rule

Sol: - Given azO,b:ﬂ,n:8&f(x):sinx

b—a rn-0

Sh= —=7x/8
8

n
Tabulate the values of sin x as follows

x; |0 | #/8 | x/4 | 37/8 | w/2 | 5x/8 | 6x/8 | Tn/8 | 7
sinx; |0 [ 038 |0.71 |0.92 1 0.92 0.710 |0.38 0

Simpson’s 1/3 rule forn = 8 is
b h

1 =If(X)dx=§[(yo + Y )H A+ Y+ s+ Y+ 2( 3+ i+ 36) |
=8—”3[(0+0)+4(0.38+0.92+0.92+0.38)+2(0.71 +1.0+0.71)]

=1.99

15. Find the area bounded by the curve y :e_)% , X axis between x=0& x =3 by using

Simpson’s 3/8 rule
Sol:- Divide the interval (0,3) in to 6 sub intervals - = 3-0_y5
6

The values of y, =e™*'* are tabulated as follows

x; 100]05 1.0 1.5 2.0 2.5 3.0
y(x;) | 1.0 | 1.33 | 1.649 | 3.080 | 7.389 | 22.760 | 90.017

By Simpson’s 3/8 rule we get

1

3h
I = fe‘xz/z dx = g[(yo +¥6) + 31+ Y2+ ya +ys) + 2ys]
0

= 209[(1.00 + 90.017) + 3(1.33 + 1.649 + 7.389 + 22.760) + 2(3.080)]

=36.744 Square units
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Numerical solutions of ordinary differential equations

The important methods of solving ordinary differential equations of first order

numerically are as follows

1) Picard’s method

2) Taylor’s series method

3) Euler’s method

4) Modified Euler’s method of successive approximations
5) Taylor’s series method

6) Runge- Kutta method
To describe various numerical methods for the solution of ordinary differential equations, we
consider the general 1* order differential equation.

d
d_z:f(X’Y) ------- (1) with the initial condition y(X¢)=Yo

The methods will yield the solution in one of the two forms:

i) A series for y in terms of powers of x, from which the values of y can be obtained by direct
substitution.

ii) A set of tabulated values of y corresponding to different values of x

The methods of Taylor and Picard belong to class (i)

The methods of Euler, Runge - Kutta method, Adams, Milne etc, belong to class (ii)

Picard’s method of successive approximations

d
Consider the following differential equation £=f(x,y) ——————— (1) initial condition is that

y=yp at Xx=Xg---- (2)
the equation is dy=f(x,y)dx

Integrating the equation between the limits Xy and x we get
J‘x=x0 dy - -[: f(x’ y)dx
i.e., [y]i=xO = J'):) f(x, y)dx

i.e., y(x)-y(Xo) = J: f(x, y)dx
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or y)=yot [ f (e, yyex ==(3)

We find that the R.H.S of (3) contains the unknown y under the integral sign. An equation of
this kind is called an integral equation and it can be solved by a process of successive

approximations.

Picard’s method gives a sequence of functions y'(x) , y(z)(x) ¥ m(x),. e
Which form a sequence of approximation to y converges to y(x)

To get the 1™ approximation y "’ (x), put y = yq, in the integral of (3)

We get yD(x) = you | BECRY — @

Since f(X,yp) is a function of X, it is a possible to integral it with respect to x

To get the 2nd approximation y @ (x) for y,put y= y(l) (x) in the integral of (3) we get

Y (x) =y + [ £y @)dx > (5)
Similarly, a 3" approximation of y® fory is y® =y, + f;o fley@()]dx — (6)

Proceeding in this way, we get the nt"* approximation y(") (x) for y as

v, (%)=, +L2f[x, Yy (x)}dx—>(7) Ory, =vyo+ f;o fl,y™Ddx, n=1,2........

Eqn 7 gives the general iterative formula for y iterations are repeated until the two successive

@D are sufficiently close.

approximations y(i) and y
Eqn 7 is known as picards iteration formula.
This method is not convenient for computer based solutions

PROBLEMS:

1. Obtain y(0.1) given v = i;i YOy =1 by picad’s method.

_yx o _ _
SOL: Here f(X,y)=. e yo=1 and x¢=0.

By picard’s method, a sequence of successive approximation to y are given by

y(X) =y, + I S (x, y)dx , =123,

Xo

y(n) (x) = 1 + J‘ f(x’ y(nil))dx s n:1’253’___
(0]
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First approximation: we have

yiix = 1+]fr;x,y”}dx = 1+fjr;x, 1z

= 1+f) (== — 1) dx
=1+1 4+ [—x + 2log(1 + x)]§
= 14+[-x+2log(1+x)]-(0+2log(0))
= 1-x+2log(1+x)

Second approximation, we have

y@ =1+ f(ff(x,y(l))dx

_ 1+J-x 1-x+2log(1+x)—x
- 0 1—x+2log(1+x)+x

x -2x
- 1+f0 [1+210g(1+x)

+ 1]dx
It is clear that the resulting expressions too big as we proceed to higher approximations.
Hence approximate value of y(x) is y(l)(x)=y(0.1)= I-x+2log(1+x)=1-0.1+2log(1.1) = 1.0906

2. Use picard’s method to approximate y when x=0.2 G.T. y=1 when x=0 and < _
dx

Sol: Consider Z—z = f(x,y)where y = yj at X = Xo.

Here f(x,y) = x-y, x0=0 and yo=1.

By picard’s method, picard’s iteration formula is

YW =y, + [ £y dx

Ly =1+ [ f ey Tdx — (1)
o

First approximation: put y=1 on R.H.S at (1).

X X
x? * x?
y(1)=1+.[f(x,1)dx=1+J.(x—1)dx=1+l7—xl =l-x+—
0 0 0
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Second approximation:

X X
x2
y® =1+ff(x,y(1))dx= 1+ff<x,1—x+7>dx
0 0

=1+f0x[x—(1—x+§)]dx
o P TR B G PR S S &
+_([(x 7)] =1+x"—x ?

Third approximation:

X X
y® =1+ff(x,y(2))dx=1+jx—<1+x2—x—x3/6)
0 0

3 4
3 x> x

:1+I (x—l—x2+x+£)dx =1+x° —x=—+—
o 6 3 24

Fourth approximation:

X X x3 x4
y® = 1+Jf(x,y(3))dx= 1+Jx—<1+x2—x—?+ﬁ>dx
0 0
=1 i —1—% ——x—4d
+_([ (x X +x+ 24-) x
U SN S SO S
3 2 12 120

Fifth approximation:
yP =1+ [ £ (x, y*dx =1+ [[x— y*1dx
0 0

X ” x3 x4 xS )

=l+j- (x—1+x—x"+———7+
3 12 120

(o]

When x=0.2, we have
yo=1, y"=0.82, y¥=0.83867, y®’=0.83740, y** = 0.83746 and y®’ =0.83746

y=0.83746 at x=0.2
MRCET (EAMCET CODE: MLRD)
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3. Find an approximate value of y for x=0.1, x=0.2, if % =x+y and y=1 at x=0 using
X

picard’s method. Check your answer with the exact particular solution.
. dy
Sol: Consider o = f(x,y) where y = yp at X = Xo.
X

Here f(x,y) = x+y, x0=0 and y,=1.

By picard’s method, a sequence of successive approximations

are given by. y™ (x) =y, + _f S (x, TP (x)dx

X0

(or)

Y = 3o+ [ £ e,y dx

Xo

For n=1,2,3,---- (1)
Y =1+ [ f e,y
0

For n=1,2,3,--- 2)
when x=0.1

First approximation

2
yD =14 [[(x+Ddx=1+x+%

Second approximation

x x?2
y(2)=1+f0x+(1+x+7)dx

=1 +f:(1 + 2x+§) dx = 1+x+x2 +9€3/6

Third approximation

y& =1+ [ x+<1+x+x2+x3/6>]dx

x4

24

3
=1+ 1+2x+x2+x3/6>dx=1+x+x2+%+
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y=0.1
3 4
y® =1+(0.1)+(0.1)* + ©.h” O
24
= 114001+ (0.001) N 0.0001

24
= 1.1+0.01+0.0003+0.000004 1
=1.1103041 ~ 1.1103

y=0.2

(0.2)° N 0.2)*

3 =14(0.2)+(0.2)* +
y (0.2)+(0.2) )

= 1.2+0.04+0.00266+0.0000666 = 1.2427
y=1.1103 at x=0.1 and y=1.2427 at x=0.2

Analytical solution:

The exact solution of % =x+y, y(0)=1 can be found as follows.
X

The equation can be written as ? —y=Xx

X

This is a linear equation in y [i.e, ? +p.y=0]
X

[par — fenax

thenp=-1, Q. [.F=¢" =e =e

General solution is y . LF= [ ox7.Fdx + ¢ (X means multiplication)
y O
y.e'= J.x.e_xdx +c

y.e"=- e (x+1)+c. or y= -(x+1)+ce™
when x=0, y=1 i.e, i=-(0+1)+c or c=2
Hence the particular solution of the equation is
y=-(x+1)+2e*=2¢"-x-1.
For x=0.1, y = ¢*'-0.1-1=2(1.1052)-0.1-1=1.1104

For x=0.2, y= 2¢%2-0.2-1 = 2(1.2214)-0.2-1=1.2428.
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4. Find the value of y for x=0.4 by picard’s method, given that

Dy, y(0)=0.
dx
. dy )
Sol: Consider T = f(x,y) and y=yp at Xx=Xp1.e., Y(X0)=Yo
X

Here f(x,y)=x"+y" and x¢=0, yo=O0.

By picard’s method, the successive approximation are given by

Yy (xX) =y, + I S y"dx h=123, -

Xo

Y0 =0+ [ £ (x, y" P )dx
0

Y ) = [ 6y "dx =123 (1)
0
The first approximation:
X X X x
yP(x) = If(x, ydx = If(x, 0)dx = J.xzdx = 3
0 0 0

The second approximation:

7
X

(2) @ d dx _x_
u>jﬂxy>x Lﬂx+<)] Tt

Calculation of y* is tedions and hence approximate value is y'*.

4)’

For x=0.4, y'= ©4r 3 =0.02133

=(0.0213333+0.0000303.

Joo (0.34)3 L 04

=0.0213636 ~ 0.0214(correct to 4 decimal places)

y=0.0214 at x=0.4.
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5. Given that ? =1+ xy and y(0)=1, compute y(0.1) and y(0.2) using picard’s method.
X

Sol: Consider ? = f(x,y) and y(Xo)=Yo.
X

Here f(x,y)=1+xy and yo=1, x0=0.

By picard’s method, the successive approximations are given by

y(n) (.X') = yO -+ J' f(x, y(n_l) )dx ’ Il:1,2,3,---

y(n) (-x) = 1 + j f(x> y(n_l) )dx ) n:19253“'
o

The first approximation:

x x x 2
YO =1+ fx, y<°>)dx=1+jf(x,1)dx=1+j(1+x)dx=1+x+%
(0] o [0}

The second approximation:

y(z)(x):1+_|':f(x,y(l))dx:1+.[ox[(1+x)[l+x+%2ﬂdx

2 3 4
X X

X
=l4+x+—+—+—
3 8

The third approximation:

x x 2 3 4
P(x)=1+ 2 y)dx =1+ [[1+x( + x+—+ 2 + Z)ax
y® (%) {f( @) {[ ( S+

2 3 5
X x4 X X6

X
=l+x+—+—+—+—+—
2 3 8 15 48

It is clear that the resulting expressions too big, as we proceed to higher approximations. Hence

approximative value is y(3).

For x=0.1,

2 3 4 5 6
y(3)=1+(0.1)+(0.21) LO.D° ©.D' O (©.D

3 8 15 48
=1+0.14+0.005+0.000333+0.0000125+0.000000666+0.00000002
=1.105346 = 1.10535

y(0.1)=1.10534.
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For x=0.2,

(0.2)* . 0.2)° . 0.2)* . 0.2)° N (0.2)°

@ =1+(0.2)+
Y 0.2 3 8 15 48

= 1.2+0.02+0.0026666+0.0002+0.00002133+0.000001333

= 1.222889 ~ 1.22289

y(0.2)=1.22289.

6. Using picard’s method, obtain the solution of % =x-y°, y(0)=1 and compute y(0.1)
X

correct to four decimal places.
. dy
Sol: Consider o = f(x,y) and y(Xo)=Yo.
X

Here f(x,y)=x—y2, yo=1 and x(=0.
By picard’s method, a sequence of successive approximation to y are given by

y(”)(x) = yO + J. f(xs y(nil))dx s n:19293a“'

Yy (x) =1+ _f f(x, v""dx,n=1.273,---
0]

First approximation: we have

2

y(n(x)=1+:|C.f(x’y0)dx=1+j£f(x,1)dx=1+]C‘(x—l)dx=1+%_x
0 0 0

Second approximation, we have

x X 2 2
y(z)(x)=1+If(x,yl)dx=1+_f{x—[1+%—xj }dx
(0] (o]

X

I|:(x (1+—+x +x°—2x— x)}

0

3x? x> 2x x

x 4
=1+ [Br—1-2-—2x" 4+ 2" )dr =1+ 2 —x -
) 4 2 20 3

4

It is clear that the resulting expressions too big as we proceed to higher approximations. Hence

approximate value of y(x) is yZ(x).
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For x=0.1

0.1°

2 = 3 2 2 |
YV =1-0.1+=(0.D)" —=(0.D" +
2( 4 3( ) 4 20

= 1-0.1+0.015-0.0006666+0.000025-0.0000005
=1.015025-0.1006671

=0.9143579 ~ 0.9143 (correct to four decimal places)

y =0.9143 at x=0.1.

4y _

7. Find the value of y for x=0.25, 0.5, 1 by Picard’s method, given that P .
x Yy +

X0=0, Yo= 0.

Sol: Consider ? = f(x,y) and y(Xo)=yo Or y=yo at X=Xo
X

and X()—O yo—O

Here f(x,y)=
y>+1
By picard’s method a sequence of approximations are given by

YO @) = yy + [ f Gy P)dix n=1,2,3,

Xo

Yy (x) =0+ _f f(x, y" "ydx ,n=1,2,3--- (1)
(0]

First approximation: we have

(1) _
(x) = 0+jf(x vO)dx = 0+jf(x Ddx = 0+j -dx = 0+ 5

Second approximation, we have

(2) _ h (1) _x
y (x)—0+_([f(x,y )dx_J‘ U)) — x_-([*—dx

= tan~ ( "y o [by putting ?—t] =tan”' (%)

Third approximation, we have

2
X

dx

yP(x) = ff(x, ydx =
0

© )

[tan™" (%)]2 +1

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL TECHNIQUES

The integration is difficult, this is the drawback of the method. Hence the approximation value
of y is y?(x).

3 )C3 x3

@) —t ,lx_:___3l x_ 4
y 7 (x)=tan (3) 3 (3)3 (3)
P X X X
=X XY, X (tan'Q)mx— b ——
3 81 1215 (tan” (@) =x—"+7 )
For x=0.25,
3 9 15
SOy =029 (025 (029" (0000
3 81 1215
at x=0.5,
3 9 15
ym(x)=(0'5) _05) +(0'5) =0.0416425
3 81 1215
At x=1,
vy (x )_——L—L—O.32180699
3 81 1215

y=0.0052082 at x=0.25
y=0.0416425 at x=0.5

y=0.32180699 at x=1

8. Given ? = xe’ , y(0)=0, determine y(0.1), y(0.2) and y(1) using picard’s method.
X

Sol: Consider ? = f(x,y) and y(X0)=Yo
X

Here f(x,y)= xe’, xo=0 and y,=0

By picard’s method, a sequence of approximations are given by

YO @) = yo + [ f ey Pdx, n=123

y*r(x) = ff(x, Yy Mdx , n=1, 2, 3, (1)
0

First approximation, we have

2

(€Y) x 0] T 0 X
vy ()= f(x,y)dx=|xe dx=—
] ] >
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Second approximation, we have

2 2

yP(x) = If(x, y(l))dx = J.x.erx =e? —1
(0] 0
Third approximation, we have
Yy (x) = If(x, Yy dx = J.x.e(x)jdx
(0} 0

The integration is difficult, Hence the approximate value of yis y™ (x).

2

y(z)(x) =e? —1

(0.1)%

for x=0.1, y®(x)=e¢ 2 —1=0.005012

(0.2)?

forx=02, y®(x)=e 2 —1=0.02020

1
For x=1, y@(1) =e2

TAYLOR’S SERIES METHOD

To find the numerical solution of the differential equation ? = f(x,y) 2
X

With the initial condition y(x,) =y, 2> (2)
y(x) Can be expanded about the point x, in a Taylor’s series in powers of (x—x,) as

Y (@) = y(xo) + T2y (xg) + Ty 11 (o). + EZ yn () > (3)

In equation (3), y(x,) is known from initial condition equation. The remaining coefficients
V(%) Y (X )seeueneee y"(x,)etc are obtained by successively differentiating equation (1) and
evaluating at x,. Substituting these values in equation, y(x)at any point can be calculated from

equation. Provided /= x—x, is small.

When x, =0, then Taylor’s series equation can be written as

2 n

y(x) = y(0) + x.y"(0) + % VY(0) + e+ % Y(0) + e >(4)

Note: We know that the Taylor’s expansion of y(x) about the point x, in a power of

(x — Xy) is.
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(x—x,)

y(x) = y(xo) + Ty,(xo) + My”(xo) + M

+

Y 3 y (X0)*+ ... 2(1) Or
2 3

(XI‘X()) é + (-x 2):0) yé] + (.X 3-?0) é]] +

y(X) =yo+

If we let x — x¢ = h. (i.e. X = X¢ + h = X;) we can write the Taylor’s series as

—_ —_ h 1 h2 /4 h3 I h4 v
Y(X)—Y(Xl)—YO*'ﬁ y0+§y0 +—3! Yo +Zy°
. h 1 h2 11 ’ yili hIV v
L.y = 2 - = vy
Le.yi=Yot 1 Yo+ 57 0 57 %0t 2>(2)

Similarly expanding y(x) in a Taylor’s series about x = x;, We will get.

n’ n n'
y2 = y1+ oI i ur v

nyl +Ey1 +§)’1 +Zy1 R 2>3)

Similarly expanding y(x) in a Taylor’s series about x = x, We will get.

2 3 4
i

h h h h
y3=y2+ F)’; + Eyé' + ;)’z + Z)’év"' >@)

In general, Taylor’s expansion of y(x) at a point x= x, is

h I h2 17 h3 yiis h4 v
= — i R — e
TR YRR TR TRL ®

Merits and Demerits of Taylor series method:

In this method taking h very small and taking upto order h* terms we get less error but finding
derivatives may be complicate in some of the problems

PROBLEMS:

d
1. Solve d_y = xy+1 and y(0) = 1 using Taylor’s series method and compute y(0.1).
x

SOL.:. Given that ? -1=xyand y(0)=1
X

Here@:1+xyandy0:1,x0:().

dx
Differentiating repeatedly w.r.t ‘x” and evaluating at xo =0
y'(x) =1 +xy, y'(0)=1+0(1) =1 .

y'(x) =x.y" +y, y(0) = 0+1=1

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL TECHNIQUES
m, \ _ 1 I I My _

y X)=x.y'+y +vy y (0)=0.(1)+2(1) =2
The Taylor series for f(x) about xog = 0 is

; Xt . X e
y(x) =y(0) +x.y (0) + 5 y (0)+ ;y (0)  (Neglecting higher order terms)
Substituting the values of y(0), y (0), y (0), ...

2 3

X X
=l+x+ —+—(2
y(x) 5 6()

2 3
y(x):1+x+%+% >)

Now put x =0.1 in equ (1),

y(0.1)=1+0.1+ (0'21) + ©.D )

3

=1+0.1+0.005 + 0.000333 = 1.105
2. Solve the equation % = x— y* with the conditions y(0) = 1 and y (0) =1. Find y(0.2) and

y(0.4) using Taylor’s series method.
SOL: Given that y'=x—y?,y(0)=1Here y, =1, x,=0

Differentiating repeatedly w.r.t ‘x’ and evaluating at x=0

Y =x—y%y'0)=0-p(0)° =0-1=-1
Y =1-2y",y"(0)=1-2y{0)y'0)=1-2(-1) =3
I =1-21" 20y O =-2y0."0)-2.0'0) =-6-2=-8

The Taylor’s series for f(x) about xo =0 is

2 3
i y“(O) + x—ym(O) (Neglecting higher order terms)

_ X 1
y(x) =y(0) + 1—!y(0)+ Y 3

Substituting the value of y(0), y'(0), y''(0),.....

3 , 8 3
X)=1—-x+=x"- =X
y(x) 5 .

y(x)=1—x+%x2—%x3 >(1)
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Now put x =0.11in (1)

y(0.1)=1-0.1+ —(O )+ = (0 1)’ =0.9138
Similarly put x = 0.2 in (1)

y(0.2)=1-0.22 +% (0.2)% - % (0.2)° = 0.8516.

3. Tabulate y(0.1), y(0.2) and y(0.3) using Taylor’s series method given that y' = y2 +x
and y(0) = 1.
Sol: Giveny' =y*+x 2>(1) and y(0)=1 (2

Here x¢ =0, yo = 1.Take h=0.1then x;=x0+h=0.1;x,=0.2;x5=0.3

Differentiating (1) w.r.t ‘x’, we get

yi=2y-y 41 >(3)
=2y Yy + () >4)
v :2[y yIII +yI y11+2y1 yII] :2[}’ yIII +3 yI yII] 9(5)

Put xo =0, yo=11in (1), (3), (4) and (5), we get

Yo =(1)*+0=1
J=2) () +1=3,
v =21 3+ (1)) =
v =2[(1)®) +3(1)(3)] =
Take h =0.1.

Stepl: By Taylor’s series expansion, we have

h h n h*
y(X1) =yi=yo+ FyO 5 — 2y + ;yé" + ﬁygv +.... D(6)

on substituting the values of y,, y; , yo etc in (6),we get

y(0.1) =y =1+ (0.1)(1) + (0 0 (3) + (0. 1) (0 1)

=1+0.1+0.015+0.001333 +0.000416 = y;=1.116749
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Step2: Let us find y(0.2),we start with (x;,y;) as the starting values
Here x; =x0+h=0+0.1=0.1and y; = 1.116749

Putting these values in (1),(3),(4) and (5), we get

v = yi+x; = (1.116749)° + 0.1 = 1.3471283
v =2y1y! +1=2(10116749) (1.3471283) + 1 = 4.0088
v =20y )+ (y)P) =2((1.116749) (4.0088) + (1.3471283)*] = 12.5831

=2y ¥ +6 vy y=2(1.116749) (12.5831) + 6(1.3471283) (4.0088) = 60.50653

By Taylor’s expansion

h n n n o h*
=y, = — — — — +
Yo =y =yt il + o+ ol
(01)

y(0.2)=y,=1.116749 + (0.1)(1.3471283)+ —— (4.0088)+ (061) (12.5831)+ (021) (60.50653)

y2=1.116749 + 0.13471283 + 0.020044 + 0.002097 + 0.000252 = 1.27385
y(0.2) = 1.27385

Step3: Let us find y(0.3),we start with (x,,y») as the starting value.

Here x, =x; +h=0.1+0.1=0.2 and y, = 1.27385

Putting these values of x; and y; in eq (1), (3), (4) and (5), we get

vl = 32 +x,=(1.27385)* + 0.2 = 1.82269

yi=2ys y5 +1=2(1.27385) (1.82269) + 1 = 5.64366

III

=20yz ¥/ + ( y/)?1=2[(1.27385) (5.64366) + (1.82269)’]
= 14.37835 + 6.64439 = 21.02274
YWV =2y, 4 Y 46yl -y =2(1.27385) (21.00274) + 6(1.82269) (5.64366)
=53.559635 + 61.719856 = 115.27949

By Taylor’s expansion,

h h’ n 1 h4 v
= = — —_ +
y(x3)=ys=y2 + 1'yz 2,y2 Y - 4!y2
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0.1)? 0.1° 0.D*

y(0.3)=y3=1.27385+(0.1)(1.82269)+ (21.02274)+ )

(5.64366)+

(115.27949)

=1.27385 + 0.182269 + 0.02821 + 0.0035037 + 0.00048033 = 1.48831
y(0.3) =1.48831

4. Solve y1 =x - Y, Y(0) = 1 using Taylor’s series method and evaluate y(0.1),y(0.2),y(0.3)
and y(0.4) (correct to 4 decimal places)

Sol: Given y' = x*—y >(1) and y(0) = 1 >(2)
Here xo=0,y0=1

Differentiating (1) w.r.t ‘x’, we get

y'=2x-y' >@3)
ym -9 yH >4)
yIV _ _ym >(5)

put xo =0, yo=1in (1),(3),(4) and (5), we get
Vo= X -yo=0-1=-1,

Yo =2x0- yy =2(0)—(-1)=1

Yo' =2-y =2-1=1,

Yo ==y =-1 Take h = 0.1

Step1: by Taylor’s series expansion

2 3 4
i

h h h h
y(X1) =y1= Yo+ F yé + E yé’ + ;yo + Zyév +.... -2>(6)

On substituting the values of yo, v, , y, etcin (6), we get

4
N 0.1
24

yO.H =y =1+©0.1) (D + _(0.21> (1) + (061)

(1) )+....

=1-0.1 + 0.005 + 0.01666 — 0.0000416+....

=0.905125 ~ 0.9051 (4 decimal place).
Step2: Let us find y(0.2) we start with (x;,y;) as the starting values
Here x =xp+h=0+0.1 =0.1 and y; = 0.905125,

Putting these values of x; and y; in (1), (3), (4) and (5), we get
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yl = x2 -y =(0.1> = 0.905125 = -0.895125
y/'=2x1- y =2(0.1) - (-0.895125) = 1.095125,
yW=2- y"=2-1.095125=0.904875,

v =~y =-0.904875,

By Taylor’s series expansion,

2 4
1

(X) = y, = h h " h h_
YX2)=Y2=1+ Fyl 2! Vi 3y1 4,)’1

y(0.2)=y,=0.905125+(0.1)(-0.895125)+

(1.09125)+ (0.904875)+

(0.1) (0.1)° 0.1)* .
2 6 2

0.904875)+....

y(0.2) =y,=0.905125 — 0.0895125 + 0.00547562 + 0.000150812 — 0.00000377

=0.8212351 ~ 0.8212 (4 decimal places)

Step3: Let us find y(0.3), we start with (X»,y2) as the starting value

Here x, =x; +h=0.1+ 0.1 =0.2 and y, = 0.8212351

Putting these values of x, and y, in (1),(3),(4), and (5) we get

yh = x2 -y, =(0.2)* = 0.8212351=0.04 — 0.8212351 = - 0.7812351
yP=2xy- yh =2(0.2) + (0.7812351) = 1.1812351,
yM=2- y =2-1.1812351 = 0.818765,

YV =~y =.0.818765,

By Taylor’s series expansion,

2 3 4

(X) +ﬁ h_ +h_ Il[+h_
3)=Y3=Y2 T yz o1 yz 3')’2 4')’2

(0.1)? 0.1)° 0.)*

y(0.3)=y3=0. 8212351+(0.1)(-0.7812351)+ (1.1812351)+ (0.818765)+

(_
0.818765)+....
y(0.3) = y3 = 0. 8212351- 0.07812351+ 0.005906 + 0.000136 — 0.0000034

=(0.749150 ~ 0.7492 (4 decimal places)
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Step4: Let us find y(0.4), we start with (x3,y3) as the starting value
Here x3 =x,+h=0.24 0.1 =0.3 and y3 =0.749150

Putting these values of x3 and ys in (1),(3),(4), and (5) we get

yi =X -y3= (0.3)* —0.749150= -0.65915,
yi'=2x3- y; =2(0.3) + (0.65915) = 1.25915,
yi'=2- yi =2-1.25915 = 0.74085,

yI¥ =y =.0.74085,

By Taylor’s series expansion,

h h? n h*
YO4) = ya=ys+ vy + B vy o+ ;yg” + Nt

0.1)° 0.1° 0.1)*

y(0.4)=y,=.749150+(.1)(-.65915)+ (1.25915)+ (.74085)+ (-.74085)+....

y(0.4) =y, =0. 749150 — 0.065915+ 0.0062926+ 0.000123475 — 0.0000030

=(0.6896514 ~ 0.6897 (4 decimal places)
5. Using Taylor’s expansion evaluate the integral of y'—2y =3¢", y(0) =0, at
a)x = 0.1,0.2,0.3, b) Compare the numerical solution obtained with exact solution.
Sol: Given equation can be written as 2y+3e* =y', y(0)=0
Differentiating repeatedly w.r.t to‘x’ and evaluating at x =0

y'(x)=2y+3e",y'(0)=2y(0)+3¢’ =2(0)+3(1) =3
y'(x) =2y +3e", y"(0) =2y'(0) + 3" =2(3) +3=9
y"(x) =2.9"(x) +3e*,y"(0) =2y"(0) + 3¢’ =2(9) +3 =21
Yy (x) =2.9"(x)+3e", y" (0) =2(21) + 3" =45
y'(x)=2.y" +3e",y"(0) = 2(45)+ 3¢’ =90+3=93

In general, y"*"(x)=2.y"(x)+3e" or y"*"(0)=2.y"(0)+3e"

The Taylor’s series expansion of y(x) about x, =0 is

x? x3 x* x>
y(x) = y(0) + xy*(0) + 7)’11(0) + g}’lll(o) +Z}’1v(0) + T Y(0) + -

Substituting the values of y(0), y'(0), ¥"(0), y"(0),..........
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y(x):0+3x+2x2 +2x3+4—5x4+2x5 S T,
2 6 24 120

9 , 7 45 15 , 31

=3x+—x + X +— X" +—x +........ > (1
y(x)=3x 2x 2x 8x 40x @Y
Now put x=0.1 in equation

9 , 7 ; 15 . 31 s
0.D)=30.)+=(0.1)"+=(0.1)’ +—(0.1)" + —(0.1)" =0.34869

y()()z()z()g()m()
Now put x=0.2 in equation
v(0.2) = 3(02)+ (02) +— (02) + (02) + (02) =0.811244
Now put x = 0.3 in equation(1)

y(0.3) =3(0.3) + % (0.3)> + % (0.3)° + % 0.3)* + % (0.3)° =1.41657075

Analytical Solution:

The exact solution of the equation ? =2y+3¢* with y(0)=0 can be found as follows
X

Y —2y=3¢" Thisis alineariny.
dx

Here P=-2,0=3¢"
LF =e/ Pdx _ o[ —2xdx _,—2x

General solution is y.e " = J'3e".e‘2xdx +c=-3e"+c
Sy=-3¢" +ce”*Wherex=0,y=0 0=-3+c=c=3
The particular solution is y =3e”* —3e* or y(x)=3e** —3e"
Put x=0.1in the above particular solution,

y=3."-3e"" =0.34869

Similarly put x=0.2

y =3e"* =3¢ =0.811265

3e"* —3e" =1.416577

putx=0.3 y
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6. Using Taylor’s series method, solve the equation ? =x>+y* for x=0.4 given that

X
y=0whenx=0

Sol: Given equation is % =x’+y*>and y=0 when x=0 ie. y(0)=0
X

Here y, =0, x,=0
Differentiating repeatedly w.r.t ‘x” and evaluating at x =0

yi(x) =x2+y%4,y1(0)=0+y%(0)=0+0=0
y(x) = 2x + y'. 2y,y'(0) = 2(0) + y*(0)2.y = 0
y111(x) = 2 + 2yy*t + 2yt.y1,y111(0) = 2 + 2.y(0). y1(0) + 2.y1(0)2 = 2
YV (x) = 2.yy11 + 2.y y1 + 4.1y 31(0) = 0
The Taylor’s series for f(x) about x, =0 is

2 3 4

Y(x) = y(0) + xy'(0) + % Y'(0)+ % y"(0)+ % Y"(0)+..

Substituting the values of y(0), y'(0), y"(0),.....

3 3

y(x)=0+x(0)+0+ 23i‘ +0+........ = x? + (Higher order terms are neglected)
3

S y(04) = (0;) = N =0.02133

. . dy dz 2
7. Find y (0.1),y (0.2), z(0.1), z(0.2) given E =x+ y,a =x—y° and y(0)=2, z(0) =1by
Using Taylor’s series method
SOL: Given yI =x+z, take Xo =0, yo =2 ,h=0.1
We have to find y; = y(0.1) and y, =y(0.2)
Now y' =x+z, yW=1+z, yWM=z1 (D

Given z' =x-y’
take xo =0, zp = 1 ,h=0.1
we have to find z; -z(0.1) and z,-2(0.2)

now z! =x-y’, z''=1-2yy', z"=2[yy" ., ')
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By Taylor’s series ,for y andz ,we have
1 1

_ S G S i1 .
y(x) =yo+hyot+ Yo +57Yo0 (neglecting higher order terms)....(1)

z(x) = zo+ h o+ n zo" + h—32 " (neglecting higher order terms) (2)
=Zo+thzot—rZ0 + 7720 g g higher order terms)...................

From (I) and (II), we get

Yo=2; Zo= 1;
yOI =Xo+2zo=0+1=1 Zolz X()-y()z= 4
ylo=l+20" =1+ Xo-yo' =140-4= 3 : Zo* =1-2y0.y0'= 1-2(2)1=-3

yo'tl= 7o't =3 - Zg" ==2lyo.y0' + (¥0)* = 10

Substituting these values in (1) and(2)

0.01 0.001

y1=y(0.D)= 2+(0. 1)1+ —= (-3) + ——(-3)=2.0845.

21=2(0.1)= 1+(0.1)(-4)+ 2= (-3)+ 22(10)=0.5867.

Similarly

By Taylor’s series for y,,z, are

yo=y1 + hy' i+ ';—2 yi' + ’;—Tylm .................... (3)

zo=z;+hz' 1+ Z—T "+ ,;—TZ]HI ....................... 4)

Now we have

y1=2.01845. Zi= 1.

1! =x1+2,=0.1+0.5867=0.6867 7, = x-y°= -4.2451

yi' 14zt =14 xpmy )t = 30457 7' =1-2y..y,'--1.8628

y, M= 72,1 =-1.8628 oz ==20yLy " L (1)? = 12.5856

Substituting in (3) and (4).We get

0.01 0.001

¥2=y(0.2)= 2.0845+(0.1)(0.6867)+ == (-3.2451) + 22(-1.8628)=2.1367.

20=2(0.2)= 0.5867+(0.1)(-4.2451)+ % (-1.8628)+ %(12.5856):0.15497.
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EULER’S METHOD:-

It is the simplest one-step method and it is less accurate. Hence it has a limited application.
Consider the differential equation ? =f(x,y) =2(1) With y(xg) =yo —=2(2)
RS

Consider the first two terms of the Taylor’s expansion of y(x) at x = X
¥() = y(X0) + (x ~ X0) ' (x0) >0)

from equation (1) yl(xo) = f(x0,y(X0)) = f(x0, Vo)

Substituting in equation (3)

S y(X) = y(xo) + (X = X0) £, Yo) At X = X1, y(X1) = y(Xo) + (X1 = X0) (X0, ¥o)

S y1=Yot+ hf(xo,y0) where h = x; — X

Similarly at X = x2, y,=y;+ hf(xq,y1) v oA
Error
Proceeding as above, yu+1 = Yo + h f(Xp,¥n) - 3///”
(o, M o
_FF__’_'___.____,_f.,-' oL P

This 1s known as Euler’s Method h

) i 0
From the fig,
Tana="22 = 222 °F " %

adj h

Implies opp = h Tana

But Tana=slope at (xq,y,) = Z—z at(xg, yo)=f(x9, vo)

~opp=h (X, yo)

Hence y;=yo+opp implies y;=yo+ hf(xq,y,) [NEGLECTING ERROR]

We remove that error by using EULER’S MODIFIED METHOD.

PROBLEMS:

1. Using Euler’s method, solve for y at x = 2 from j_y = 3x” + 1,y(1) = 2,taking step size (i)
X

h = 0.5 and (11) h=0.25

Sol: Here f(x,y) = 3x% + I,xo=1y0=2
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Euler’s algorithm is Y11 = Yo + h f(X4,y0), n=0,1,2,3,..... >(1)
()h=0.5 S Xi=xo+h=1405=15
Takingn=01n (1), we have Xo=x1+h=15+05=2

y1= Yo+ h f(X0,y0)

ie.yr=y(1.5)=2+(0.5)1f(1,2)=2+0.5) 3+ 1)=2+(0.5)4) =4
Here x;=xo+h=1+0.5=1.5

~y(1.5)=4=y,
Taking n =1 in (1),we have

y2=y1 +hf(x,y1)

ie. y(x2) =y, =4+ (0.5) f(1.5,4) =4 + (0.5)[3(1.5)* + 1] = 7.875
Here x,=x4+h=15+05=2

~y(2)=17.875

(i) h=0.25 Sx1=1.25,%=1.50,x3=1.75,x4 =2
Taking n =0 in (1), we have

y1= Yo+ h f(xo,y0)

ie.y(x) =y =2+(0.25)f(1,2) =2+ (0.25) 3+ 1)=3

y(X2) =ya=y1 + hf(x1,y1)

i.e. y(x2) = y» =3 + (0.25) £(1.25,3) = 3 + (0.25)[3(1.25)* + 1] = 5.42188
Here xo=x;+h=125+0.25=1.5

S y(1.5)=5.42188

Taking n =2 in (1), we have

ie. y(X3) =y3 =y, + h {(X5,y,)
=5.42188 + (0.25) £(1.5,5.42188)

=5.42188 + (0.25) [3(1.5)* + 1]=7.35938
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Here x3=x,+h=15+0.25=1.75

- y(1.75) =7. 35938

Taking n =4 in (1),we have

Y(X4) = ya=y3 + hf(x3,y3)

i.e. y(X4) = ya = 7.35938 + (0.25) £(1.75,7.35938)
=7.35938 + (0.25)[3(1.75)> + 1] = 9.90626

Note that the difference in values of y(2) in both cases (i.e. when h = 0.5 and when h =
0.25).The accuracy is improved significantly when h is reduced to 0.25 (Exact solution of the

equation is y = x° + x and with this y(2) =y>=10.

2. Solve by Euler’s method,y" = x + y, y(0) = 1 and find y(0.3) taking step size h = 0.1.
compare the result obtained by this method with the result obtained by analytical

solution

Sol: Here f(x,y) = x+y, X0 =0,yo=1

Euler’s algorithm is Y1 = Yy + h f(X,,y0), n=0,1,2,3,..... >(1)
Given h=0.5 S.X1=Xo+h=0+0.1=0.1
Taking n=01in (1), we have Xx2o=X;+h=0.1+0.1=0.2

y1= Yo+ h {(x0,y0)
ie.y1=y(0.1)=1+(0.1) f(0,1)=1.1
~y(0.1)=1.1

Here xo =x;+h=0.1+ 0.1 =0.2

Taking n =1 in (1),we have y,=1y; + h f(x,y;)
ie y(x2) = ya= L1+ (0.1) f(0.1.1.1) =1.22

Similarly we get y3 =y(0.3) =1.362

Analytical solution:

The exact solution of % =x+y, y(0)=1 can be found as follows.
X
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The equation can be written as a _ y=x
dx
This is a linear equation in y [i.e, z +py=0]1

then p:_l, Q:X. IF — ejpdx _ eJ.(—l)dx _ e—x
General solutionis y . I.F= IQXI Fdx+c
y.e'= Ix.e"xdx +c

y.e"=- e (x+1)+c. or y=-(x+1)+ce™
when x=0, y=1 1.e, i=-(0+1)+c or c=2
Hence the particular solution of the equation is

y=-(x+1)+2e*=2¢e"-x-1.
Particular solution is y = 2e* — (x + 1)
Hence y(0.1) = 1.11034, y(0.2) = 1.3428, y(0.3) = 1.5997

We shall tabulate the result as follows

X 0 0.1 0.2 0.3
Euler y 1 1.1 1.22 1.362
Exacty 1 1.11034 1.3428 1.5997

The value of y deviate from the exact value as x increases. This indicate that the method is not

accurate
3. Given y =x’—y, y(0) =1 find correct to four decimal places the value of y (0,1),

by using Euler’s method.
Sol: Wehave f(x,y) =x?2—vy x, = 0;y,=1 and h=0.1
By Euler’s algorithm

Yn+1 = Yn + h f(xn’yn) 9(1)
.. From (1), for n =0, we have
y1 = Yo + h {(X0,y0) = 1+(0.1)£ (0,1) = 1+0.1(0-1) = 0.9

y1 =0,9
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4. Use Euler’s method of find y(0.1),y(0.2) given y = (x3 +xy’ )e”‘, y(0)=1
Sol: Given y = (x3 + xyz)e_x, y(0)=1

Consider h =0.1

Here f(x,y) = (x3+xy2)e_x , X0 =0, yo = 1,x1=X0+h=0.1,x,=x,+h=0.2
Euler’s algorithm iS yu41 = yn + h f(Xp,yn) =>(1)
.. From (1), for n = 0, we have
y1 = Yo + h f(x0.y0) = yo+h(xo 20y, 7)e ™0 = 1+(0.1)(0) =1
~y(0.1)=1
Again x,=x;+h=0.2

From (1), for n = 1, we have
y2 = yi + h f(x1,y1) = yis h(x 421y, e ™

=1+ (0.D[(0.1)’ + (0.1)(1)°] = 1.0091

~ y(0.2) = 1.0091

5. Given that Z—y =Xy ,y(0) = 1 determine y(0.1),using Euler’s method.
X

Sol: The given differentiating equation is Z—y: xy, y(0)=1
X

a=0, b=0.1
Here f(x,y) =xy,Xxo=0and yo=1

Since h is not given much better accuracy is obtained by breaking up the interval (0,0.1) in to

five steps.
ie.h=220_% _o0
5 5
Euler’s algorithm is Y1 = ¥, + h (X, Yn) >(D)

..From (1) for n =0, we have

y1=Yo+h f(Xg,y0) = 1+ (0.02) £(0,1) = 1 + (0.02) (0) =1
Next we have x; =xg+h =0+ 0.02=0.02

..From (1), for n = 1, we have

y2 =y +h{(X,y1) =1+ (0.02) £(0.02,1) =1 +(0.02) (0.02) = 1.0004
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Next we have x, =x; + h=0.02 + 0.02 =0.04
.. From (1), for n = 2,we have
y3 =y, + h {(X5,y,2) = 1.004 + (0.02) (0.04) (1.000) = 1.0012

Next we have x3 =x, + h=0.04 + 0.02 =0.06

..From (1), for n = 3,we have
y4 =y3 + h {(X3,y3) = 1.0012 + (0.02) (0.06) (1.00012)= 1.0024.

Next we have x4 = X3 + h=0.06 + 0.02 =0.08

..From (1), for n = 4,we have
ys = Y4 + h f(X4,y4) = 1.0024 + (0.02) (0.08) (1.00024)= 1.0040.

Next we have x5 = x4+ h=0.08 + 0.02 =0.1
When x = x5, y=ys

. y=1.0040 when x=0.1

6. Given that z—y =3x* + Y, ¥(0) = 4.Find y(0.25) and y(0.5) using Euler’s method
X

Sol: Given 2—}} =3x”+yand y(I1) = 2.
X

Here f(x,y) = 3x* + y,xo=(1),yo=4

Consider h = 0.25

Euler’s algorithm is Yy.1 = Yy + h (X, Yn) >(1)
.. From (1), for n = 0, we have

y1=Yo+ h{(X,y0) =2+ (025[0+4]=2+1=3
Next we have x; =xg+h=0+0.25=0.25

When x =X, y; ~y

.. y=3when x =0.25

..From (1), for n = 1, we have

yo =y +hf(x;,y;)=3+ (0.25)[3.(0.25)* + 3] = 3.7968
Next we have X, =x; +h=0.25+0.25=0.5

When x =X5, y ~ yo_ ..y =3.7968 when x = 0.5.

DEPARTMENT OF HUMANITIES & SCIENCES MRCET (EAMCET CODE: MLRD)




MATHEMATICS - 11 NUMERICAL TECHNIQUES

MODIFIED EULER’S METHOD

From fig
VoA Parallel
Avg slope = parallel line slope Slope 2= f(z, ;")
(%1 1) Average slope
0 ’ slope 1= fm,
_f(x0,y0)+f(x1,y{?) cow_ L= e =3
- 2 — (7™
h
Hence
k] o
(0)
y1 = Yot hf(Xo,¥0)
W fx0,y0)+(x1,y() R ;
Vi =Yoot >

(n+1) f(x0,y) +(x1,y §”))
1 =Yot 2

Continue till any two consecutive iterations nearly same upto three or four decimal places.

To find y,, y3.....

The formula is given by
Vith =y + 12 [FC v + F(Renvn) ] i= 12 .and k= 0,1 ...

Working rule for Modified Euler’s method

YI£?1 =Yk +h/2 [f(xk»yk) +f (xk+1;yl§i-_11))] ,i=12...andk=0,1....

ii) When i=1 y° _, can be calculated from Euler’s method
1) K=0, 1......... gives number of iteration. i =1,2...

gives number of times, a particular iteration k is repeated
Suppose consider dy/dx=f(x, y) -------- (1) with y(xo) =yg----------- 2)
To find y (x1) = y; at X = X; = Xo+h

Now take k=0 in modified Euler’s method

...... We get yl(l) :yo+h/2|:f(x0,y0)+f(x1,y1(i_]))] . (3)

Taking i=1, 2, 3...k+1 in eqn (3), we get
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¥ =y, + h[f (x0, ¥o)] By Euler’s method)

v, = yo+h/2|:f(x0,y0)+f(x],yl(o)):|

v, =y0+h/2[f(xos)’0)+f(x1,yl(l))}

w0 =y 11 2] f (55 30)+ f (5 7%) |

k+1)

If two successive values of yl(k), y,( are sufficiently close to one another, we will take the

common value ........... asy, = y(xy) =y(x; +h)

Now we have dy/dx = f(x,y)withy = y; at x = x, to get y, = y(x;) = y(x; + h)

Now we have dy / dn =fxy) with y=y , at x=x To get y,=y(x2)=y(x; + h)

We use the above procedure again
PROBLEMS

1. Using modified Euler’s method find the approximate value of x when x=0.3
given that dy/dx=x+y and y(O) =1

sol: Given dy/dx=x+y and y(O) =1

Here f(x,y)=x+y,x,=0, and y,=1

Take h = 0.1 which is sufficiently small

Here x, =0,x, =x,+h=0.Lx,=x+h=02,x,=x,+h=0.3

The formula for modified Euler’s method is given by

yk+l(i) = +h/2|:f (xk + yk)+f (ka, yk+1(i_]))] - (1)

Step1: To find y;= y(x;) =y (0.1)

Taking k = 0 in eqn(1)

yl(i) =Yo + % [f(xo +¥o) + f(xbyl(i_l))] - (2)
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when i=1 inegn (2) yl(l) =y, + g [f(xo +yo) + f(xl,yl(o))]
First apply Euler’s method to calculate yl(o) =y
2 =y +h f (%, o)
= 1+(0.1)f(0,1)=1+(0.1)(0+1)

= 1+(0.1)=1.10

Now [x, =0,y, =1,%x; = 0.1,y,(0) = 1.10]
C o ® = 3 +0.172[ f (X0 v )+ S (x50 3V) |
= 14+0.1/2[f(0,1) + £(0.1,1.10)
= 140.1/2[(0+1)+(0.1+1.10)]= 1.11
When i=2 in eqn (2)

y® = Yo +h/2[f(x0,y0)+f(xl,yl(l))J

= 1+0.1/2[f(0.1)+£(0.1,1.11)]

=1+0.122[(0+1)+(0.1+1.11)]=1.1105
y1(3) =y, +h/ Z[f (xo,y0)+f(x1,y1(2))}

= 1+0.1/2[£(0,1)+£(0.1 , 1.1105)]
= 14+0.1/2[(0+1)+(0.1+1.1105)] = 1.1105

Since yl(z) = )’1(3)

~oy1=1.1105

Step:2 To find y; = y(x;) = y(0.2)

Taking k =11ineqn (1), we get

y, 0=y +h/2|:f('xl’yl)+f(x2’ yz("‘l))} —(3) where i=1234,....

Fori=1

Y2(1) =V +h/2|:f (x1’y1)+f(x2’y2(0)):|
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v,%is to be calculate from Euler’s method

)’2(0) =y th f(xl’yl)
=1.1105+(0.1) f(0.1 , 1.1105)

=1.1105+(0.1)[0.1+1.1105]=1.2316

~oysY = 1.1105+0.1/2[ £(0.1,1.1105) + £ (0.2,1.2316)
= 1.1105 +0.1/2[0.1+1.1105+0.2+1.2316]= 1.2426
v =y hl 2] £ (xn)+ f (60n) ]
= 1.1105 + 0.1/2[f(0.1 , 1.1105) , £(0.2 . 1.2426)]

=1.1105 + 0.1/2[1.2105 + 1.4426]

= 1.1105 + 0.1(1.3266)= 1.2432
30 =y 2] f (o) f (3:7)]

= 1.1105+0.1/2[£(0.1,1.1105)+£(0.2 , 1.2432)]

= 1.1105+0.1/2[1.2105+1.4432)]

=1.1105 + 0.1(1.3268) = 1.2432

G _,0

Since y,” =y,

Hence y, = 1.2432
Step:3 To find y3 = y(x3) =y y(0.3)

Taking k =2 in eqn (1) we get

w0 =y, +112] £ (6, 2,)+ £ (6 0:7) | (4)

For =1, 3" =y, +h/2 £ (50.)+ f (50,
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y3(0) is to be evaluated from Euler’s method .
y3(0) =Y, +hf(x2, yz)
=1.2432 +(0.1) f(0.2 , 1.2432)
= 1.2432+(0.1)(1.4432) = 1.3875
Loy = 12432+ 02—1 [£(0.2 , 1.2432)+f(0.3, 1.3875)]
=1.2432 +0.1/2[1.4432+1.6875]
= 1.2432+0.1(1.5654) = 1.3997
=y, h1 2| f(xyn)+ (500
= 1.2432+0.1/2[1.4432+(0.3+1.3997)]
= 1.2432+(0.1) (1.575) = 1.4003
3 = vy h12] f (53 f (x00?) ]
= 1.2432+0.1/2[f(0.2 , 1.2432)+£(0.3 , 1.4003)]
=1.2432 + 0.1(1.5718) = 1.4004
y W=y, +h/2[ f(x2,y2)+f(x3,y3(3)ﬂ

=1.2432 + 0.1/2[1.4432+1.7004]
=1.2432+(0.1)(1.5718) = 1.4004

Since y3(3) = y3(4)

Hence y, =1.4004

. The value of y at x = 0.3 is 1.4004
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2. Using Modified Euler’s method find y(0.2 ) y(0.4 )with h=0.2,given that %:x + siny,

y(0)=1
SOL: f(x,y) =x +siny x, = 0;y,=1 and h=0.2

Here x,=0,x,=x,+h=0.1,x,=x, +h=02,x,=x,+h=0.3
X1:X0+h20.2; X2:X1+h:0.4
The formula for modified Euler’s method is given by

)’k+1(i) = Yk +h/2|:f (xk + )’k)_'_ S (‘xk+1’ yk+1(H)):| - (1)

Step1: To find y;= y(x;) =y (0.2)

Euler’s modified method is given by
3’1(1) =Yyo t+h/2 [f(xo'J’o) + f(xp}ﬁ(m)] k=0 , 1=1)
First apply Euler’s method to calculate y1(0) =y

W =yo 1 f (%00

= 1+(0.2)f(0,1)=1+(0.2)(0O+sin1)
= 1.163

Now [xo =0,y0=1x =02y = 1.163]

yM = 140.2/2[£(0.1) + £(0.2,1.163)

= 1+0.1/2[1+1.163]
=1.1916

When i=2 in eqn (2)

P =g+ 11 2| f (s 30)+ f (30 0”) |

= 1+0.2/2[£(0.1)+£(0.2,1.1916)]

=1.2038
Y = 3y 411 2] £ (500 30)+ £ (%07) ]

= 14+0.2/2[£(0,1)+1£(0.2 , 1.2038)]

=1.2045
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Since yl(z) = y](3)
~oy1=1.204
Step:2 To find y, = y(x2) = y(0.4)

Takingk =11ineqn (1), we get

y2(i) —y, +h/2[f(x1,yl)+f(x2,yz(’;l))] _>(3) where 1=1,2,34,.....

Fori=1, yz(l) =W +h/2|:f (x1ay1)+f(x2a)72(0)):|
yz(o) is to be calculate from Euler’s method

yz(O) = ¥ +nh f(xl’yl)
=1.204 + (0.2) (0.2 , 1.204)

=1.4313

Y =1.204 +0.1[1.1337+1.4313]

=1.4611
. =y hl 2] f (o) f () |
=1.204 + 0.1/2[f(0.2 , 1.204) , f(0.4 . 1.416)
=1.462
v =y h/ 2] f (v + f (0.?)]
= 1.204+0.1/2[£(0.2,1.204)+£(0.4 , 1.462)] =1.464
©) ®)

Since y,” =y,

Hence y, = 1.46

3. Using modified Euler’s method find the approximate value of x when x=0.3

given that % =x—yandy(0) =1
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Sol: Given % =x—yandy(0) =1

Here f(x,y) =x -y, Xo=0and yp =1

Take h=0.1

Here x,=0,x, =x,+h=0.Lx,=x+h=02,x,=x,+h=0.3
Step1: To find y;= y(x;) =y (0.1)

First apply Euler’s method to calculate yl(o) =y

W =y +hf (%3,)
= 1+(0.1)(0-1)
=1-0.1)
=09

Now [x = 0,0 = 1,%, = 0.1,y = 0.9]

" = yo + h/2[f (o, y0) + £ (21, 97)]
=1+0.1/2[-1 - 0.8]
=1-0.09

=0.91

5 =y, +h12| f(3)+ £ (50"

= 140.1/2[-1 + (0.1-0.91)]
= 1+0.1/2[-1.81]
= 1-0.0905

=0.9095

)’1(3) = Yo +h/2[f(x0’y0)+f(x1’yl(2)ﬂ

= 1+0.1/2[-1+(0.1-0.9095)]
= 1+0.1/2[-1.8095]

=1-0.090475

=0.909525
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Since y,” =y,
. y1=0.9095
Step:2 To find y, = y(x2) = y(0.2)

y,%is to be calculate from Euler’s method

¥ =y +h f (x5, )
= 0.9095+(0.1)(-0.8095)
= 0.82855
»" =y +h! 2[]‘ (x50 3)+ (%, yz(O)):|

=0.9095+0.1/2[-0.8095-0.62855]
=0.9095-0.0719

=0.8376

y2(2) = yl—|—h/2|:f(.xl,y1)+f(-x2y2(l))i|

=0.9095+0.1/2[-0.8095-0.6376]
=0.9095-0.075355

=0.837145

)’2(3) =) +h/2|:f (xl,y1)+f(x2y2(2)ﬂ

=0.9095+0.1/2[-10446645]
=0.9095-0.07233
=0.83716

Since y2(3) = y2(3)

Hence y, = 0.8371
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Step:3 To find y3 = y(x3) = y(0.3)

y3(°) is to be evaluated from Euler’s method

=y, +hf(x,.y,)
=0.8371+0.1(-0.6371) = 0.7734

y3(1) =Yy, +h/2|:f (xz, y2)+f(x3, y3(0))]

=0.8371+ 0.1/2[-0.6371-0.4734]

= 0.8371-0.0555 = 0.7816
D =y, 1 h1 2] f(x03)+ (5.9,

= 0.8371+ 0.1/2[-1.1187]
= 0.8371-0.056 = 0.7811
3 = vy h12] f (53, + f (100) ]
= 0.8371+0.1/2[-1.1182]
= 0.8371-0.05591 = 0.7812
=y, 12| £ (xy)+ £ (x:9.0)]
= 0.8371-0.0559 = 0.7812
0 _

Since y,” =y,

Hence y; =0.7812

. Thevalue of yatx=0.3is0.7812
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MATHEMATICS - II NUMERICAL TECHNIQUES
Runge-Kutta Methods

L.First order R-K Method
EULER’S METHOD is the R-K method of the first order.

II. Second order R-K Method
Viel = Yit1/2 (Ki+Ky),
Where K; =h (xj, yi)
K> =h (xj+h, yi+ki)
For i=0,1,2-------
NOTE:EULER’S MODIFIED METHOD IS R-K METHOD OF SECOND ORDER
II1. Third order R-K Formula
yir1 = Yit1/6 (K1+4Ka+ K3),
Where K; =h (xj, yi)
K; =h (x;+h/2, yo+k;/2)
K; = h (xi+h, yi+2ks-k;) For i= 0,1,2--—-
IV. Fourth order R-K Formula
yisl = yi+1/6 (K +2Ko+ 2K;5 +Ky),
Where K; =h (xj, y;)
K, =h (x;+h/2, yi+k,/2)
Kz =h (x;+h/2, yi+ko/2)

K4 =h (Xi+h, yi+k3)

Fori=0,1,2-------
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» Advantages of Runge kutta method Over Taylor series method.

In RK METHOD no need to find derivatives where as we find derivatives in taylors
method. Sometimes it may be complicate to find derivative of some function, sowe go for RK

Method at that time.

PROBLEMS:

d
1. solve d_y =xy using R-K method for x=0.2,0.4 given y(0) =1, y (0)-0 taking h = 0.2
X

d
SOL: Given Z=xy; y(0)=1.
dx

Here f(x, y) = xy ,x0=0, yo=1 and h=0.2

X1 = X()'l‘h =0+0.2 =0.2. , Xo = X1+h =0.2+0.2=04

By 4" order R-K method, we have

y1= yo+% (ki+2k+2ks+ky)

Where ki=h f(X0,y0)=(0.2)f(0,1)=0

k,=hf (X0+§, y0+%) =(0.2)[f(0.1,1)] = (0.2)(0.1) = 0.02
ks=h f((X0+§,y0+%)=(0.2)f (0.1,1.01) = 0.202

k4= h f(x¢+h,yo+k3)=(0.2)£(0.2,1.202)=0.04808

Hence y;=1+ % (0+0.04808+2(0.02+0.202)=1.08201

Step2: To find y(0.4)=y>

Here x;=0.2, y;=1.08201 and h = 0.2

Again by 4™ order R-K method, we have

y2=yrt 3 (ki 2k 2Kkstky)

Where k;=h f(x;,y1)=(0.2)[f(0.2,1.08201)] =0.04328
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h k
k,=ht (X1+E’ y1+71)=0.2(f(0.3,1.10364)=O.0662

k3=hf(X1+g, yl+k2_2)=(0.2)[f(0.3,1.1151)] =0.0669
k4 =h f(X1+h,yl+k3):(0.2) [f(0.4,1.1489)]=0.0919

y2=1.082+ % (0.04328+0.0919+2(0.0662+0.0669)=1.14889

2. Solve the following using R-K fourth method y' =y—x,y(0)=2,h=0.2 Find y(0.2).
d
SOL: Given d—y =y-x; y(0)=2
x

Here f(x,y) = y-x ,X0=0,y0=2and h=0.2
X1 =Xo+h =0+0.2=0.2.

By 4™ order R-K method, we have
y1= Yo+ (ki+2ko+2ks+ky)
Where k;=h f(x0,y0)=(0.2)f(0,2)= 0.2(0.2-0)=0.4
ko= h £ (xo5, Yo+od)

=(0.2)[f(0.1,2.2)] = (0.2)(2.2 — 0.1) = 0.42
ks=h f((xo+5.yo+2)

=(0.2)f (0.1,2.21)=0.2(2.21-0.1)= 0.422

k4: h f(X()+h,Y()+k3)

=(0.2)f(0.2,2.422)=0.4444
Hence y,=2+ % [0.4+0.4444+2(0.42+0.422)]
- y(0.2)=2.4214

3. Using Runge-Kutta method of second order, find y(2.5)from = x+y y2)=2,

dx X

taking h = 0.25 .
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Sol: Given @ = XY yoyoo.
dx X

Here f(x, y) = x*y ,X0=2,y0=2and h=0.25
X

. X1 =Xxot+th =2+40.25 =2.25, x, = x1+h =2.25+0.25=2.5
By R-K method of second order,
YVi+t1 = )i + 1/2 (kl + k2)1k1 = hf(xilyi);kZ = h’f(xl + hlyi + kl)yi = 0;1 e (1)

Step -1:- To find y(x))i.e y(2.25) by second order R - K method taking i=0 in eqn(i)
1
We have y, =y, +5(k1 +k,)

Where k= hf (x0,Y0 ), ko= hf (Xxo+h,yo+k)

f (X0,y0 )=f(2,2)=2+2/2=2

ki=hf (x0,y0 )=0.25(2)=0.5

ko= hf (xo+h,yo+k;)=(0.25)f(2.25,2.5)
=(0.25)(2.25+2.5/2.25)=0.528

S y1=y(2.25)=2+1/2(0.5+0.528)=2.514

Step2:

To find y(x») i.e., y(2.5)

i=1in (1)

x1=2.25,y1=2.514,and h=0.25

yo=y1+1/2(k;+k2)

where k;=h f((x1,y1 )=(0.25)f(2.25,2.514)

=(0.25)[2.25+2.514/2.25]=0.5293
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k2 = hf(xl + hlyl + kl)
=(0.25)[2.5+2.514+0.5293/2.51=0.55433

Yy, =y (2.5)=2.514+1/2(0.529340.55433)=3.0558

.y =3.0558 when x = 2.5
4. Obtain the values of y at x=0.1,0.2 using R-K method of

(i)second order (ii)third order (iii)fourth order for the differential equation y1+y=0,

y(0)=1
Sol: Given dy/dx = -y, y(0)=1
f(x,y) = -y, X0=0, yo=1
Here f (x,y) =-y, x0=0, yo=1 take h =0.1
. X1=%Xoth=0.1, x,=x1+h =0.2
Second order:
stepl: To find y(x;) i.e y(0.1) or y;
by second-order R-K method,we have
yi=Yyot+1/2(ki+kz)
where k;=hf(x0,y0)=(0.1) £(0,1) = (0.1)(-1)=- 0.1
ko= hf (xo+h, yo+k;)= (0.1) £ (0.1, 1-0.1) = (0.1)(-0.9) = -0.09
y1=y(0.1)=1+1/2(-0.1-0.09)=1-0.095=0.905
.y =0.905 when x=0.1
Step2:

To find y; i.e y(x,) i.e y(0.2)

Here x; = 0.1, y; = 0.905 and h=0.1
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By second-order R-K method, we have
y2=y(x2)= y1+1/2(k;+ko)

Where k, =h f(xl, )’1) =(0.1)f(0.1,0.905)=(0.1)(-0.905)=-0.0905

k, =h f(x +h,y, +k)=(0.1) £ (0.2,0.905—0.0905)
=(0.1) £ (0.2,0.8145) = (0.1)(—0.8145)
=-0.08145

y2= y(0.2)=0.905+1/2(-0.0905-0.08145)
= 0.905- 0.085975 = 0819025
(i) Third order
Step1: To find y; i.e y(x;)=y(0.1)
By Third order Runge - Kutta method
Y, = Yo +116(k, +4k, + k)
where k; = h f(xo, yo) = (0.1) £ (0,1) = (0.1) (-1) =-0.1

ky =h f (%) +h1 2,5, +k /2)=(0.1) £(0.1/2,1-0.1/2) =(0.1) £ (0.05,0.95)
(0.1)(-0.95) = ~0.095

and k3 = h f((xo+h,yo+2kz-k;)
=(0.1)[f (0.1,1 + 2(—0.095) + 0.1)] = -0.905
Hence y; = 1+1/6(-0.1+4(-0.095)-0.09) = 1+1/6 (-0.57) = 0.905
y1=0.905 i.e y(0.1)= 0.905
Step2: To find y,,i.e y(x2)=y(0.2)
Here x;=0.1,y;=0.905 and h = 0.1

Again by 3 order R-K method

Y2 = yl+1/6(k1+4k2+k3)
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Where k;=h f(x;, y1) = (0.1)f (0.1,0.905)= -0.0905

ko =h f (x;+h/2,y;1+k1/2)=(0.1)£(0.1+0.05,0.905 - 0.04525)= (0.1) f (0.15, 0.85975)
= (0.1) (-0.85975)=-0.085975

k3 = h f((x;+h,y;+2k>-k;)=(0.1)£(0.2,0.905+2(0.085975)+0.0905= -0.082355

y2=0.905+1/6(-0.0905+4(-0.085975)-0.082355)=0.818874

.y =0.905 when x = 0.1 and y =0.818874 when x =0.2

iii) Fourth order:

step1: xo=0,yo=1,h=0.1 To find y; i.e y(x;)=y(0.1)
By 4™ order R-K method, we have
yi= yO+1/6(k1+2k2+2k3+k4)

Where k;=h f(X¢,y0)=(0.1)f(0,1)=-0.1
kq
ko=h f (xo+h/2, yo+?) = (O.l)[f(0.05, 0.95)] = (0.1)(—0.95) = —0.095

ks=h f((xo+h/2,yo+k2/2)=(0.1)f (0.1/2,1-0.095/2)=(0.1)(-0.9525)= -0.09525

ks= h f(xo+h,yo+ks) = (0.1) [f(0.05,1 — 0.09525)] =(0.1)f(0.05,0.90475) = -0.090475
Hence y;=1+1/6(-0.1+2(-0.095)+2(0.09525)-0.090475)
=1+1/6(-0.570975)=1-0.0951625 = 0.9048375

Step2: To find y,,i.e., y(xz) = y(0.2), y, =0.9048375,i.e., y(O.l) =0.9048375

Here x; = 0.1, y;=0.9048375 and h = 0.1

Again by 4™ order R-K method, we have

y2 = y1+1/6(ki+2ko+2ks+kys)

Where k;=h f(x;,y;)=(0.1)[f(0.1,0.9048375)] =-0.09048375

ko= hf (x;+h/2,y;+k/2)=(0.1)[f(0.1 + 0.1/2,0.9048375 — 0.09048375 /2)] =-0.08595956

ka=hf(x;+h/2, y1+k,/2)=(0.1)[f(0.15,0.8618577)] = -0.08618577
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ks =h f(x;+h,y;+k3)=(0.1)[£(0.2,0.8186517)]= -0.08186517

Hence y, = 0.9048375+1/6(-0.09048375-2(0.08595956)-2(0.08618577)- 0.08186517
=0.9048375-0.0861065 = 0.818731

y = 0.9048375 when x =0.1 and y =0.818731 where x = 0.2

5. Apply the 4™ order R-K method to find an approximate value of y when x=0.2 in steps
of 0.1, given that y' = x*+y% y (1)=1.5

Sol. Given y'= x*+y*,and y(1)=1.5

Here f(x,y)= X2+y2’ yo=1.5 and x¢=1,h=0.1
So that x;=1.1 and x,=1.2

Step1: To find y; i y(X1)

by 4™ order R-K method we have
yi=yo+1/6 (k1+2ko+2ks+ky)

ki=hf(x0,y0)=(0.)f(1,1.5)=(0.1) [1%+(1.5)*]=0.325
ko= hf (x0+h/2,yo+k1/2)=(0.1)[f(1 +0.05,1.5 + 032—25)] =0.3866

ka=hf((xo+h/2,y0+k2/2)=(0.1)f(1.05,1.5+0. 3866/2)=(0.1)[(1.05)*+(1.6933)*]=0.39698
ks=hf(xo+h,yo+k3)=(0.1)f(1.05,1.89698)=0.48085

Hence

= 1.5+é[0.325+2(0.3866)+2(0.39698)+0.48085]
=1.8955

Step2: To find y», i.e., y(x,)=y(1.2)

Here x;=0.1,y;=1.8955 and h=0.1

by 4™ order R-K method we have
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y2 = y1+1/6(k;+2ko+2ks+k4)

ki=hf(x1,y1)=(0.1)f(1.10,1.8955)=(0.1) [(1.10)?+(1.8955)*]=0.48029

0.4796
2

ko= hf (X1+h/2,y1+k1/2)=(0.1)f(1.1+%,1.8937+ ) =0.58834

0.58834
2

k3=hf((x;4+h/2,y1+k»/2)=(0.1)f(1.15,1.8937+ ) =(0.1)[(1.15)*+(2.189675)*1=0.611715

k4=hf(x;+h,y;+k3)=(0.1)£(1.2,1.8937+0.610728)=0.77261
Hence y,=1.8955+1/6(0.48029+2(0.58834)+2(0.611715)+0.7726) =2.5043

y =2.5043 where y—( 2

6. Use R-K method, to approximate y when x=0.2 given that y'=x-+y, y(0)=1
Sol: Here f(x,y)=x+y,yo=1,x0=0
Since h is not given for better approximation of y
Take h=0.1
= x1=0.1, x,=0.2
Step1 To find y; i.e y(x;)=y(0.1)
By R-K method,we have
yi=yo+1/6 (ki+2ko+2ks+ky)
Where k;=hf(x,y0)=(0.1)f(0,1)=(0.1) (1)=0.1
ko= hf (xo+h/2,y0+k/2)=(0.1)[f(0.05,1.05)] =0.11
k3=hf((xo+h/2,yo+k2/2)=(0.1)[f(0.05,1 + 0.11/2)] =(0.1)[(0.05) +(1.055)]=0.1105

ka=h f (xo+h,yo+ks)=(0.1)[£(0.1,1.1105)] =(0.1)[0.1+1.1105]=0.12105

Hence . y; = ¥(0.1) = 1+=(0.1 + 0.22 + 0.2210 + 0.12105)

y=1.11034
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Step2: To find y; i.e y(x2) = y(0.2)

Here x,=0.1, y;=1.11034 and h=0.1

Again By R-K method,we have

yo=y1+1/6(k;+2ko+2k3+K4)

ki=h f(x1,y1)=(0.1)[f(0.1,1.11034)] =(0.1) [1.21034]=0.121034

ko= h f (x1+h/2, y;+k1/2)=(0.1)[f(0.1 + 0.1/2,1.11034 + 0.121034/2)]=0.1320857

ks=h f((x;+h/2,y;+k,/2)=(0.1)[f(0.15,1.11034 + 0.1320857/2)]=0.1326382

ky4=h f(x;+h,y;+k3)=(0.1)[f(0.2,1.11034 + 0.1326382)]=(0.1)(0.2+1.2429783)=0.1442978

Hence y,=1.11034+1/6(0.121034+0.2641714+0.2652764+0.1442978)
=1.11034+0.1324631 =1.242803

y =1.242803 when x=0.2

7. Compute y(0.1) and y(0.2) by R-K method of 4™ order for the D.E. y'= xy+y? y(0)=1

Sol. Given y' = xy+y” and y(0)=1

Here f(x,y)= xy+y2’ yo=1 and x,=0, h=0.1

So that x;=0.1 and x,=0.2

Step1: To find y; = y(x;) = y(0.1)

by 4™ order R-K method we have

y1=yo+1/6 (k1+2k+2ks+ky4)

ki=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0+1]=0.1

ko= hf (xo+h/2,yo+k;/2)=(0.1)[f(0.05, 1.05)] =0.1155

Ka=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 1.05775)=0.11217

ks=hf(xo+h,yo+k3)=(0.1)f(0.1, 1.11217)=0.1248
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Hence y; = y(0.1) = yo + 1/6[k;+2ko+2k3+k4]
= 1+1/6[0.1+0.0231+0.22434+0.1248]
=1.1133

Step2: To find y, = y(x7) = y(0.2)

Here x,=0.1,y;=1.1133 and h=0.1

by 4™ order R-K method we have

ya2 = y1+1/6(k;+2ko+2ks+ky)

ki=hf(x;,y1)=(0.1)f(0.1, 1.1133)=0.1351

ko= hf (x;+h/2,y;+k;/2)=(0.1)f(0.15, 1.18085) =0.1571

k3=hf((x;+h/2,y;+ko/2)=(0.1)f(0.15, 1.19185) =0.1599

k4=hf(x;+h,y;+k3)=(0.1)f(0.2, 1.2732) =1.1876

Hence y, = y(0.2) = y; + 1/6[k;+2ko+2k3+k4]
=1.1133+1/6(0.1351+0.3142+0.3198+0.1876)
=1.2728

8. Find y(0.1) and y(0.2) by R-K method of 4™ order for the D.E. y'=x*—y and y(0)=1

Sol. Given y1 =x"— y and y(0)=1

Here f(x,y)= X2 — ¥, Yo=1 and x¢=0, h=0.1

So that x;=0.1 and x,=0.2

Step1: To find y; = y(x;) = y(0.1)

by 4™ order R-K method we have

y1=yo+1/6 (k1+2k+2ks+ky4)

ki=hf(x0,y0)=(0.1)f(0,1)=(0.1) [0-1]=-0.1
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ko= hf (xo+h/2,yo+k;/2)=(0.1)[f(0.05, 0.95)] =-0.09475
ks=hf((xo+h/2,yo+k2/2)=(0.1)f(0.05, 0.952625)=-0.095
ks=hf(xo+h,yo+k3)=(0.1)f(0.1, 0.905)=-0.0895
Hence y; = y(0.1) = yo + 1/6[k;+2ko+2k3+k4]

= 14+1/6[-0.1-0.1895-0.19-0.0895] = 0.9052
Step2: To find y; = y(x;) = y(0.2)
Here x,=0.1,y;=0.9052 and h=0.1
by 4™ order R-K method we have
y2 = y1+1/6(k;+2ko+2ks+ky)
k;=hf(x;,y1)=(0.1)f(0.1, 0.9052)=-0.08952
ko= ht (x;+h/2,y;+k:/2)=(0.1)f(0.15, 0.86044) =-0.08379
k3=hf((x;+h/2,y1+k2/2)=(0.1)f(0.15, 0.8633) =-0.0841
ks=hf(x;+h,y;+k3)=(0.1)f(0.2, 0.8211) =-0.07811

Hence y> = y(0.2) = yi + 1/6[k1+2ko+2ks+ks]

=0.9052+1/6(-0.08952-0.16758-0.1682-0.07811) = 0.8213
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UNIT - 111
Fourier series
Fourier series
Suppose that a given function f(x) defined in [—7,7] (or) [0,27] (or) in any other
interval can be expressed as
a, < .
f(x)= E+Z(an cosnx+b, sinnx)
n=l1

The above series is known as the Fourier series for f (x) and the constants

a,,a,,b, (” =1,2,3————~ ) are called Fourier coefficients of f (x)

Periodic Function

A function f(x) is said to be periodic with period T >0 if for all x, f(x +T) =

f(x),and T is the least of such values

Example:-
(1) sinx=sin(x+27)=sin(x+4z)=————— the function sin x is periodic with
period 27z There is no positive value T, 0 <7 <27 such that sin(x+7)=sinxV x
(2) The period of tan x is
(3) The period of sinnnx is 27” i.e sinnx = sinn (27” + x)

Euler’s Formulae

The Fourier series for the function f (x) in the interval € < x < C + 27 is given by

f(x)= a—2°+ i(an cos nx+b, sin nx)
n=l1

Where ay = - fcc+znf(x)dx

T
C+2
a, = %fCJr 7Tf(x) cosnx.dx and

b, = %fcmznf(x) sin nx. dx

These values of a,,a,,b, are known as Euler’s formulae

Corollary 1: If f(x) is to be expanded as a Fourier series in the interval 0<x <27, put

C = 0 then the formulae (1) reduces to
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1 27 1 2
a, = ;IO f(x)dx a, = ;IO f(x)cos nx.dx
b, = %J.Oz”f (x)sin nx.dx

Corollary 2:- If f(x) is to expanded as a Fourier series in [—z,7] put ¢=-x, the

interval becomes —z < x <z and the formulae (1) reduces to
a, =ljﬂ f(x)dx a, =ljw S (x)cos nx.dx
Ty Y
1 ¢~ )
b, =— I f (x) sin nx.dx
7Z' —JT

Functions Having Points Of Discontinuity
In Euler’s formulae for a,,a,,b, it was assumed that f(x) is continuous. Instead a

function may have a finite number of discontinuities. Even then such a function is expressible
as a Fourier series

Let f(x) be defined by

f(x) =¢dx),c <x<x
=¢d(x),xg <x<cH+2m

Where x, is the point of discontinuity in (c,c+ 27z) in such cases also we obtain the Fourier

series for f (x) in the usual way. The values of a,,a,,b, are given by

a, = %U:O ¢(x) dx+ J:Z” ¢(x) dx}

1 X0 c+2r
== d. d.
a, ,,Uc ¢(x)cosnx x+_|.x0 ¢(x)cosnx x}

X

1 X0 c+2r
b,=— in nx.d in nx.d
X ﬁ“c ¢(x)sinnx x-l—jo ¢(x)sinnx x}

Note :-

0Oform=#n
(1 f_nn cosmxcosnx.dx =4 m,form=n>0
2, form=n>0

Ofor m=n=0
m,form#n >0

(ii) f_”n sinmx sinnx.dx = {
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Problems:-
Fourier Series for f(x) in [0, 2]
1. Obtain the Fourier series for the function f(x) = ¢* from x = [0,27]

Sol: Let ¥ = a—zo + ian COS nx + ibn sinnx — (1)

n=1 n=1

1 1 1 1
Then ao = - f;ﬂ f[:lx) dx == f;ﬂ e* dx :1E (e¥)3™ = - (e?™ — 1)
and an = - f;ﬂ f(x) cosnx dx = p f;ﬂ e* cosnx dx
1, » 2n CEL |
I [ = (cosnx+nsinnx)] ) = T(1+n2)

1 1 c2m :
Finally bn = — f;ﬂ f(x) sinnx dx = — f; e* sinnx dx

1 gx . 2-}-[ {_,ﬂj{gzn' _ 1}
= = [ (smnx—ncosnx}] Y.
T L 1+n? m{1+n<)
0
g2 —1 g2 —1 (—n)(e®™ -1
Hence * = + 2y ———COSNX + ¥¥  ~———— sinnx
T Zﬂ_lrr{1+1r12:] Zﬂ_l T(1+n2)
B g2 -1 [l o COSMX g Dsinnx
2 L2 n=1 g 4n2 "=l g 4n2

2.0btain the Fourier series for the function f(x) = x sinx, 0 < x < 21 .
Sol. Given, f(x) = x sinx, 0 < x < 2w

Let x sinx = % + D=1 Qp COSNX + Mg by sSiNNX ..ol (1)
1 p2m
Then ap = — Jy f(x)dx

1 r2m ,
= —J, xsinx dx

% [x(—cosx) — 1 (—sinx)]§"

[— xcosx + sinx](z)n

R |r

= ; [(—ZT[ + 0) - (0 + 0)]
=2
And a, = % ) 02n f(x) cosnx dx

1 2w .
== [*" x sinx cosnx dx
T v0

1 p2m .
=— Jy x (2sinx cosnx) dx
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= % fozﬂx {sin(n + Dx — sin(n — 1)x} dx

_1 _cos(n+1)x cos(n—-1)x . _sin(n+1)x sin(n—-1)x
B X{ n+1 + n-1 } { (n+1)2 (n—1)2 }] ( * 1)

:i [21_[ {_ cosZ(n+1)1‘t+ cos Z(n 1 }]( - 1)

2T

2T n+1
1 1
~ n+1 n-1
2
== m#1)

If n=1, we have

1 2T .
aj- — X sin2x dx
I= 2T J.0

[ ( cost) — 1 sm2x)](2)'IT

-T0)

1

T[
1
2
Finally, b, - % fozn f(x)sinnx dx
1 /2m . .

== fo x sinx sinnx dx

1 p2m . .
= - fo x (2sinxsinnx) dx ... 2)

1 r2m
= — [, x{cos(n — Dx —cos(n + 1)x} dx

[2sinAsinB = cos(A — B) — cos(A + B)]

1 sin(n—1)x sin(n+1)x cos(n—l)x cos(n+1)x
- { - }_ {_ (n_l)z (n+1)2 }] ( * 1)

2T n—-1 n+1
_ 1 Jcos 2(n-1)m __cos 2(n+1)T __1
- 21'[[ (n—1)2 (n+1)2 (n—1)2 (n +1)2] (0= 1)
1 1
(n— 1)2 (m+1)2  (n— 1)2 (n +1)2] (n# 1)

Therefore b, = 0 for n# 1
If n =1, then

bioo— [ x2sin’x dx  [Putting n =1 in (2)]

:i foan (1 — cos2x) dx [ Integration by parts ]

. 2m
1 sin2x COS2X

- X(X — ) — 1( + )]
2T 2 0

4m? 1 1

=—|2m2n——— -+ -
T 2 4 4

=T
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Substituting the values of ag, a, and b, in (1), we get

2
xsinx =-1 - = cosx + e, —— COSDX + Tsinx

cosnx
n2-1

=-1 + msinx — Ecosx +2)0,

This is the required Fourier series.
3.0Obtain the Fourier series to represent the function
f(x) = kx(m—x)in 0 < x < 2ZmnWhere k is a constant.

Sol. Given f(x) = kx(m —x) in 0 < x < 2 fourier series of the function f(x)

f(x)= kx(m —x) az_o +Yniapcosnx+ ), b, sinnx —— — — — — — — — (D

1 (%™ 1 (%™ k[ x2 3" 2m%k
aO:E,f f(x)dxz;f kx(n—x)dxz; n?—? —3
0 0 0

2T

21
ap = Ej f(x) cosnx dx = - kx (T — x) cosnx dx
0 0

sin nx

_ ; [(nx —x?) ~@— 20 (- Cozznx) +(=2) (— Siﬁf X)]Z
o om0+ 240 <) - Eweo
2m 1 2w
b, = Efo f(x) sinnx dx = EJ;) kx (1 — x)sin nx dx
[(nx B xz)( ) e 29 (_ sinn > -2) (cos nx)]
k[(2m? 2 2 2k
=;[{T+°‘E}‘{°+°‘E}l Y

put the values of ay, a,, b, in (1) we get

COS nx

2

) = — =8 4kzw : +2k§:1'
x) = 3 Y COS nx m ) osinnx

n=1

4.Find the fourier series expansion of the

(m —x)?

function f(x) = T in the interval 0 <x < 2w

. (m—x)?
Sol: Given f(x) = TO <X < 2T

Fourier series of the function f(x) is given by
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mT—x)% a = -
f(x) = % = ?0 + Z a, cos nx + Z b, sinnx - — — — — — — — (1D
n=1 n=1
12" 1 (2™ (m—x)? 1 [(m—x%"" w2
aO_E,fO f(X)dX_EfO de_ﬁ TO —?————(2)

21 2
T—X
( ) cosnx dx

Q. = _.LG f(x) cosnx dx n.l;)
- {2(n—x)} (_ - jz ) I 2( Sin3 )]rn
0

1712n 2=n 1
=5——--- 3

=—|—4+—| =
47 |ln2 n? n2

b, = Tl[fzn f(x) sinnx dx = %fzn@sin nx dx
0 0
_ [ﬁ |- 02 (- 25) - -0 (- 1) + 2 (C(,;nx)”“

3 2 2 _0:p N
e R e @

put the values of ay, a,, b, in (1) we get

sin nx

e

(n— x)? = cos nx n cosx c0s2X  €0S3xX
i) = 12 Z T T T T T
5. Expand f(x) = {0; “0<<XX<<21T as a Fourier Series.

Sol:- The Fourier series for the function in (0,27) is given

f(x) == + Xn=1dp COSNX + X7, by, sinnx........ (1)

ag == [ f)dx == [ [ 1 dx + [770 dx| = 2 (0F =1

1 2 1 T 2
a, = ;IO f(x)cosnxdx = ;UO (1)cosnx.dx+ L (0)cos nx.dx}

:l(sm’”j “Ly=0  (sin0=0.sinnz=0)
T\ n ), =«

2n

2n

1
b, = nf f(x) sinnx.dx = f(l) sin nx. dx +f 0.sin nx. dx

0 T

TC
1 1 /—cosnxy™
=—[J.(1) sinnx.dx] = —(—)
Tt T n 0
0
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__ 1 _ — _ Y1y —
= m(cosnrt cos0) = nn[( 1) 1]

0 whennis even

o = 2
bn — whennis odd
nm

put the values of ay, a,, b, in (1) we get

1 2 1 1 2 1 1
flx) = =+—)Y= =sinnx = =+ — (sinx + =sin 3x + =sin 5x+..
( ) 2 nnzn_1'3'5n 2 1’11'[( 3 5 )

2
6. Obtain Fourier series expansion of | (X) = (ﬂ —X) in 0<x <27 and deduce the value

Sol:-Given f(x) = (1 —x)2 0 <x < 2n

Fourier series of the function f(x) is given by

f(x) = (n—x)? = 70 Zancosnx+2b sinnx ——— (1)

1 2T 1 2T
ag = —j fx)dx=—| (m—x)%dx
TJo TJo
1 (%™ 2m?
- 2 4x% - 2mx]dx = — —— — — — 2
11_]; [ +x mix] dx 3 (2)
1 2T 2T
a, = —j f(x) cosnxdx == | (m—x)?cosnx dx
TJo TJo

_ [1 [(n e sinnx 20— x)}( cos x) o (_ sin nx)”:f _ 1r2n N 2n

n3 nln? ' n2

1 2n 1 2n
b, = —f f(x) sinnx dx = —f (m — x)?sin nx dx
Lo Lo

_ E =02 (- 25) — 260 -0y (- T + 2 (Cojgnx)”zn

0

1 2 2 —0:b =0 A
e R ) R @

put the values of ay, a,, b, in (1) we get

cosnx n? 4cosx 4cos2x 4cos3x

f(x)—(n—x)2=—+42

3 12 22 32

Deduction:-
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Putting x =0 in the above equation we get

COSIlX_T[Z 4cosO0  4cosO 4cosO

n2 3 12 22 32

2 [o.0]
£(0) = (1t — 0)2 =%+4Z

2 _ ™ _fr,
T 3 4[12+22+32+ ]
LR
27 3 6

Fourier Series in [—T, 7]
LExpress f (x)=x as Fourier series in the interval -7 <x<7x

Sol. Let the function x be represented by the Fourier series as

f(x):x:a—20+ian cosnx+ibn sinnx — (1)

n=1 n=1
T T
1 1
ap = - J f(x)dx = - J f(x)dx = 0 ( x is odd function)
-1 —Tr

i
1
ap = - f f(x) cos nx. dx
—Tt

= 0 (xcosnx is odd function and cosnx is even function)

T T T
1 1 1
b, = — ff(x)sinnx.dx =— f(x) sinnx.dx = = —[ f X sinnx.dx]
T T i
—TU —Tt —Tt

T

1

=— [2 f X sinnx. dx] [ xsin nx is even function]
T
—T

b ER) 1 EF), R vl

(+ sinnm = 0,sin 0 = 0)

= Zeosnr="2(-1) = 2(-1)" Vn=123....

n n n

Substituting the values of 4,4 5 in (1), We get
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(o]
2
X—T=—T+ Z(—l)““;sinnx
n=1

1 1 1
=—1m+2 smxzstX+§sm3x—zsm4x+.......

2. Obtain the Fourier series for the function f(x) = |x| in —-m < x < 7 and
1 1 1 w?
deduce thatﬁ + 32 + = + = "y
Sol. Given f(x) = |x|in—7m <x<m
Since f(-x) = |—x| = x = |x| = {(x)
Therefore f(x) = |x| is an even function.

Hence the Fourier series will consist of cosine terms only.

Therefore f(x) = |x| = % + D=1 @p COSNX i (D)

Where a, = % f:f(x)dx

2 T
Efo |x|dx

2 m
= Jy xdx
- 2B,
- Tl2lg

= 2[5
T onl2
a0= A
2 rm
And a, = ;fo f(x) cosnx dx
= Efn |x| cosnx dx
7 Jo
2 rm
= - [, x cosnx dx
2 [ sinnx —cosnx\ 1"
o G|
T n n 0

_ 2 [cosnn 1]
" xl n2 n2

— 2 [(—1)n —
- an2 [( 1) 1]
0, ifnis even

Thereforea, =3 4 .. . 19 e, 3
n {P,lfnlsodd 3)

Substituting the values of ag and a, from (2) and (3) in (1), we get

|X|= 2 nw\ 12 32 52

2 T

i 4(cosx Ccos3X , COS5x )
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Deduction:
When x=0, |x|= 0] =0
Therefore x =0,|x| =0| =0

~ Putting x =0 in (4) ,we have

T 4(1 1 1
0=F-2(z+stet)

1 1 1 2

etetet =%

3. Express [ (X) = X—7 as Fourier series in the interval -7 <x<7x

Sol. Let the function x—7 be represented by the Fourier series

f(x):x—n':a—zo-Fian cosnx+ibn sinnx — (1)

n=l1 n=1

Then,a, = %fjﬁ f(x)dx = %ffn fx—mdx = %[ffﬂ xdx = nf_n“ dx|
1 u
== [O — T 2 f dx] (*+ x is odd function)
0

= %[—Zn(x)g] =-2(m—0)=-2m

and a, = %ffﬂ f(x) cosnx.dx = %ffn(x — 1t) cos nx. dx

T T

1 1 z
=— [ f xcosnx.dx — 1t f COS NX. dx] = —[0— 27TI CcoS nx.dx}
X T 0

—Tt —T

(xcosnx @ is odd function and cosnx is even function)
T

“ap = —2Jcosnx.dx= —2(

0

sin nx>1T
n /o
- —2
= T(sin nm — sin0) = T(O —0)=0forn=123.......
TT

~ b, =— jf(x)sinnx.dxz— f(x—n)sinnx.dxz—[Jx sinnx.dx — 1 jsinnx.dx]
T Tr T
-

—T —Tt —T

T
1
=— [2 f X sinnx.dx — 11(0)] [ xsinnx is even function]
Tt

—T

n2 n

2 (T g ()" 2[R g o] s = 0
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=—200$n7z——( 1) _—(—1)"+1 Vn=1,273...
T
Substituting the values of a,,a,,b, in (1),
2
Weget ,x—n=-n+ Z:(—l)n+1 —sinnx
n=1
1 1 1
=—n+2 smx531r12x+§sm3x——sm4x+ ]

4. Find the Fourier series to represent the function e from —nr<x<r,

Deduce from this that—” :2[ 21 — 21 + 21 _____ }
sinh 7z 2°+1 3°+1 4°+1

Sol. Let the function ¢ be represented by the Fourier series

e = a_2o +ian cosnx + ibn sinnx —> (1)

n=1 n=1

ar ar

—ax

1t _ 1| e
~a,==-J e cosnx.dx ==
n nd-mn

o ( acosnx+nsmnx)]

[ [ e ®* cosbx.dx = (a cosbx + b sin bx)]

22+b2 b2
. _1fe @ 0 0
s ap = —j5—(—acosnm + ) — = = 2( acosnm + 0)
2acosnn sinhan
an _ g—an
cosnmm =——————
n(a2+n2) (e ) n(a?+n?)

(=1)"2a sinhan

=-—————(~cosnn=(—1)")

n(a2+n2)
Finallyb, = if_nn e sin nx. dx
[ [ e®™sinbx.dx =

1 e—ax
Ton [a2 +n?2

e b2 (a sinbx — b cos bx)]

(—asinnx — ncosnx)]

=l[e_ (0 —ncosnm) — 2+ 2(O—ncosnrt)]

aZ+n?
__ncosnn(e?™—e™@")  (-1)"2n sinhan
n(a?+n?) n(a?+n?)
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Substituting the values of — 4, and b, in (1) we get

_ sinh arn —1)"2a sinhan sinhan .
e =—4 > [()— cosnx + (— 1)“2 smnx]

an n(a2+n?2) n?)
(i_acosx acosZX_acos3x )
_ 2sinhan ) \2a  12+aZ 22432 32432 —(2)
- a ( sinx _ 2sin2x | 3sin3x )
12+a2  22+a2 32+az "
Deduction:
Putting x=0 and a=1 in (2), we get
1_2sinh7r[1_1 1 1 1
s 2 2 2°+1 32+1 4% +1
/4 1 1 1
= = T T e T2 T
sinh 7 2°+1 3°+1 4°+1
5.Find the Fourier Seriesof f(x) = x +x%,— 7 <x< 7
and hence deduce the series
1 1 2

1 1 1
1)?+;+3—2+————: +3—2+——:—

12

a .
Sol: Letx + x?* = ?G + D10, cosnx + Z:jzlbﬂ SN — (1)

find 30 = iffj (x+x?)dx = %(x; xf)f =ZTw?
, 1
find a,, = - f_ﬂ (x+x%)cosnx dx
o g (2 4 o (22| 2
=ppleE- a2z« 2 (5]

= — [(1+ 2m)(cosnm) — (1~ 2n)(cos )]

L
Find a, = —f (x +x%)sinnx dx

= 2 () =2 420 (Z52) 4 2 (22

cosnﬂ)] [[TH— casm_(]_l_z(cosm)l _ _;2_1 (—1)™

(m+7?) wmﬂ—(]-#?.
| (

T
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Substituting in (1), the required Fourier series is,

+2—T[2 4(C C2+C3+ + 2(S SZX+S3X+
XX—B—(OSX— os - 0s 5 ) (Sinx - in— ing )

6.0btain the fourier series for f(x) = x — x? in the interval [-7, 7] . Hence show that

- (_l)n—l 7.".2

n=1 ;2 12

Sol: The fourier series of f(x) = x — x? in [-x, 7] is given by
X — x%= % + ¥_,(apcosnx + by sinnx) ...(D)
Using Euler’s formulae , we determine a, and by,

1 1 1
ao= Ef:t f(x)dx = Ef_nnx —x*dx = — [ffnx dx — fjﬂxz dx|

=[0-2 f: x2 dx| ((since x is odd function and x?is even function)

= 2%y 2 -0 =-Z

And a, = ;ffn(x — x?%)cosnx dx

= i[(x - XZ) stnnx —(1-2x) ( Cosnx) + (—2)(—— SlMX)] T ., integration by parts

_ —4cosnm _ 4(n D” (n # 0)[since cosnt = (—1)"]

n2

Finally b, = %ffn(x — x%)sinnx dx

_ %[(x —x?) (—C?lsnx) (-2 (—s:;nx> +(-2) (COI:IX)]H _ —2cosnT

— n

_ 20"
B n
Sub the values of aq a, and b, in (1) ,we get
2

—m? o —4(-1])" —2(—1)"sinnx
X—X2=—+z<¥cosnx+ ) )

3 n2 n

n=1

—TCZ 0 (_1)n+1 (_1)n .
=—+ ) [4——=—cosnx + 2 sinnx]
3 — n n

—n
=" +4 e 1 e Rt )

[cosx COS2X , COS3X  COS4X ]+2 [sinx sin2x | sin3x  sin4x

Deduction:
X = 0 is a point of continuity of f(x). Hence the fourier series of f(x)at

x = 0 converges to f(0)

Putting x = 0 in (2), we get
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_1\n—1 2
Or Tp — =1

n2 12

7.Find the Fourier series of the periodic function defined

-1, n<x<0

as f(x) = X, 0<x<m

] hence deduce that lz+l2+i2+ _____ L
© 3 5

Sol. Let f(x)= a_20 + ian cos nx + ibn sinnx — (1) then

n=1 n=l

[ () I:xdszili—ﬂ(x)_oﬁ {%J}

N =

o

- _I f(x)cosnx.dx = 7lz U” (—7)cosnx.dx+ Ioﬁ XCOS nx.dx}

. 0 . T
1 sin nx sinnx COSnxX 1 1 1
=—|—-x +| x +— =— O+—2COSI’l7Z'——2
T n )., n n 0 T n n

= —(cosmr— 1) = [( D24]

52. 1

32.m

12.m’

a; = a, =0,a3 = ,a, =0,a5 = - — =

T T

1
b, = - Jf(x)smnx dx = — l]( ) sin nx. dx+Jx51nnx dx

-7 0

1 COS NX cosnx sinnx\”
= - n( ) + (—X +— )
T n /_, n n 0

T T 1
=— [— (1 — cosnm) — —cos nn] = —(1— 2cosnn)
n n n

b =3,b, =_?1,b3 =1,b, :_Tl and so on

Substituting the values of a,,a, and b, in (1), we get

- 2 cos3x cosbx
f(x)=T—;(cosx+ 32 + 2 +..)+

(3 Sinx_sir123x+3si;13x+ sir;4x+.) . (2)

Deduction:  Putting ¥=0 in (2), we obtainf(0) = = =2 (14 5+ 5+ ... )..(3)

Now f (x) is discontinuous at x=0
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f(0-0)=—7z and f(0+0)=0

1 —
£ (0)=5[r(0-0)+r(0+0)]==F
- - 2 1,1 1,1 2
Now (3) become57n=7n—;(1+3—2+5—2+ ———) —>§+3—2+1/52 + - =%

—T, —1I<X<0]

8. Find the Fourier series of the periodic function defined as f(x) = T 0<x<T

Sol. Letf(x):a—;+§:ancosnx+ibnsinnx—>(l) then

n=1 n=l1

a, = lj-ﬂ f(x)dx = l[r (—ﬁ)dx+foﬂﬂdx}

1 0 V4 1 1
[0, ooy, J- Aot s ] Lol 0
1 ¢~ 1 o T
a, = ;j_ﬁf (x)cosnx.dx = ;U_”(—ﬂ)cosnx.dijJ‘O 7T oS nx.dx}

1 { (sinnx)o (sinnxjﬂ}
=—| -1 + T

T n _,, n 0
= l(O) (Qsin0=0,sinnz =0)

T

b, = %ffn f(x) sinnx. dx = % [f_on(—n) sin nx. dx + f;n sin nx. dx]

1 0

\ E [n (coinx)_TE + (—n coinx)Z]

= i (1 — cosnn) — z (cos nmt — cos0)
7 ln n

0 when n is even

1 1 n\ _
- H(Z — 2cosnm) = H(Z —2(-DM = {% when n is odd

Substituting the values of 4,4 ana 5, in (1), we get f(x) = fozlgsin(nx) where n is odd

1 1
f(x) = 4 (sin X+ 3 sin(3x) + 3 sin(5x) + — _>

Even and Odd Functions:-
A function f (x) is said to be even if f(—x)=f(x) and odd if f(—x)=—f(x)
Example:-_ x>, x" + x> +1,¢" +¢* are even functions

x>, x,sin x,cosecx are odd functions

Notel:-

1.Product of two even (or) two odd functions will be an even function
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2.Product of an even function and an odd function will be an odd function
Note 2:-_ f f(x)dx=0 when f(x) is an odd function
= 2!0 f(x)dx when f(x) is even function

Fourier series for even and odd functions:-

We know that a function f (x) defined in (—z,7) can be represented by the Fourier series

0 o0
a, :
—+ E a, cosnx + E b, sinnx

fx)=5+2

Where q, :lj.” f(x)dx
V/kdut
= —j f cos nx.dx

and =— j f sm nx.dx

Case (i):-_when f (x) is an even function

== j f(x)dx= —j f(x
Since cosnx is an even function, f (x) cosnx is also an even function
1 rm
Hence  a, =—J_ f(x)cosnx dx
2 rm
= ;fo f(x) cosnx dx

Since sinnx is an odd function, f (x)sinnx is an odd function

1 ¢~ )

b, =—I f(x)sinnx.dx=0
72' -7

. If a function f (x) is even in(—z,7), its Fourier series expansion contains only cosine

terms

s f(x) =a—2°+ian cos nx

n=1

Where a, ——J f Cosnxdxn 0,1,2,————-—

Case 2:- when f(x) is an odd function in (-7, 7)
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:_J. f(x)dx=0 Since f(x) isodd

Since cosnx is an even function, f (x) cosnx 1s an odd function and hence

:_I f cosnxdx 0

Since sinnx is an odd function; f (x)sinzx is an even function
1 .
n = ;f_nnf(x) sinnx dx
2 .
= ;f_nf(x) sinnx dx
Thus, if a function f (x) defined in (—7,7)is odd, its Fourier expansion contains only sine

terms
Y

“ f(x) =XF_, b, sinnx Where b, = —I f(x)sinnx.dx
T 0

Problems
1. Expand the function f(x)=x* as a Fourier series in[—1, 7], hence deduce that

111 7

(1) Sty t——— =

22 32 42 N 12
Sol. Since f(—x) = (—x)2 = = (x)
~ f(x) is an even function

Hence in its Fourier series expansion, the sine terms are absent

a
x? == Z; a, COSNX ... ... (D
2 (m 2 (x3\"  2nm?
Where a, = Efo x2dx = ;(?)0 = % ...... (2)

2 rm
an= Efo f(x) cos nx. dx

T

2 2 sin nx —CO0S nx —sinnx\1"
=—szcosnx.dxz—[xz( >—2X( )+2< )]
Tr Tr n n? n3 0

0

COS nm

=20+ 2n =T 4 2(0)| = 25 = L (-7 (3)

Substituting the values of 4, and a, from (2) and (3) in (1) we get
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2 2 n+l
T 2 4 T 2 (-1
xP="—+> —(-1)" cosnx :——42( 2 COS nx
3 =n 3 ‘= n
2
T cos2x cos3x cosdx
=——4(cosx— et g ———)—)(4)
Deduction: Putting x=0 in (4), we get
i ( 1 1 1 ) 1 1 1 i
0=——A4|l-— 44— | Dot f = —
3 2 3 4 2 3 4 12

, T <XLT

2.Find the Fourier series to represent the function f (x) =

Sol: Since [sin x| is an even function, b, =0 for all n

Let f(x)=|sinx|=a—20+ E a, cosnx — (1)
n=1
1 ,m, . 2 rm o, 2
Where a, = ;f_nlsmxldx = Efo sinx dx = = (— cosx)j

-2
=—(-1-1) ==
(L

1 2 (m .
and a, = — ffﬂ f(x) cos nx. dx = = fOT[ sin x. cos nx dx

cos(1+n)x cos(l n)x] ( il)

1 pmp . . _ 11
= Efo [sin(1 + n)x + sin(1 — n)x] dx = ﬂ[ e

1|cos(l1+n)mt cos(l—n)m 1 1 1"
[ ( )+ ( ) —1_nl (n#1)
0

T 1+n 1—n _1+n
n+1 n+l
_1 - n+
(-1) :_1(_1)11+1}_1+1}
1+n 1-n T 1+n 1-n 1+n 1-n
n+1 2 — n+1 __
[ ) nz  1- nz] _1't(n2 1) [( 1) ]
= s 1)1+( D] (m#1)
{0 ifnisoddandn # 1
- — - . .
" \smD if nis even
Forn=1,a; =- [ sinx.consxdx == [ sin2x dx
91— 2 Jo : 70

1 (- cos2x\" -1
——(—)0 —Z—H(c052n—1)—0

T 2

o0

Substituting the values of a,,a, and a, in (1) We get |smx| —+ z ﬁcosnx
n p—

n=2,4,— T

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) B RX}




MATHEMATICS - 11 FOURIER SERIES

2 4 & cosmx 2 4 Gcos2nx

——— =——— (Replace n by 2n)
T omamn -1 1 oriSdn’-1
Hence |Sinx|zg_i cos2x cosdx
T T 3 15
. 2sinax| sinx 2sin2x 3sin3x
3. Show that for —m < x< r,sinax = 55t
T 1°"—-a 2°—a 3 —a

(ais not an integer)
Sol: - As sin ax is an Odd function. It’s Fourier series expansion will consist of

sine terms only

ssinax =Y b, sinnx———(1)

n=1

where b, = Ej f(x)sinnx dx = z J- sinax .sin nx dx
T T

0
= 2 I [cos(a —n) x—cos(a+n) x]dx
4 0

[.-2sin Asin B =cos(A—B) —cos(A+B)]

r . . V4
b 1|sin(a—n)x sin(a+n)x
"zl a-n a+n |,
_1l|sinazcosnz—coszsinnz sinaz cosnz+cosazsinnzr

| a—n a+n
1[sinaz.cosnz sinar.cosnr )

b, =— A [+ sinnz = 0]
Tl a—n a+n

1. ( 1 1 j
=—Smarxcosnt| ————

T a-n a+n
1. atn—a+n -D)"2n .
=—sinar (-1)" — = ( 2) ——sinar
V4 a -n m(a”—n")
Substituting these values in (1), we get
) 2sinar & n(=D)" . 2sinaz & n(=D)""
sin ax = 3D Ginnx= S D Ginn
T S (a —nY) T S —a
_ 2sinar| sinx ZSin2x+3Sin3x
T ’—a®> 2*°—-a*> 3*-a* 7

4. Find the Fourier series to represent the function f(x) = Sinx,—mw < x < 7.

Sol:- since sin x is an odd function ay = a,, =0
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Let f(x) = ). b, sin nx, where

2 (" 1"
bn:;f sinxsinnde=E.f [cos(1 —n)x — cos(1 + n) x] dx
0

0

_1 [sin(l—n)x 51n(1+n)x

“nl 1-n 1+

](¢1) =0(n % 1)

2 . 2 1-cos2 1 Sin2x\™ 1
Ifn=t by = 2 ['sin’xde = 2T dx = 0 (x—3F) (= S(r-0) = 14660 =

0 2

b;sinx = sinx

5.  Show that for —m < x <, sink x =

2sink7r[ sin x 251n2x 3sin3x }

T P—k> 22—k 32—1<2 """

(k is not an integer)
Sol: - As sin kx is an Odd function.

It’s Fourier series expansion will consist of sine terms only

.sinkx =) b, sinnx
n=l (1)

Where b, = g_[f(x) sinnx dx =2jsin kx.sin nx dx
7[0 72.0

= 2 J‘ [cos(k—n)x—cos(k+n) x]dx
4 0

[-.- 2sin Asin B = cos(A—B) —cos(A+ B)]

b 1| sin(k—n)x sin(k+n)x T
"zl k-n k+n |,
_1|sinkzrcosnz—coszsinnz B sink 77 cosn 7z +cos kz sin n
T k—n k+n
b — l|:s1n k:. cosnz sink 7z.cos n7z':| [ sin r — O]
—n

7T k+n

1 1 1 1
=—Si1’lk7Z'COSn7T(—— ):—smkﬂ( D" ( sink 7

k+n- k+nj (-D"2n
/4 k-n k+n

k*—n x(k>—n?)

Substituting these values in (1), we get

2sink 7 & 1 2sink 7 & —1™!
sink x = sin ﬂz ng ) smnx: Sih ﬂzn(z )2 sin nx
n=1 (k 7T n=1 (n _k )
_ 2sinkz| sinx _2sin2x+3sin3x_ }
V2 12—k*> 22—k> 32>
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Half —Range Fourier Series :- To obtain Fourier series of function f(x) in

the interval (o,m)

1) The sine series

f(x)= gb" sinnx where b, = 2 J:f(x) sin nx.dx

T

2) The cosine series

f(x)za—2°+ian COSs nx

n=l1

where a, :zjoﬁf(x)dx and
T

a, = %Lﬂf (x)cos nx.dx

Note:-

1.Suppose f (x) =xin [O, ﬂ] It can have Fourier cosine series expansion as well as Fourier
sine series expansion in [(),7[]

2.If f (x) =x’in [0, 7z] can have Fourier cosine series expansion as well as Fourier sine
series expansion in [0, 7]

Half —Range Fourier Series:-
Problems

1.Find the half range sine series for f(x) = x(m — x),in 0 < x < m Deduce that

1 il 1, . =

13 33 53 73 32

Sol. The Fourier sine series expansion of f(x) in (0,7) is
f(x) =x(m—x) = Yy-1 by sinnx

Where b,, = %fonf(x) sinnx.dx; b, = %f:x(n — x) sinnx. dx

=£ “(7x — x* ) sin nx.dx
— [ (zx-2)
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2[ —COoSnx —sinnx cosnx |-
_2 (ﬂx—f)( ]—(ﬂ—zx)( ! j+(—2) L }
7T n n n
2702 4 n
== —3(1—cosn7z)}:—3(1—(—1) )
m\n nr
0, when n is even
bn = .
5, when n is odd
n
Hence
8 . 8( . sin3x sinS5x
x(r—x)= ——sinnx (or) x(m—x)=—|sinx+ +—F————|>(1
(r=0)= 3 ssinnr (or) s{a—x) =2 sine ELI |51
Deduction: Putting x:% in (1), we get
n( T[) 8( 7T+1 37T+1 57'L'+ )
> x > sz °E sin =3 sin
n? 8 1 1 1 i3
ﬁ7= [1 +3—3sm(n+ 2) §5m(2n+ 2) %sm(Sn+E) + ———]
2 1 1 1
(0r)5—1+3—3+5—3+ﬁ+ - - -
et —e "
2.Find the half- range sine series for the function (X):m n (0,7T )
e —e
Sol.Let f(x) = Y- b, sin nx (1)
T edX—e7aX

.sin nx. dx

Thenb, = f f(x) sinnx.dx = =

0 eaM_g-am
-2 ax; —ax.:
= Uo e?*sin nx. dx — fo e~ ¥sin nx. dx|

e—ax

1T(e211T eam) Haz + n? aZ + n?

2 aTt aTt

n(—1)" + _

(asinnx — ncos nx)] — [ (—asinnx — ncos nx)] l
0 0

n(-1)" -

az + nz]

+
1t(e"j11T — e—am) a2 + n2 az+n? a%+n?

B zn(_l)n e X _ eax] B Zn(_l)n+1 -
" m(ed™ —eam) | n24+a2 | m(n? +a?) (2)
Substituting (2)in (1), we get
Oo n( 1)”+1 2[sinx  2sin2x | 3sin3x
f(x) - a’+n sinnx = [a2+12 a?+22 + a?+32 ]
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3.0Obtain the half-range sine and cosine series for the function
f(x)= % (m—x)intherange0< x<m
Sol. Half — Range Fourier Sine Series
The Fourier Sine series of f(x) in (0,7) is
f(x) = EX (1 —x)
= Yo, bysinnx ... (1)
Where b, = % f; f(x) sinnx dx

2 mmX .
==Jo5 (T — x) sinnx dx

=% (g) f;(nx — x?%) sinnx dx

o (222) - 020 (2229 1 - (229

n2 n3

n
-2

n3
0, when n is even
b,=41 )
1= = whennis odd

n3’
Substituting the values of by, in (1), we get
X 0 1 .
5 (M=X) =X 35, = sinnx
= 13 sinx + % Sin3X + — sinSx + ..........
1 3 53
Half — Range Fourier Cosine Series :
The Fourier Sine series of f(x) in (0,m) is f(x) = % +Xp—qQp COSNX 2)
2 rm
Where ag == Jo f()dx
2 rTTTX
== 5 (m—x)dx

= i fon(r[x —x?) dx

1 [nxz x3]”
0

4] 2 3
_1[7t3 3
T4l2 3
T 24

And a, = % f: f(x) cosnx dx
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:E HE (m — x) cosnx dx

= lfo (nx — x?) cosnx dx

[(TI:X . Xz) (smnx) (71? _9 ) ( cosnx) + ( 2) ( smnx)]O
i[(TIZX _ XZ) (smnx) + (n—2%) (cosnx) +(2) (smnx)]z

ot (G A G|

_ 1 [—ncosnn—n]
T4

-MH

n2

- [1+cosnn]
T4 n2

_m [1+(—1)“]

4 n2

0, When n is odd

Therefore a, = { -n?
Py when n is even

Substituting the values of ay and a, in (2), we get

R L
f0=75-7 Dn=2,4,68... 5z cosnx
1.[3

==z —cost+—cos4x+—cos6x+ ]
48 2

4 .Find Fourier Cosine and Sine series for the function
kx for 0<x< 2

2
()= )

k(ﬂ—x)for 5<x< T
Sol: Fourier Cosine series is f(x) = %0 + X h—1 2, cosnx
Where
_Z f nf d
=7 | foodx

= 2[f2kxdx + [ k(x — x)dx]
=Z15), * (-3, )

2k T2 T2 2 nk

7T[ +(2 S5 tP =5

a, = ;fo f(x)cosnx dx

= Zn—k [J2x cosnx dx + [z (x — x)cosnx dx]
2
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{x (smnx) ( coznx)}:/z N { (7 —x) (smnx) -1 ( cosnx)}:/z]
() (D) 2 s (o

_2k (505G 1 (-)n
(222 " (n#0)

n2 n2

= 0 forn is odd

_arf(enz) _ 1
T n n2 n2

. . nm . nm —
fornis even (since cos 5 = 0 for ‘n’ is odd and cos - = (—1)2)

~Fourier Cosine series is given by

- n
kmr 4k (-1)z 1
f(x)_T-l-? [ —F]cosnx
n=24..

n2

kn 2k .cos 2x Ccos 6x cos 10x
+ +

T4 11'[ 12 32 52 +]

Fourier Sine series is

f(x) = i b, sinnx
n=1
Whereb, = % ) OT[ f(x)sinnx dx
= % [fogx sinnx dx + [ (m — x)sinnx dx]
- ) 1 () + (- 2 - )

n

2k —1r cos2E sin™= T cos™E sin™~
- (50)+ (5)+5(55)+ (55

4ksinnm/2 .
= —2/ =0 for ‘n’ is even
mn
n—-1
4k(-1) 2 )
= D 2 2 for ‘n ’ is odd
mn

= Fourier Sine series is given by

n-1

4Kk(-1) 2 sinx  sin3x |, sin5x
f(x) = Xhz13.. ——p—sinnx =[—5~ - ——+ ——.......]

5. Find Half range Cosine series for the function
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—k  for 0<x<%
f(x)=

k for %<x<7z

Sol: Fourier Cosine series is

ao
f(x) = > + Z a, Cosnx

n=1

Where

a = Jy fdx = DI (-ldx + [T kdx) =FG 3] =0

2

2 i
= —f f(x)cosnx dx
Ty

T

=;k [ JZ cosnx dx + fx cosnx dx]
2

_ 2k (sinnx g sinnx\ 2k Sinnz—n sinnz—n
o oy g (2D ()

. N1
-4k (smT

= ~ ) = 0if ‘n’ is even
-4k 1. .
= (—=1) 2 if ‘n’ is odd
mn
. . nw n-id .
[since sin— = (=1) 2 if ‘n’is odd
= 0if ‘n’ is even |
~Fourier Cosine series is given by

—4k ~— 1 n-1
f(x)=T z E(—l)Tcosnx

n=1,3,5......

-4k [cosx c0S3x cos5x

= + - e et

6. Find Fourier Sine series for the function f(x) = cosx in0 <x <.

Sol: Fourier Sine series is f(x) = Ya-; b, sinnx

Where b, = % f; f(x)sinnx dx
1 T .
= — [, 2sinnx cosx dx
1 pmpo . .
=—J, [sin(n + Dx + sin(n — 1)x] dx

:_1 [(_ cosir:l;l)x) n (_ cos(n—l)x)]g

T n-1

_1[_(_1)n+1 _(_1)n—1 1 1

m n+1 B n—1 n+1+n—1]
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= 0 for‘n’isodd
= %(n # 1) for ‘'n’ is even.

For n=1
2 T

b, = —J. f(x)sinx dx
TJo

2 (T .
== J, (cosx)sinx dx

cos2x

== [sin2xdx == (- =)=

~Fourier Sine series is given by

4n 8 sin2x sin4x 3sin6x
f(x) = Xh- 24 2 1)SlnnX =;[ 3 + s + v o]

cosx ,when 0 <x<g

7.Find the fourier cosine series of f(x) = 4
0, when 2 <xX<T

Sol : Let f(x) :3?0 + Y r_; apcosnx wn(1)
a,= %f;f(x)dx = %[fgcosx dx + fgnO dx]
= 2sin) 2221 -0) =2
= 1T(smx)0 —n(l 0) = - wee(2)
2 (T
And a, = Efo f(x)cosnx dx

= % [fon/z cosx. cosnx dx + f1:/2 0. cosnx dx]

= i f;/z 2cosnxcosx dx ceen(3)
= if:/z[cos(n +1)x+ cos(n — 1) x]dx = i[sml(:;nx + sinl(ln_—ll)x]n/Z (n+1)
:l[sin(n+1)— sin(n-1) ] (1)
T n+1
=2 [cos?smi _ cosysing (since cos= = 0)
T n+1 n-1 2
_ ;(zncff (n # 1) (@)
If n=1 ,thena; = —f /290052 dx [from (3)] = —f /2(1 + cos2x)dx = %(X + %)Z/Z

=%[(g+o)—(o+0)] =% e (5)
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Sub (2), (4) and (5) in (1), we get

COS—

f(x) = —+a11cosx+2rl ,a,cosnx = = + 5 COSX — —Zn 270 cosnx
3n
2 cosn COS—- cos4n
= - + 5 COSX — ~ mcost + mcosB X+ mcosllx + l
1 4 1 2 [ COS2X 4 cosdx cos6x ]
=—+4+—-cosx——|— —
T 2 T 1.3 3.5 5.7
COSZX c0Ss4x COS6X
- + 5 COSX + o [ 35 5.7 ]

8.0btain the fourier cosine series for the function f(x) =xsinx , (0,m)

Sol : Let f(x) = xsinx = — + Ya—qapcosnx  ....(1)
2 rm .
Where ag= ;fo f(x)dx = Efo xsinx dx

= %[X(—COSX) + (sinx)[§ =

alN

[—mcosn + sinn] = %(n) =2
And a, = f: f(x)cosnx dx = %f” xsinxcosnx dx
= f [sin(h+1)x—sin(n—1)x]dx (n# 1)

—cos(n+1)x cos(n—1)x —sin(n+ 1) x sin(n—1)x)"
={Xl n+1 + n—1 ]_(1)[ (n+1)2 + (n—1)2 l} (n#1)

cox(n+ D+ —cos(n - D=

( +1)
_ (_1)n—1 _ (_1)n+1 Vs 2(_1)n+1
~ n-1 n+l  n2-1 ,(Il * 1)
. B -2 B 2 B -2 _ 2
T2 T 3 AT T 3 A T e
Now a; = %f; xsinxcosx dx = %f;[x sin2x dx
1 —C0S2X —sin2x\1" 1[-n -1
= [x(552) - (5], = s [Feosz] = 3
From (1), we have
) 1 2 2 2
xsinx =1 — - COSX — —cosZX + —cos3x — —Scos4x + -
Deductions: Putting x = —m (2), we obtain T+ 22422 +
2 13 35 57
2 _2 i_i+.. T_q=T2
13 35 57 7.9 2 2
1 1 1 1 N M- 2
1.3 3 57 79 4
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Fourier series of f(x) defined in [c, c + 2I]:-

It can be seen that role played by the functions 1, cos x, cos 2x, cos 3x,.....sin x,sin 2x.........

In expanding a function f (x) defined in [c, c + 2m] as a Fourier series, will be played by

(mc) (27rxj (37zxj

1,cos| — |,cos| —— |,cos| —— |,.....

e e e

) (ﬂ'xj ) [27rx} ) (3ﬂxj

sin| — |,sin| — |,sin| — |,.....
e e e

In expanding a function f (x) defined in [c,c+2!]

(i) fcc+213in (@) .COS (?) dx =0

0, ifm#n
(ii) fcc+21$in($).sin($) dx={l, ifm=n=0
0, ifm=n=0
0, if m#n
(iii)fchr21 cos (mlnx) cos( 1 )dx—{l, ifm=n=0
2, fm=n=0

[It can be verified directly that, when m, n are integers |
Fourier series of f(x) defined in[0, 21]:-

Let f (x) be defined in [0, 21 ] and be periodic with period 2/ . Its Fourier series expansion is
defined as f(x) = —ao + X 9 [an cos == + by, sin —]
Where aoszO f(x)dx, a, = Tfo f(x)cos?dx and b, = %f:lf(x)singdx

Fourier Series Of f(x) Defined In[—[, ]

Let f (x) be defined in [—/,/] and be periodic with period 2/ . Its Fourier series expansion is
nx
defined as f(x)= —ao +Z£a cos— +b, sin Tj

Where ao=%f1_l f(x)dx, a, = %fl_lf(x)cos$dx and b, = %fl_lf(x)sin$dx

Fourier series for even and odd functions in[—1, []:-

Let f(x)be defined in[—/,/]. If f(x) iseven f(x)cos@ is also even

1

1 nmx
“an =7 ff(x)cos—dx
4

1
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1

2 nmx
= Tf f(x)cosde

0
And f(x)sin? is odd
1

1 nmx
bn = T ff(X)Sil’leX = (0Vn
-1

Hence,

If f(x) is defined in [—/,/] and is even its Fourier series expansion is given by

nix

f(x)z%ao "‘20‘" cos

nwx
[

where a, = %I(jf(x)cos dx

If f(x) is defined in [—/,/]and its odd its Fourier series expansion is given by

F(x)=3b, sin? where b, :%J‘;f(x)sin?dx
n=1

Note:- In the above discussion if we put 2/ =2x,l = & we get the discussion regarding the

intervals [0,27] and [—7, 7] as special cases

Fourier series of f(x) defined in [c, c + 21]:-
Problems:-

1.Express f(x)=x" as a Fourier series in [—/,/]
Sol: Since f(—x) = (—x)? = x? = f(x)

Therefore f (x) is an even function

Hence the Fourier series of f (x) in [—l,l ] is given by

f(x)= %+§;an cos?where a, = %J.;f(x)cosnTﬂxdx

1
2 1 2 (x3 212

Hence ay, = = xzdxz—(—) ==
0 1f0 1\3/y 3

anda, = %f; f(x)cos?dx

1

X
51n( ) _ cos X _gin 17X
2| l Jj
=—|x —2x > +2 3
l nrx n°rw nr
l I? I’

(0]
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S cosi=]
_z 1
=1 lzx 22 l

12 0

(Since the first and last terms vanish at both upper and lower limits)

’ -1)"41°
.'.an—?[Z cosnz }:41 cosnz (1)

'l it oninl
Substituting these values in (1), we get

2 w (_ n o1 2 2w ([ n+l
xzzl__{_ZmCosm_x:l__iZ&COSm_x

3= [ 3 e N
I* 41| cos(zx/l) cos(2zx/l) cos(3mx/l)
D

2. Obtain Fourier series for f(x) = x> in [-1,1].

Sol: The given function is x> which is odd a,=0, a,=0

n——f f(x) sinmx =%f01 x? sinnmx dx
=2[—x*=——— + 3x*sin—— +6x— — - i ;”d]{]
—r—1m g0
S e
« f(x) 2[(—— H—) sinx + (__ 4 23_3) sin 2mx + (?_ﬁ) sin 3mx + (— — ?) sin 47x]

3.Find the Fourier series of periodicity 3 for f(x) = 2x-x*in 0 <x < 3
Sol. Given, f(x) =2x-x"in 0 <x < 3

Here 21 =3

Therefore 1 = 3/2

The required Fourier series is of the form

nmx

f(x) = 2xx" = 370 + Xh=1ay COS (—) + Y7 1 by sin )
= a?o + 2;021 ap COs (T) + Z;ozl b, sin (T) ...... (1)

Then ay = % fOZIf(X)dx = 2 f03(2x —x?%) dx

anz% fZIf(x) cosmdx

= —f (2x — x?) cos (— rmx)
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. 2nnx 2nnx 2nnx 3
=§[(2X—XZ)%—(2—2 )%‘F (- 2)%
3 3) 3) 0
2 4x9 2%9
=5 [lo-sez+ of-{o+ oz + of]
-2 [36+28
:?[4112“2]
-9
=n2n2

by = = fZIf(x) sinwdx

2nnx

:—f (2x—x2)51n( —) dx
3
5 —COS( Zl’lnx) i (Znnx) oS (Znnx)
=§l(2X_X2)T_(2 Z)T)Z-l' (—Z)ﬁl
3 3 3 0
2
=[5 3]
_3
" nm

Substituting the values of a’s and b’s in (1), we get

2 9 oo 1 2nmx 3o 1 . 2nmx
2X — X :; n=1} COS(T)+; n=1;S11’1 [—]
-9 2T 1 4mx 1 6TIX
= = |cosT + FeosT - GeosTE+ ]
+3[_ 21‘[X+1 . 4-1'[X+1 . 61'[X+ ]
— |SIN—/—— +ZSIN—]/——+ =SIN—/—— fee e e
3 2 3 3 3

4.Find the Fourier series to represent f(x) = x*—2, when -2<x <2

Sol. Given, f(x) = x> =2

Since function is an even function. Here 1= 2

Let f(x )—a°+z ancosm)
n=1

-7 nmx
-2 +zn=1(ancos 5 ) ............ (1)

Then ap= % fol f(x) dx

2 2
:EfO(XZ—Z) dx
2

-2

=8 4
3

4
3
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1
a, = %fof(x) cos# dx

= 2% x2— nmx
= 2f0 (x* — 2)cos— dx

nrx —cos2ZX sin2Z% 2
oo 8- (23]
=[{o J-t0+0-0
Soan = =<
=(-D" =

n?n?
Substituting the values of ap and a, in (1), we get

nnx

=2 16 v nl
f(X)—?+n—2 n=1(_1) _ZCOST

2 -2 16 n+1 1 1 nnx
xX*-2= —- 1 =
3 2 ( )
-2 16 X 3nx 1 4nx
= —-— COS———COSTEX+—COS———COS—+'“.
3 n? 2 42 2

5. Find a Fourier series with period 3 to represent f(x)=x+x" in (0,3)

Sol.Let :—+Z(a cos—+b smnij—>(1)

Here 2/=3, 1=3/2 Hence (1) becomes

(o) m:Tz(a cos ™ 2’%)9(2)

n=1

1 o2 3 ) 205 ’
Where aO:iJ.O f()c)dx:—J.0 (x+x )dx=—{ +?} =9
0

Integrating by parts, we obtain

a—2[3 9]_2(54)_9
N7 3 |4n2n2 4n2w2] = 3 \4n2n2/ " n2Zn2?

b, zljzlf(x) sin ?dx :%jj(x+x2)sin(2n;x]d)c—_12

[70 nr

Substituting the values of a’s and b’s in (2) we get

i = Z (Znﬂxj_gzlsin[%;xj

=1 1 T g 1

6.If f(x) =|x|, expand f(x)as a fourier series in the interval (— 2, 2).
Sol: Here 1=2
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Since |x| is an even function

= The required series is of the form

|x| = az_o + Y0y ancos? (D)
Where ag = Tzfol f(x)dx = fOZIXI dx (sincel = 2)
2 x?1% 1
=[Zxdx = [7]():5(4—0) =2 (2)
And a, = %fol f(x)cos% dx :fozlxlcos?dx (sincel = 2)

= foz xcos% dx (Since 0<x<2)

S (1) 1]

1’12Tl12 1’121'[2
4

{ 0 when n is even
a,=

x| =1-—= —cos— =1——|cos—+ —cos— + —cos—+-

8 - 1 nmx 8 ax 1 3nx 1 Snx ]
nz n2 2 2 2 32 2 52 2

7.Find the fourier series of the function f(x),if

1
E+x, when—-1<x<0
f) =15

E—x, when0<x <1

Sol: Since f(—x) = %- xin (—1,0) = f(x) in (0,1)
And  f(—x) = §+ xin (0,1) = f(x)in (—1,0)
=~ f(x) is an even function

Let f(x) = a—° +W_, ancosg = az_o + Y¥_,a,cosnmx ( since 1=1)

Then a, = —f f(x) dx —2f (——X) dx

—2(;—’;—2)1 —(x—x} =(1-1)—(0-0)=0
= ‘f f(X)COSmtX dx —Zf f(x) cos nmx dx

—Zf (——X)cosnnxdx

= 2[(% — X) (smnnx) (1) ( ciz:x)](l)
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=2[(0 - 222) - (0~ 25|

“[1-(-D"]

n22

= n2211:2 (1 —-cosnm) =

0 ifniseven

a, = 4 . .
—— ifnisodd
n<T

Half- Range Expansion of f(x)in [0, []:-
Some times we will be interested in finding the expansion of f (x) defined in [O,l ] in terms
of sines only (or) in terms of cosines only. Suppose we want the expansion of f (x) in terms
of sine series only. Define f,(x)=f(x) in [0,/] and f,(x)=—f,(x)Vn with
fi[20+x]= f,(x), £, (x) is an odd function in [—/,/]. Hence its Fourier series expansion is
given by
£ (x)=> b, sin ”lﬂdx

1
where b, == [ f, (x)dx

] Jo

The above expansion is valid for x in [~1,] in particular for x in [0,[],

> ’ |
fi(x)=f(x) and £, (x)=2"p, sinnTﬂxdx where b, =7J.(:f(x)sm?dx

n=1

This expansion is called the half- range sine series expansion of f (x) in [O,l ] If we want
the half — range expansion of f(x) in [0,], only in terms of cosines, define f,(x)=f(x) in
[O,l] and f, (—x) = f,(x) for all x with

fi(x+20)= fi(x).

Then f, (x) is even in [—l N ] and hence its Fourier series expansion is given by

nirx

l
2 el
where a, = 7"‘0 /i (x)cos

/i (x) :a—20+Zan cos
nx

[

dx

The expansion is valid in [—l N ] and hence in particular on [O,l ] ,

f,(x)=f(x) hence in [0,/]

f(x)z%aﬁiancos@

n=1
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2 ¢l nmwx
Where @, =~ J;) f(x)cos - dx

1.The half range sine series expansion of f zb SIHT in (0,Dis given by

n=1

dx

Where b, = %J‘; f (x) sin 222X

2.The half range cosine series expansion of f (x) in [O,l ] is given by

nix

f(x):%ao+i]an cos

dx

2 ¢! nxrx
where b, = 7".0 S (x)cos

Problems:-

1.Find the half- range sine series of f(x)=1in [0,/]
Sol:- The Fourier sine series of f(x) in[0,!] is given by f(x)=1= Z b, sin 22

Here b, = %fol f(x)sin?dx = %fol 1.sin$dx

l

Cos = !
20 7 2 2 2 nt
-5 —L =—[—c05@} =—(-cosn+1) :—[(—1) 1+1}
[l nrll nm , nm nm
0
. 0 when nis even
Y~ 14 whennis odd
niw
= 4 . nrx
Hence the required Fourier series is f (X) = Z E sin T
n=1,3,5——

) 4 nm 1 3mx 4
iel= (51n—+—51n—+ /551n
Tr

5mx )
T t3

1

2.Find the half — range cosine series expansion of f(x)=sin (?) in 0<x</

Sol. The half-range Fourier Cosine Series is given

f(x) = sin (%) = az—" + -1y cos? ...... —(1)
Wh _ f dx = d __ 2[-cosmx/I 1 _ -2 1) = 4
ere ag = —f xX)dx == sm— X _T[ — ]0—?(cos1't— )_E

n=%f;f(x)cos$dx =%f sm(l)cos( )dx
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_1 1 sin(n+1)nx_ sin(n—1)nx
o 1f0[ 1 1 ]dx

__cos(n+1)nx 1

Y R cos(n—-1) nx/1
- l (n+1)n/1 (n+1)n/1 ]0 (n * 1)

1

_ l _ (_1)n+1 (_1)[1—1 L _ L
T [ n+1 T n-1 T n+1 n—1] (n * 1)

Whennisoddan:i{ SRS S S | }:0

zin+l n-1 n+l1 n-1
. 1 1 1 1 1
Whennlsevenan=—[———+———
nln+1 n-1  n+1  n-1

=—— — (=z1)

n(n+1)(n—-1)

Ifn=1a, = %f(:Zsin (?) cos (?) dx = %folsin (2?) dx

_1 1[ (2nx>] _—1( 5 0) = _1/ (1-1)=0
=1'7x cos (7 T cos 2 — cos0) = (7 /o) =
from equation(1) we have

omxy 2 4]cos(2rx/1)  cos(4mx/1)
"'Sm(T):___[ 13 35 +___l

T T
3. Obtain the half range cosine series for f(x) = x — X2, O=x=1.

Sol: The half range cosine series for f(x) in O< x < 1 is given by
f(x) =E;__0 + Doy @, cos NTX

1 1 - x° x*]1 _ 1

Where a0=§f0 fO)dx=2 [F (x-x2)dx= 2 [?— ?}n =3

an=2f0l (x- x? ) cosnmx dx

=2|(x- ¥ )22 4 (1-29) ﬂ“]é

nm

‘]_ _qyntl_
=2 |(F) S - ] =2 [

-~ The cosine series of f(x) is given by,

— 1 2 cu (=D"-1
flx) = E+H—22n:1{%—}cos nmx =

1 _24 cos 2mx |, cos 4mx
& T { = T = }
4. Obtain the half range sine series for e* in 0 <x< 1

niTx

Sol: The sine series is 2 m=1 b, sin
1 . m
Where bn:%fo f(x) 5111"”“IE dx
Al
=2 [ e* sinnmx dx

=1

2e%

{1+ n?m2)

[sinnmx — nmx cosnmx |]!
0
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= _ 2 _ _ n
= e T TTe cosnm +mt]_{1+ﬂznzj[1 e(—1)"]
(

1+e) . 3(1+e)
SIN X + —_—
1+m2

2(-e) sin 2mwx +

T 1+%T

et =2 [

sin3mx+ — — — ]
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UNIT-IV
PARTIAL DIFFERENTIAL EQUATIONS

Definition:
A Differential equation involves a dependent variable and its derivatives with respective to

two or more independent variables is called Partial Differential Equation.
dz dz
Ex: xa—y + 4yE = 2z + 3xy

LINEAR & NON LINEAR PARTIAL DIFFERENTIAL EQUATION

If the partial derivatives of the dependent variable occur in first degree only and
separately, Such a Partial Differential Equation is called
as linear Partial Differential Equation Otherwise it is called as non —

linear Partial Differential Equation.
HOMOGENEOUS & NON HOMOGENEOUS PARTIAL DIFFERENTIAL EQUATION
A Partial Differential Equation is said to be Homogeneous if each term of the equation

contains either the dependent variable or one of its derivatives Otherwise it is called as a

Non - Homogeneous Partial Differential Equation.

FORMATION OF PARTIAL DIFFERENTIAL EQUATION
Partial Differential equation can be formed by two methods , there are
> By the elimination of arbitrary constants

» By the elimination of arbitrary functions

BY ELIMINATION OF ARBITRARY CONSTANTS

Let the given function be f(x,y,z,a,b) =0 ..........(1)
Where a and b are arbitrary constants.

eliminate a and b from equation (1), by differentiating (1) partially w.r.t. ‘x’ and ‘y’

T I E_GT T ... (2)
ox 07 ox ox 07

And @+@@:03@+@q:0 ........ (3)
dy oz dy oy oz
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Now eliminate the constants a and b from (1), (2) and (3). We get a partial differential

equation of the first order of the form. ¢(x, ¥, 2, Ps q) =0 .

Note : 1. If the number of arbitrary constants is equal to the number of variables, a partial

differential equation of first order can be obtained.

2.If the number of arbitrary constants is greater than the number of variables, a partial
differential equation of order higher than one can be obtained.
PROBLEM

1. Form the partial differential equation by eliminating the arbitrary constants
aand b from z= ax + by + ab
Sol. Given equationis z= ax + by + ab.......... (D

Differentiating (1) partially w.r.t. x and y, we get

Gy g (3)

Substituting the values of a and b in equation (1), we get

z=px +qy + pq

Hence the required partial differential equation is

z= px + qy + pq|

2. Form the partial differential equation by eliminating the arbitrary constants a and b

from
(@) z=ax+by+a’ +b’
(b) Z:ax+by+%—b

Sol.
(a) Given equation is z =ax+by+a’ +b’

Differentiating (1) partially w.r.t. x and y, we get

%=a3p=a ............ (2) and
Ox

0z

—=b=>q=b.............. 3)

dy

Substituting the values of a and b in equation (1), we get

z=px+qy+p’+q°
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Hence the required partial differential equation is

z=px+qy+p’+q’°

(b) Given equation is z =ax+by+ % —b.......... (1)

Differentiating (1) partially w.r.t. x and y, we get

—Zza:>p=a ............... (2) and
ox

%:b:q:b ............. 3)

y

Substituting the values of a and b in equation (1), we get
I=pX+gy+ L q
q

Hence the required partial differential equation is

Z:PX+‘])’+£_Q
q

3. Form the partial differential equation by eliminating the arbitrary constants from
(x—a)2 Jr(y—b)2 +z°=r"
(OR)

Find the differential equation of all spheres of fixed radius having their centre on the
xy plane.

Sol. The equation of sphere of radius r having their centers on xy-plane is
(x—a)2+(y—b)2+z2:r2 .......... (1)

Differentiating (1) partially w.r.t. x and y , we get.

2(x—a)+22_%:Oj(x—a)'FZp:OOI”X—a:_Zp_) (2)
X

2(y—b)+2z.§—Z:00r(y—b)+zq =0ory—-b=-zg— (3)

y

Substituting the values of (x — a) and (y — b) from (2) and (3) in (1), we get
(—zp) +(~2q) +2* =1
orzz(p2 +q° +1):r2

Hence the required partial differential equation is

(-2p) +(-2q) +2* =7’
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4. Form the partial differential equation by eliminating the arbitrary constants a and

bfrom z= (x+a)(y+b)

Sol.The given equationis z = (x + a)(y + b) ... cee eee . (1)
Differentiating (1) w.r.t., X
P=2=1( + ) (2)
Differentiating (1) w.r.t., X
q=Z—}Z1= I(x+ a)wieen..(3)

from (2),3)P =(y + b) .q = (x + a)
Substituting in (1) we get z = pq
Hence the required partial differential equation is

Z = Dg

5. Form the partial differential by eliminating the arbitrary constants from
log(az—1)=x+ay+b
Sol. Given equation is log(az—1)=x+ay+b............. (1)

Differentiating (1) partially w.r.t.x and y, we get

1 0z
a—=1 =1 =az-1....2
(az—l) a ™ Or(az—l) ap=lorap=az )
and (azl—l) a.%:a: aq:(az—l)a ................... 3)
(3)+(2),gives1:a:>ap:q ....................... 4)
P

Substituting (4) in equation (2), we get

q=%z—10rpq=qz—p0rp(q+1)=q2

Hence the required partial differential equation is

q=%z—10rpq=qz—p0rp(q+1)=q2

6. Form the differential equation by eliminating a and b from

1 1

2z=(x+a)2+(y—a)> +b

1 1
Sol. Given equation is 2z=(x+a)2+(y—a)2+b.............. (1)
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Differentiating (1) partially w.r.t. x and y, we have,

0z 1 1
2—=2p= = =4p
ox P Wx+a ~x+a
1
Nx+ta=—, x+a= T e 2)
p 16p
0z 1
And 2—= Orzq: or 'y_a -
2y-a y—a 4
1
T D 3
y—q 164" 3)

Adding (2) and (3), we get

X+y= ! 1 + !
y 16 p2 q2
0r16(x+ y) pg=p+q

Hence the required partial differential equation is

0r16(x+ y)pzq2 = p2 +q2

7. Form the partial differential equation by eliminating the arbitrary constants a and b
from z=ax’ +by’

Sol. Given equationis z=ax’ +by’ — (1)

Differentiating (1) partially w.r.t. x and y, we get

%:3ax20rp:3ax2 :az%—) )
X 3x

And @=3byzorq=3by2:>b:iz—> 3)
Oy 3y

Substituting the values of ‘a’ and ‘b’ from (2) and (3) in equation (1), we get

=Lx+1,

3 3

Hence the required partial differential equation is

8. Form the partial differential equation by eliminating the arbitrary constants a and b

from z = (x* +a) (y* +b)
Sol.The given equation is z = (x%* + a)(y? + b) ... ... ... (1)
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Differentiating (1) w.r.t., x
_ 0z _ 2
p=--= 2X(Y° + D) oo (2)

. 2 _ D
~(+b) =

Differentiating (1) w.r.t., y,we get

a
q= 5 =2y (24 @) e v ee e e e . (3)

o (2 _a
s (x +a)—2y

Substituting in (1) we get z = iy

Hence the required partial differential equation is

pq — 4xyz =0

9. Form the partial differential equation by eliminating the arbitrary constants from
(x—a)?+ (y—b)? =z%cot’a
Sol.Given equation is (x — a)? + (y — b)? = z2 cot? a........ (1)
Differentiating (1) partially w.r.t. x
(x—a)=zpcot?a ...................... (2)
Differentiating (1) partially w.r.t. y
(y—b)=zqcot®>a...................... (3)
Substituting (2),(3) in equation (1),we get
(zp cot? @)% + (zq cot? a@)? = z% cot’ a

~The required Partial differential equation is

| p?+ g% =tan’q

Formation of the Partial Differential Equation By The Elimination Of Arbitrary

Functions

Derive a partial differential equation by the elimination of the arbitrary function¢ from

#(u,v)=0 where u, v are functions of x, y and z..

¢(u,v):O ................................... (1)

Differentiating (1) partially w.r.t. x and y, we get

LER AN R

ou\ox 0z oOx oviox 0z ox
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ie., o9 a—u+pa—uj+% @—Fp@j:() ...... 2)
Ou \ Ox 0z) ov\ox 0z
and o %+q% +% @+q@ =0........ 3)
o4\ oy ~0z) ov\oy oz
Eliminating % and Z—¢ from equations (2) and (3) ,we get
u v
ou Ou ov  Ov ou Ou (8\/ ov j
—+—p||—t—q|=| —te— || =t=pP
oy 0z oy 0z oy 0Oz )\ox oz
. ouov ou Ov (814 ov Ou avj Ou ov Ou Ov
ie. —_——t—|pt|——————— |g=—————
oy 0z 0z Oy 0z Ox Ox Oz Ox 0y Oy Ox
o(u,v o(u,v o(u,v
(1) | 0(wy) ()
o(y.z)" d(zx)" 0(xy)
Above equation is generally written as Pp+Qq = R where
_udy udv , wdy wdy o wdy dudy
dy 0z 0z 0y . Oz ox Ox oz dx Oy Oy dx
PROBLEMS
2 2 ZZ
1.Form the partial differential equation by eliminating a,b,c from —2+Z—2+—2 =1.
a c
2 2 ZZ
Sol. Given equation is —2+%+—2:1 ....... (D)
a 4

Differentiating (1) partially w.r.t. x and y.

2x 2z X z
—+t—5p=00r —-+—=.p=0-> (2
a ¢ a c

2y 2z Z
And b—2y+c—2.q=oorblz+c—2.q=o—> 3)

Since it is not possible to eliminate a, b,c from equations (1), (2) and (3).

Differentiating (2), partially w.r.t. ‘x’, we get

1+1 op 0z 00r1+1 621+1

—+—| z—+p.— |= — = —t+—.

a ox ox a ot ¢t P
2

.'.iz+i2.zr+p—2:0—> 4)

a c c

Multiplying (4) by ‘x’ and then subtracting (2) from it, we get

2
Xz xp° z 1 2
—r+———.p=0o0r —(xzr+xp°~—2zp)=0
ST = (3w~ 2p)

~The required Partial differential equation is
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. pT=Xp’+Xxzr

L

Form a partial differential equation by eliminating the arbitrary the function
e(x*+y*z—xy)=0
Sol.Given equation is ¢(x* + y%,z —xy) =0
This can be written as z — xy = f(x2 + y?)--------m-——- (1)
Now we have to eliminate f from (1)

Differentiating (1) partially w.r.t., x

Oy =F G+ y))
p—y=f(x*+y)2x)-—(2)
Differentiating (2) partially w.r.t.,y
q—x=f(&x*+y*)(2y)--- (3)
Dividing 2) by 3) py - q x = y? — x?

Hence the required partial differential equation is

py-qx=y*—x’

3. Form a partial differential equation by eliminating the arbitrary function
from z= f(x2 —yz)
Sol. Given equation is z = f (x2 —~ y2) — (1)
Let u=x>—y’ then z=f(u)—> (2

Differentiating (2) partially w.r.t. ‘x” and ‘y’,

QR () O
8x_f (u).ax =f (u).2x
p=fl(u)2x—> (3)

Similarly we get
q=—fW2y4)
c(R) = ives 2 = X
2 (3)+(4), gives =5

~px+qy=0
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Hence the required partial differential equation is

4. Form the partial differential equation by eliminating the arbitrary functions from
xyz =f(x2 +y° +z2)
Sol. Given equationis  xyz=f(x’+y’+2°)> (1)

Differentiating (1) partially w.r.t. x and y .

yz+xy,p=f1(x2+y2+z2).[2x+2z.%j
X
yz+xyp = f (x2+y2+z2).(2x+2zp)—> (2)
And xz+xy.q=f'(x2+y2+22)-(2)’+2Z-Q)—> 3)
2 (2)+(3), gives

yz+Xxyp _ 2x+2zp
xXz+xyq 2y+2zq

(yz+xp)(y+2q) = (xz+xyq)(x+2p)
V' z+ 2 yq+xy’ p+xyzpg =Xz +x°zp + X yq + Xyzpq
-2 pa(e=ele=ler)

Hence the required partial differential equation is

x(yz_Zz)p_{_y(zz_xz)qz(xz_yz)Z

5. Form the partial differential equation by eliminating the arbitrary functions
From xyz=f(x+y+z)
Sol.Given equations is xyz = f(x +y + z)-----—--—-- (1)
Differentiating (1) partially w.r.t. ‘X’
yixp+z) = f'(x+y+2z)(1+p)-—-- (2)
Differentiating (1) partially w.r.t. ‘x’
x(yq + z)=f(x+y+2)(1+ g 3)

. . . 1
Dividing (2) by (3) % = 1:_5

yxp+2z)(1+q) = x(yq+2)(1+p)
(xy —zx)p + (yz—xy)q = zx — yz
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x(y—2)p+y(z—-x)qg=z(x-y)

Hence the required partial differential equation is

k(y —2)p +y(z —x)q = z(x — y)|

6. Form the partial differential equation by eliminating the arbitrary function

from xy+yZ+Z,X=f[ < j
X+y

Z
Sol. Given equations is Xy +yz+zx=f (—J — (1)
xX+y
Differentiating (1) partially w.r.t. ‘x” and ‘y’, we get

z J[(xw)-p—z]

xX+y (_x—|—y)2

< j[(x"')’)q_zj_) (3)

x+y (x+y)2

y+y.p+z+x.p:f1( - (2)

x+z+yq+xq=fl(

Dividing (2) by (3), we get

(x+y)p+y+z :(x+y)p—z
(x+y)g+x+z (x+y)g-z

(x+y)p+y+z)((x+y)g=2)=((x+y)g+x+2)((x+y) p—2z)
(x+3) pa+(y+2)(x+y)qg—(x+y) pz=(y+2)z
=(x+y) pg+(x+z2)(x+y)p—(x+y)gz—(x+2)z
(x+y)(x+22) p—(x+y)(y+22)q
=z(x=v)

x+y)x+22)p—-(x+y)(y+2z)q=2z(x-y)

Hence the required partial differential equation is

(x+Y)(x+22)p — (x+y)(y +22)q = z(x — y),
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7.Form the partial differential equation by eliminating the arbitrary function
from 1= f(x)+ey.g (x)

Sol. Given equations is z=f (X) +e'.g (X) - (D

Differentiating (1) partially w.r.t. ‘x” and y, we get
%:fl (x)+ey.gl(x) or p=f' (x)+ey.g1 (x)—) 2)

, 0 ,
q:e’.g(x) orazze).g(x)% 3)

Differentiating (3), partially w.r.t. ‘y’, we get

o’z 0z

PRI (x)= oy [sing O
(P kg

oy> Oy
S t—q=0

Hence the required partial differential equation is

8.Form a partial differential equation by eliminating the arbitrary function

z=f(x*+y?)
Sol. Given equations is  z = f(x% + y?) ..... (1)

Let u=x?+y?® then z=f(u)—> (2)

Differentiating (2) partially w.r.t. x and y,

0 ! 0 !
a—i:f (u).a—Z:f (u).2x

.'.p:fl(u)Qx—> (3)
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: + ives£=—=
= (3)+(4). g p y

Sopy—gx=0

Hence the required partial differential equation is

py —gx = 0
10. Form a partial differential equation by eliminating the arbitrary
function @(x* + y? + z%,ax+ by +cz) =0
Sol.Given function can be written as
x> +y>+z*>=f(ax+ by +cz) ..........(1)
Differentiating (1) partially w.r.t. ‘x” and ‘y’,we get
2x +2zp = (a+ cp)f*(ax + by + cz) ....(2)

2y +2zq = (b+cq)f*(ax + by + cz) ....(3)

x+zp _ (a+tcp
y+zq  (b+cq)

% implies

Hence the required partial differential equation is

x+zp (a+cp
+2zq9 (b+cq)

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) 8 (%




MATHEMATICS - 11 PARTIAL DIFFERENTIAL EQUATIONS

SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

COMPLETE INTEGRAL
A solution in which the number of arbitrary constants is equal to the number of independent

variables is called complete integral or complete solution of the given equation.

PARTICULAR INTEGRAL
A solution obtained by giving particular values to the arbitrary constants in the complete

integral is called a particular integral or particular solution.

SINGULAR INTEGRAL
Let f (x,y,2,p,q)=0— (1) be the partial differential equation.

Let ¢(x,y,z,a,b)=0— (2)

Be the complete integral of (1). Where a and b are arbitrary constants.

Now find % =0— (3)
oa

o¢
L =-0> 4
ob 0 @

Eliminate a and b between the equations(2), (3) & (4) When it exists is called the singular

integral of (1).

GENERAL INTEGRAL : In the complete integral (2). Assume that one of the constant is a

function of the other i.e. b=f(a) Then (2), becomes
¢(x, v, z2,a, f (a)) =0— (5)
Differentiating (5) partially w.r.t. ‘a’, we get

9 o9

2o (a)=0— (6)

Eliminate ‘a’ from (5) and (6), is called the general integral or general solution of (1).
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LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

A differential equation involving partial derivatives p and q only and no higher order
derivatives is called a first order equation. If p and q occur in the first degree, it is called a
linear partial differential equation of first order, otherwise it is called a non-linear

partial differential equation of the first order.
For example: px+qy® =z is a linear partial differential equation and p>+¢° =1 is non

linear partial differential equation .

LAGRANGE’S LINEAR PARTIAL DIFFERENTIAL EQUATION

A linear partial differential equation of order one involving a dependent variable z and two
independent variables x and y of the form Pp+ Qg =R
Where P, Q, R are functions of x, y, z is called Lagrange’s linear equation.

Lagrange’s auxiliary equations are

WORKING RULE TO SOLVE LAGRANGE’S LINEAR EQUATION Pp + Qq = R

Step 1: Write down the auxiliary equations d—: = % = %

Step 2 : Solve the auxiliary equations by the method of grouping or the method of
multipliers or both to get two independent solutions u=a and v=b where a,b are arbitrary
constants

Step 3: Then Q(u,v) =0 or u=f(v) is the general solution of the equation Pp + Qq = R

To solve

dx __dy __d | (1)
P(x,y,z) Q(x,y,2) R(x,y,2)

(1)Method of grouping: In some problems, it is possible that two of the equations

dr=dy ordy _dz or dx=dz gre directly solvable to get solutions
P 0 O R P R

u(x,y) = constant or
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v(y,z)=constant or

w(x,z)=constant. These give the complete solutions of (1)
Sometimes one of them, say 9 _ 4 may give rise to solution u(x,y)=c;
From this we may express y, as a function of x. Using this in % _ 92 and integrating we get
0O R

v(y, z) =c,. These two relations u = ¢, v = ¢, give the complete solution of (1).

2. Method of multipliers: This is base on the following elementary result.

If4_% _4%_  _% then each ratio is equal to hay+ha, +...+ha,

b b, b, b, Lo, +Lb, +.ut L],
Consider & _ &y _dz
P O R

If possible identity multipliers 1, m, n, not necessarily constant, so that each ratio

_ ldx+mdy +ndz
IP+mQ+nR

Where LP + mQ + nR = 0 Then ldx + mdy + ndz = 0
Integrating this we get u(x,y,z) =c;.
Similarly we get another solution v(x,y,z) =c, independent of the earlier one.

We have the complete solution of (1) constituted by u =c; and v =c,
LINEAR PARTIAL DIFFERENTIAL EQUATIONS PROBLEMS

1.Solveptanx +qtany = tanz
Sol. The given equationis ptanx +qtany = tanz......... (1)
Comparing with Pp +Qq =R,
Where P=tanx,Q=tan y,R=tanz

. . d d
.. The Auxiliary Equations are dx - Y _ %
tanx tany tanz

_ @
tanx tany

Taking the first two members, we have

Integrating , we get
logsin x =logsin y+/ogc,

sin x

- =logc, or s‘mx =c, = (2)

sin y sin y

log
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. d dt
Taking the last two members, we have Y _
tany tanz

Integrating, we get

log siny = log sinz + logc2

sin y

log =logc, orw =c,—> (3)
sin z

sin z
From (2) and (3).

The General solution of (1) is

¢(61’C2):O

ie.¢(s'1nx’31.nyjzo
siny sing

2.Find the general solution of y’zp+x’zg= y’x
Sol. The given equationis y’zp+x°zg=y’x— (1)
Comparing with Pp + Qq = R, we have
P= yzz,Q =x’z, R= y2x

dy _dz

- . dx
~. The auxiliary equations are ——=——

vz x’z yx
Taking the first two members, we have

ﬁ ﬂ:@— dy or x*dx = yzdy

y2z o xzz yz e
Integrating, we get

3 3 3

X Xy
?zy%+c1 or ?—?ZCI—) (2)

Taking the first and last two members, we have

ﬂ :d—forxdx =zdz

2
y< y<x
Integrating ,we get
2 2 2 2

x—=Z—+02 or =t = 3)
2 2 2 2

From (2) and (3)
The General Solution of (1) is
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3.Solve p\/; + q\/; = \/Z

Sol. The given equation can be written as
Jxp+ ﬁq =z 1)

Comparing with Pp + Qq = R, we have

P=x,0=\[y,R=+z
- . dx dy dz
". The auxiliary equations are ——==—==—
Voo v V2

From the first two members, we have — = —=

NN

dx dy
y

Integrating,we get

Z\E=2\E+q or 2\5_2\5:61

Vr—y=a—> @
From the last two members, we have B = &2
N

Integrating, we get
2\/;= 2\/z+c2 or 2\/5—2\/_202
or[y—z=b- (3

From (2) and (3).
The General Solution of (1) is

¢(a,b)=0

$(Nx—y\fy —z) =0

4.Solve x(y—z)p+y(z—x)g=z(x—y)

Sol. The given equation can be written as
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x(y—z)p+y(z—x)g=z(x—y)—> (1)
Comparing with Pp + Qq = R, we have
P=x(y-z),0=y(z—x),R=2(x-y)

.. The auxiliary equations are dc __ & &

x(y=2) y(z-x) z(x-y)

Using I=1,m=1, n=1 as multipliers, we get

dx dy dz  dx+dy+dz

x(y=z) y(z=x) z(x-y) 0

sodx+dy+dz=0 I:-'~X(y—z)+ y(z—x)+z(x—y):0]

Integrating, we get

x+y+z=a—> (2)

1 .
,n=— as multipliers, we get

Againusing [ =—,m= 1
y Z

1
X

ldx+la’y+1a’z

Each fraction =2 Y 0 < =k(say)

ldx+ldy+lalz =0
X y Z
Integrating, we get

logx +logy + logz = logb.or xyz =b .......(3)

From (2) and (3).
The General Solution of (1) is

¢(a,b):0

P(x+y+z,x2)=0

5.Solve x*(y—z)p+y*(z—x)g=2(x—y)
Sol.  The given equation can be written as

X (y—z)p+y (z—x)g=2"(x—y)—> (1)

Comparing with Pp + Qq = R, we have
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P=2(y-2).0= 3" (:-2).R=2(x-)

. The auxiliary equations are — dx__ 5 dy =— dz
¥ (y=z) y(z=x) Z(x-y)
. 1 1 1 -
Using [ =—,m=—,n=— as multipliers, we get
X y Z
izaix+i2dy +i2dz

Each fraction =2 0 < =k(say)
1 1 1

—dx+—dy+—dz=0
.X2 y2 Z2

Integrating ,we get

1 1 1
—————— =a or —+—+—=¢, —>(2)
Z X y z

L 1 . )
Againusing [ =—,m= as multipliers, we get
X

LaveLaysla

Each fraction = ad Y 0

=k(say)

ldx+1dy+la,'z =0
X y <
Integrating ,we get
logx+logy+logz=1logc,
orxyz=c, = (3)
From (2) and (3),

The General Solution of (1) is

X y z

¢(l+l+l,m]=0

6.Solve (mz—ny) p+(nx—Iz)g=1ly—mx
Sol. The given equation can be written as
(mz—ny)er(nx—lz)q =ly—mx— (1)

Comparing with Pp + Qq = R, we have
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P=mz—-—ny,Q=nx—1z,R=1ly—mx
.. The auxiliary equations are

dx dy dz

mz —ny Cnx—lz ly —mx

Using I=x, m=y, n=z as multipliers, we get

xdx+ ydy + zdz
0

coxdx+ ydy+zdz =0

Each fraction =

Integrating,we get

2 2 2
x—+y—+z—:a0rx2+y2+z2 =c, —>(2)
2 2 2

Again using [, m, n as multipliers, we get

ldx+mdy+nz _
Y -

. ldx+mdy+ndz=0

Each fraction =

k(say)
Integrating,we get
Ix+my+nz=c, > (3)

From (2) and (3),
The General Solution of (1) is

¢(x2+y2+z2,lx+my+nz)=0

7.Solve xp—yg=y> —x
Sol. The given equation can be written as
p-yg=y —x
Comparing with Pp + Qq = R, we have
P=x,0=y,R=y>—x’

. . dx d d
.. The auxiliary equations are Do > £ >
X =y Yy -x
From the first two members, ax = Li2
A

Integrating,we get

logx+logy=logc, orxy=c, — (1)

Using 1=x, m=y, n=1 as multipliers, we get
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xdx + ydy +dz
0

Soxdx+ ydy+dz =0

Each fraction =

Integrating,we get

%xzJr%yz+z:corx2+y2+2z:c2 - (2)

From (1) and (2) ,

The General Solution is

¢(xy,x2 + y2 +2z) =0

8. Find the integral surface of x(y2 + z)p — y(x2 + z)q = (x2 — yz)z

Which contains the straight line x+y=0, z=1

Sol. The given equation can be written as
x(y2+z)p—y(x2+z)q:(x2—y2)z ........ (1)
Comparing with Pp + Qq = R, we have
P= x(y2 +z),Q :—y(x2 +z),R :(x2 —y2)z
.. The auxiliary equations are

dx dy dz

x(y2 +z) - —y(x2 +z) - (x2 —yz)z
1 1 y.
—,n=—as multipliers, we get
y Z

la’x+ldy+ldz

Each fraction =2 Y Z
0

lderlalerldz =0
X y Z
Integrating,we get
log x+log y+logz=loga
xyz=a—> (2)

Again using 1=x, m=y, n=-1 as multipliers, we get

xdx+ ydy —dz
0

.. Each fraction = =k(say)
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soxdx+ ydy—dz =0
Integrating,we get

2 2

y 2 2
—t——z=corx +y -2z=b—> (3
> T3 y 3)

Given that z=1, using this (2) and (3), we get
xy=aand x’+y*-2=b
Now
b+2a=x"+ y* —2+2xy =(x+ y)2 —-2=0-2 [.x+y=0]=2

S 2a+b+2=0

Hence the required surface is

X4y’ —274+2xyz+2=0

9.Solve px +qy =z
Sol. The given equation can be written as
px + qy = z is a Lagrange’s linear equation
The Auxillary equations are
dx_dy_ds
x y z

By Consider first group, we get

fdx_fdy
x )y
logx =logy +logcl

1 = ;(1)

By Consider second group, we get

dz_ d_y
=/

logy = logz + log c2
¢, =2....(2)

Z

The General Solution is
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10.Solve (x2 —y? —yz2)p+ (x* —y* —xz)q = z(x — y)
Sol. The given equation can be written as

X2 —y*—y)p+ (x> —y?> —x2)q = z(x — Y)uuuu.... 6))

The auxiliary equations of (1) are

dx _ dy _ dz
(x2-y2-yz) - (x2-y2—xz) T z(x-y)

Taking 1,-1-1 multipliers,we get
dx—dy—-dz _ dx
(x2—-y2—yz—x2+y2+xz—x2+yz) (x2—y2-yz)

dx —dy—-dz=0

Integrating,we get

Taking x, —y, 0 as multipliers,we get

xdx—ydy dz

(x3—xy2—xyz—yx?+y3+xyz)  z(x—y)

xdx—ydy dz
(x2=y2)(x-y)  z(x-)

Integrating,we get

1
Elog(x2 —y?)=logz

2_ .2
Y g i (2)

72

2 2
x —_—
~ Complete solution of given pde is ¢ <x —-y—2z Zzy > =0

11.Solve x(y? — z%)p — y(x? + z2)q = z(x? + y?)
Sol. The given equation can be written as

x(y? —22)p — y(x? + 22)q = z(x* + y?)

The auxiliary equations are
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dx _ dy _ dz
x(y2 —z2)  —y(x?+22)  z(x® +y?)

Taking x, y, z, multipliers, we get

xdx+ydy+zdz _ dx
(x2y2—x272—y2x2—72y2 4 x272+y272) " x(y2—z2)

xdx +ydy +zdz =0
X+ Yy +z22 =cC1 i (1)

Taking — i, %i, multipliers, we get
-1dx+1dy+ldz= 0
x y z

Integrating, we get

From (1),(2),

. , , . YZ 5. 2., .2\_
~ Complete solution of given pde is ¢ o , XA+ y“+z°)=0

12.Solve (y*)p — xyq = x(z — 2y)
Sol. The given equation can be written as

(¥®)p — xyq = x(z — 2y)......... 6))
Comparing with Pp + Qq = R, we have

The auxiliary equations are
dx dy dz

y2  -yx  x(z-2y)

From the first two members, we have Type equation here.

dx dy

Integrating,we get
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From the last two members, we have
dy  dz
-y (z-2y)
—ydz = zdy — 2ydy

d(yz) —2ydy =0

From (2) and (3).
The General Solution of (1) is

ie, (yz—y* x* +y*)=0

13.Solve (y+z2)p+(z+x)q=(x+Yy)
Sol.The given equation can be written as

+2)p+(Z+x)q=(X+Y) ccverinenn 1)
Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx dy dz

(y+2)  (z+%)  (x+y)

Taking 1,1,1 and 1,-1,0 and 0,1,-1 as multipliers ,
dx+dy+dz _ dx-dy dy-dz
2(x+y+z) (y—x) (z-y)

we have

From the last two members, we have
dx—-dy dy-—dz
(y-x) (z—y)

Integrating, we get

log b-x = logC,
(z-y)
y-x) _
(z—y) = C3.....(2)

From the first two members, we have
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dx+dy+dz dx—dy
2(x+y+z) N (y—x)

Integrating,we get

1
Elog(x +y+2z) =log(y—x)+logc

x+y+2)(y—2)%=Cquun....... 3)
From (2) and (1).

The General Solution of given pde 1is

e B( T (x4 y + D)y — )D)=0

14.Solve x*p — y?’q = z(x — y)
Sol.The given equation can be written as
xX*p-yq=2z(x-y)
Comparing with Pp + Qq = R, we have

The auxiliary equations are

dx dy dz
-

¥ (z2(x—y)

From the first two members, we have

dx dy
P2
Integrating,we get
>+ i = Cqueen(l)

Taking 1,1,0 as multipliers,we get
dx+dy dz
x2-y? " (2(x~y)
dx+dy dz
(+y)(x-¥) (2(x-)
dx+dy_g£
(x+y) =z

Integrating,we get
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From (2) and (1).

The General Solution is

e, P22 2 %):0

z X

15.Solve (x2 —yz)p + (y* — xz)q = (2% — xy)
Sol.The given equation can be written as
(x* —y2)p + (y* — x2)q = (2 — xy)

The auxiliary equations are

dx dy dz
(x2—yz) (¥ -x2) (22— xy)

Taking 1,-1,0 and 0,-1,-1 as multipliers,we get
dx—dy
(x2-yz)—(y?~x2)

dy—-dz
(-2 +yx)+(y2-x2))

and also
(

p dx—dy Q dy—-dz
U (-y)-(y2-xz)  ((=zZ+yx)+(yi-xz))

d(x—y) _ dy—-dz
(x-y)(x+y+2)  (y-2)(x+y+2))

solving it,we get

(x-y) _
)z =Cq.. ...(1)

Taking x,y,z and 1,1,1 as multipliers,we get

(xdx+ydy+zdz) (dx+dy+dz)
x3+y3+23-3xyz x2+y2+z2—xy—yz—zx

(xdx+ydy+zdz) (dx+dy+dz)
(x+y+2)(x2+y2 422 —xy—yz—zX) X2+y2+z2—Xy-YyZ—ZX

(x+y+2z)(dx+dy+dz) = (xdx+ ydy + zdz)
x+y+2)dx+y+2z)=(xdx + ydy + zdz)
Integrating,we get

(x+y+2)? x*+y*+2°
2 B 2
sxty+2)?=xr+y +25+

+c
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Xy +yz+zx = Cy.....(2)

¥ —
= Complete solution of given pde is ¢ <xy tTyz+zx, (y _ }z})> =0

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER

A partial differential equation which involves first order partial derivatives p and q with
degree higher than one and the products of p and q is called a non-linear partial

differential equations.

CHARPIT’S METHOD FOR FINDING THE COMPLETE INTEGRAL OF
NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF FIRST ORDER

In this method give partial differential Equation of the form f(x,y,z,p,q) =0
to find another relation of the form ¢(x,y, z, p, q) = 0 which is compatible with the
f(x,v,z,p,q) = 0 then
we solve for p, g and substitute these values in the relation
dz = pdx + qdy.
Which on integration gives the required solution of
fxy,2,p,q) =0
CHARPIT’S EQUATION
dx d_y _ dz dp dq

f ~fy —ph—af; Uitpfd Uy +af]

PROBLEMS

1.Solve px + qy = pq
Sol. Given equationis f =px+qy —pq
The auxillary equations are
dx dy dz dp dq

~fo ~fa Ph—dfs Ux+pfl [y +af]
Here f,=x; fy=y; fk=p0; fy=4q; f,=0
Substituting them in above ,we get
dx dy  dz dp dgq

-x -y px+qy p 4
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By considering first and last groups,
dx dy
—x -y
Integrating,we get
logx =logy +logc
Ly=cx....(1)
dp dq
P aq
Integrating,we get
logp = logq +loga
~p=aq....(2)
Substitute (1),(2) in given equation ,we get

ax +y

p=ax+y;q=
The General solution is

dz = pdx + qdy

ax +y

dz = (ax +y)dx + dy
Integrating it we get required solution as
1
z=a(ax+y)2+c
2.Solve z% = pqxy
Sol.Given equation is f =z*—pqxy
dx dy dz dp dq

~fo ~fa —ph-dfs Ux+pfl [h+af]
Here f = —qxy; fg = —pxy; fr = —qxy; fy, = —pxy; f = 2z
Substituting them in above ,we get

dx dy dz dp dq

qxy pxy 2pqxy  —pqy +2pz  —pqx + 2qz

Considering

dx dp dy dq

= an =—"
qxy  —pqy+2pz pxy — —pqx+2qz

Taking

p,x as multipliers for first and q,y for second group, then equating them we get
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xdp+pdx _ ydq+qdy
—Xpqy+2xpz+pqxy —ypqx+2qz+pqxy

Solving ,

dpx) _ d(qy)
px  qy
Integrating,we get
logpx = logqy +logc
px = qyc
Substituting in given pde,we get
2 _ 2.2

=q'yc

z z
--Q—WE 9p__\/z

X

V4

The General Solution is

dz = pdx + qdy

z z
dz = —edx +—d
X y\/E Y

dz 1 1
— = —cdx+f—d
- fx\/_ e

Integrating,we get,

1
« Required solution is z = xV¢y¥ea

Now let us start solving some standard forms of First order partial differential equations by
using
CHARPIT’S METHOD.

STANDARD FORM I:

Equation Of The Form f(p,q)=0 :
Note: equations containing p and q only.
Given partial differential equation is f(p,q) =0 ... ... (1)

The auxillary equations are
dx dy dz dp dq

“f ~fy phh—dfy Ustpfd Uy +af
Here f, =0; f, =0; f, =0
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Substituting above and considering last group, we get
dx dy dz dp dgq
__fp:__fq:_pfp_quq "0 0
~ dp = 0,integrating we getp = a
Putp = ain (1), then we get q value in terms of a,say ¢(a).

But we have

dz=adx+a—y dy

dz = pdx+qdy
dz = adx + @(a)dy...... 2)

Integrating (2),we get required complete solution of (1) i | z=ax+¢(a)y+c

Which contains two arbitrary constants a and c.

PROCEDURE:
Given partial differential equation is f(p,q) =0 ... ... (1)
STEP1:Put p = ain (1), then we get q value in terms of a ..then we can obtain ‘p’

value.

STEP2:Sub p,q values indz = g—i dx + Z—; dy

i.edz = pdx+qdy
STEP3:Integrating it ,we get required complete solution of (1) .

PROBLEMS

1. Solve pq = k, where Kk is a constant.
Sol. Given equationis pgq =k .... (1)
Since equation (1) is of the form f(p,q) = 0

Put p=a in (1),we get q = S
The General Solution is

dz = pdx+qdy

k
dz=adx + Edy
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Integrating,we get ,

k
Z=ax+—y+c
a

which contains two arbitrary constants a and c.
2.Solve p? + q* = npq

Sol. Given equation is p? + q* = npq ... ... ... ... (1)
Since equation is (1) is of the form f(p,q) =0

Put p=a in (1),then we get q = %[n + Vn? — 4]

The General Solution is
dz = pdx+qdy

dz=adx+%[ni\/n2—4]dy

Integrating,we get ,
dz = afdx+-[n+Vn? —4][dy
Z=ax+%[ni\/n2—4Jy+c

This is the complete integral of (1), which contains. two arbitrary constants a and ¢

3.Find the complete integral of p? + q* = m?
Sol. Given equation is p? + g% =m? .........(1)

Since equation (1) is of the form f(p,q) =0
Putp = ain (1),we get ¢ = Vm? — a?

The General Solution 18

dz = pdx+qdy....... (2)
Put the values of p,q in (2), we get

z:ax+(»\/m2 —az)y+c

Which is the complete integral of (1).

STANDARD FORMIII :
Equation Of The Form f(p,q,z) =0 (i.e., not containing x and y)

PROCEDURE
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Given partial differential equation is f(p,q,z) =0 ... ... (1)

STEP1: Putp = aqin (1),then we get q value in terms of a, z .then
STEP2: Subp,qvaluesin dz = % dx + Z—; dy

i.edz = pdx+qdy

STEP3: Integrating it ,we get required complete solution of (1) .

PROBLEMS
Solve the following partial differential equations

L  (@z=p*+q’ (b) p*z* + q* = p*q (c)zpq=p+gq
Sol.a). Given equation is z = p? + g* ... .... (1)

Since (1) is of the form f(z,p,q) =0

zZ
1+a?

. _ Z
TPE YT a2

Putting the values of pand qindz = pdx + qdy , we get

Putp = aq in (1), then we get q =

1

1
Tzdz —ﬁ (adx+ dy) ,

Integrating ,we get

f\/_ —f(adx-l— dy)

w2\z = m (ax +y) is the required solution of (1)

b)Given equation is p’z°+¢° = p’g— (1)
Since (1) is of the form f(z,p,q) =0

(a?z%+1)
a2

_(@*z+ 1)
B a

Putp = aq in (1),then we get q =

Putting the valuesof pand qindz = pdx + q dy ,we get
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L -2 (adx +dy)

(a2z2+1)  a?

Integrating,we get

[ —2— == [(adx + dy)

(a2z2+1) a

~atan!(az) = ax +y + ¢ is the required complete solution of (1)

¢) Given equationis zpg =p +q.....(1)
Since (1) is of the form f(z,p,q) = 0

Putp = aq in (1), then we get q = aa—J:
a+1
.'.p =

Z

Putting the values of pand qindz = pdx + qdy , we get

zdz =%1 (adx + dy) ,

Integrating ,we get

a+1
szz Y j(adx+ dy)

az?

2(a+1)

= ax + y + c¢ is the required solution of (1)

STANDARD FORM III :

Equation of the form f,(x, p)= f,(y.¢) i.e. Equations not involving z and the terms

containing x and p can be separated from those containing y and q.

We assume that these two functions should be equal to a constant say k.

(e p)= £ (vq9)=k
Solve for p and q from the resulting equations
SN (x,p) =kand f, (y,q) =k
Solve for p and g, we obtain

p=Fl(x,k) andquZ(y,k)
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Since z is a function of x and y

dz = 02 44 02 dy [By total differentiation]

ox Oy
dz = pdx+qdy
sdz=F (x,k)dx+Fz(y,k)dy

Integrating on both sides

z=[F(xk)dx+ j F,(y.k)dy+c is the complete solution of given equation .

PROBLEMS

1. Solve the following partial differential equations

2 2
a). p2+q2:x+y b). xp—yqzyz—x2 C). (§+xj +(%+y} =1

Sol .
a). Given equation is PAG =X+Y (1)
Separating p and x from q and y, the given equation can be written as
P —x=—q"+y
Let p>—x=-q" +y=k (constant)
pi—x=kand —q*+y=k
=p =k+xand ¢ =y—k
.'.p:x/m and qz\/ka

) 0z 0z
Since dz=—dx+—dy= pdx+qgd
o Gy y=p qay

.'.dz:x/k+xdx+\/y—kdy

Integrating on both sides

ZZj(k+x)%dx+I(y—k)%dy+c

2 32 3
Sz= g(k +x)2 +§(y —k)2 +c, is the complete solution of (1)
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b). Given equationis xp—yg=y’—x> —(1)
Separating p and x from q and y.
The given equation can be written as.
Xp + )Cz =yq + y2
Let xp+x”> = yg+ y*> =k (arbitrary constant)

Lap+xt =k and yg+y' =k

2 2
k—x andqzk y

X y

=p=

We have dz = @der%dy = pdx+ qdy
ox oy

sodz =(§—xjdx+(£—yjdy
X Yy

Integrating on both sides

Z:f(ﬁ—dexH(%—y]dyH

X

2 2

X Y
=klogx——+klogy—=—+c
g > gy >

1
S.Z= klog(xy) _E(XZ + )’2)"‘ C, is the complete integral of (1)

2 2
¢). Given equation is (% + x] + (% + yj =1—> (1)

Separating p and x from q and y, the given equation can be written as.

(5] 8]

2 2
Let (% + xj = 1_(% + yj =k” (arbitrary constant)

2 2
.'.[£+xj =k* and 1—(g+yj =k?
2 2

2
:>§+x:k and (%erj =1-k>or %+y=\/1—k2
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:>p:2(k—x) and q=2[\/1—k2 —y}
We have dz:%dx+%dy:pdx+qdy
ox Oy

- dz = 2(k — X)dx+ 2[\/1 K- y}zy
Integrating on both sides

z=2j(k—x)dx+2j[x/1—k2 —y:|dy+c
z =2(kx—x—22)+2{(x/1—k2)y—y72}+c

nz=2kx—x"+ 2(\/1—](2 )y —y” +c is the complete solution of (1)

2.Solve p — x* = q + y*?
Sol.
Let p — x% = q + y? = k?*(say)
Then p —x?=k? and q + y? = k?
~p=Kk*+x*and q = k* + y?
But we have

0z 0z
dz =—dx+—dy = pdx+qd
ox oy Yy = P qay

dz = (k% + x2)dx + (k% + y®)dy

Integrating,we get

3 3
zZ= 3;— + k*x + K*y + y? +c is the required complete solution.

3. Solve g>—p=y—x
Sol . Let p — x = gq%-y = k(say)

Then p=k+xandq=.k+y

But

dz=%dx+%dy= pdx+ gdy

ox
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~dz = (k+ x)dx + (Vk + y)dy

Integrating,we get

2 3
z= x? + kx + é (k + y)2z +C is the required complete solution.

4.Solve q = px + p?

Sol. Let q = px + p? = k(say)
Then we get
pP+px—k=0andq=k

Solving,we get

—x+y/ (x%+4k
p=—x_ ;x+ andq =k
dz=%dx+%dy=pdx+qdy
ox Oy —x+./(x% + 4k
~dz = > dx + k dy

Integrating,we get

x? 1 x x
X 1x o2 -1, X . .
z " + . [2 V(x* + 4k + 2k sinh (2 \/E)+ky+C is the required complete

solution.

STANDARD FORM 1V: Z = px+qy + f (p,q):
An equation analogous to the clairaut’s equation it is complete solution is
Z=ax+ by + f (ab)
Which is Obtained by writing a for p and b for q The differential equation which satisfies some
specified conditions known as the boundary conditions. The differential equation together with these

boundary conditions, constitute a boundary value problem .
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PROBLEMS

1. Solve z = px + qy + pq
Sol. Given equation is z=px+qy+pq...(1)
Since (1) is of the form z = px + qy + f(p, q)-
Hence the complete solution of (1) is given by
z=ax+by+ab.....(2)
For singular solution, differentiating (2) partially w.r.t. a and b, we get
0=x+b...(3) and
O=y+a........(4
Eliminating a, b between (2), (3) and (4), we get

| z=-—xy—xy+xy=—xy is the Singular Solution|

2. Find the solution of (p+q)(z—px—gqy)=1

Sol. The given equation can be written as

1
I=pX=—qgy=—"-
ptq

1
SLZ=px+qgy+——— ()
ptq

Hence the complete solution of (1) is given by

z=ax+by+

a+b

3.S0lve pgz=p*(qx+p*)+q*(py+4*)

Sol. The given equation can be written as

2 2
pqz:pzq(ﬂp—jwzp[wq—J
q p

2 2
.-.Zzp[ﬁp_}q(yﬂ_]
q p

3 3

.‘.z=px+qy+£p—+q—j—> (1)
q P
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Since it is in the form z = px+ qy+f(p,61)

Hence the complete solution of (1) is given by

3 3

a
z=ax+by+—+—
b a

4.Solve z = px + qy + pq + q*
Sol. Given equation is Z=px+qy+pq+q? . (1)
Since (1) is of the form z = px + qy + f(p, q).
Hence the complete solution of (1) is given by
z=ax+by+ab+b?....(2)

For singular solution, differentiating (2) partially w.r.t. a and b, we get

0z 0z

£=O,%=O,

Implies that

0O=x+b...(3) and
O=y+a+2b........(4
Eliminating a, b between (2), (3) and (4), we get
z=x2x—y) —xy — 2x —y)x + x?

. z = x? is the singular solution|

EQUATIONS REDUCIBLE TO STANDARD FORMS

EQUATIONS OF THE FORM F(x™p,y"q) =0 (where m and n are constants)

The above form of the equation of the type can be transformed to an equation of the form

f(p.q)=0
By substitutions given below.
Case (1):--Whenm # landn # 1
_ ,1-m _ yl-n _ 0z _0z0X _ _ -m _ 9z
PutX =x"""andY =y ™" thenp = —-=——= P(1 —m)x ™ whereP = o
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dz 94ZaY _ 0Z
xm"p=P(1-m) andgq=—=——= Q(1 —n)y "WheTeQZa—Y—’an:Q(l_”

Now the given equation reduces to f[(1 —m)P, (1 —n)Q] = 0 which is of the form f(P,Q) =
Case(ii):-whenm=1,n=1
Put X = logx and Y = logy then

0z 020X _ 021 iplies px = P=whereP = 22
P=or Toxox  oxx P px =1r= T oox

0Z
similarly qy =Q whereQ = a7

the given equation reduces to the form| f(P, Q) = 0|

EQUATIONS OF THE FORMF (x™p,y"q,z) = 0 (where m and n are constants)
This can be reduced to an equation of the form
f(P,Q,z) = 0 by the substitutions given for the equation
F(x™p,y"q,z) = 0 as above.
PROBLEMS

2 2

1.Solve the partial differential equation R+ = Z

P 49

Sol.  Given equation can be written as

A y _ -1 _ -1
pleyqt=zor(x7p) +(y7q) =z>()
This is of the form f(x'"p, y”q,z) =0withm = —-2,andn = —2.

Put X=x"=+"P=and Y = P = Y =y

Then p=@=ﬁ.al=P.3x2 where P=ﬁ
ox 0X ox oX
. x’p=3P
and q:§:%.a—Y—Q3y2 where Q =—
dy OY oy
y?q=30

Now equation (1), becomes.
(3P) ' +(30) =z

Since (2) is of the form f(P,Q,z)=0
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(a+1)
3az

Put P = aQ in (1), then we get Q =

_(a+1)
- 3z

Putting the values of Pand Qindz = P dX + Q dY ,we get

3az

—dz = (adX + dY)
Integrating,we get

[Z2dz=(a[dX + [ dY)

3az?

m:(aX-FY)-FC

1
5370 = 2(%}()@ + ay3)+c1 taking ¢, = Z(QTH)C , is the required solution of (1)

P4
2

2.Solve the partial differential equation —+— =z
Xy

Sol. The given equation can be written as
gyt =z (1)
Since (1) is of the form f(x’”p, y”q,z) =0Withm = -2,and n = -2

3

Put X=x"=x’,and Y=y"=y

Now p:%:ﬁ al—Pfo where P=—=
ox o0X Oox oX
S x’p=3P
and q—%=%a—Y—Q3y where Q—a
dy 0Y Oy oY
Sy =30

Equation (1) becomes, 3P+30 =2z —>(2)

Since (2) is of the form f(P,Q,z)=

zZ

Put P = aQ in (1), then we get Q = 3(a+1)

az

“PEsaT D

Putting the values of Pand Qindz = P dX + Q dY ,we get
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L-_1_(adX +dy)

z = 3(a+1)

Integrating,we get

[“=—1 _(afdX + [dY)

z  3(a+l)

logz = (aX+Y)+C

1
3(a+1)

(x3 +ay’ ) +c , is the complete solution of (1)

=logz=

1
3(1+a)

3.Solve ¢°y* =z(z— px)
Sol. Given equation can be written as
q’y’ =" —zpxor(xp)z +(qy)2 =220
Since (1) is of the form f(xmp, y”q,z) =0 withm=1andn=1
Put X =logx and Y =logy

Now —%:ﬁ a—X=P.l where P=—Z
oX

p_ﬁx X ox X
Sxp=P
o oy 1

07

d g= . .— wh =—
and ¢ % QywereQ P
Sqy=0

.. Equation (1), becomes, Pz+Q* =z> —(2)
Since (2) is of the form f(P,0,z)=0

Put P = aQ in (1), then we get Q = g[—a + Va? + 4]
aZ
~ P =7[—ai a? + 4]
Putting the values of Pand Qindz = P dX + Q dY ,we get

Z =>[-a+aZ + 4](adX + dY)

Integrating,we get

f%= ~[-atva?+4|(afdX + [ dY)

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD) ¢/




MATHEMATICS - 11 PARTIAL DIFFERENTIAL EQUATIONS

logz = %[—ai VaZ+4](aX+Y) +c¢

~logz = %[—a + VaZ + 4](ax® + y®) + ¢ ,is the complete integeral of (1)

4.Solve the partial differential equation p’x* +y’zg =27’
Sol. Given equationis  p*x* + y’zg =27°
Then given equation can be written as
(px2)2 +(qy2)z =22 > ()

Since (1) is of the form f (xmp, y'q, z) =0 with m=2 and n=2

Put X =x"=x"?=x" :l and Y =y~ :l
X X
Now Pzﬁzﬁ.a—X:P.(%), where P:ﬁ
ox O0X Ox X oX
xXp=—P
Y -1
and q=—=ﬁ.8—=Q. — | where Q:ﬁ
oY oy y Y
L yq=-0

Now equation (1) becomes, P> ~Qz=2z"or P°—Qz=27"—(2)

Since (2) is of the form f(P,Q,z) = 0

Put P = aQ in (1), then we get Q = Z [1++V8a? + 1]

2a?
P = Z 2
RS _E[li 8aZ + 1]
Putting the values of Pand Qindz = P dX + Q dY ,we get

2= [1+V8aZ +1](adX + dY)

z

Integrating,we get

dz_ L[l ++v8a2 + 1](a [dX + [ dY)

z 2a?

logz = —[1+V8a? +1] (aX+¥) +¢
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~logz = % [1+V8aZ + 1](ax® + y3) + ¢ , is the complete integral of (1)

5. Solve x*p* +xpg=7°

Sol. The given equation can be written as
() +(xp)g=2" > O
Since (1) is of the form f (xmp.y”q, z) =0 with m=1 and n=0
Put X =logx

0 0z 0X 1
Now P=—Z:—Z —=P—, where

ox  OX oOx X
Soxp=P
Equation (1) becomes, P +Pg=7"— (2)
Since (2) is of the form f(P,q,z) =0
Put P = aq in (2),we get

z z

1= Ja(a+1)’ P_aw/a(a+1)

But we have
dz = PdX +qdy

Substuting P,q ,we get

dz 1
o= Tt (adX + dy)

Integrating on both sides

1
sz/z—\/ﬁ(a JdX+dy)

~yJa(a+1)logz=(aX +y) + C .is the complete integral of (1) .

6.Solve z = p’x+q°y
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Sol.Given equation is 2=px+q’y
The given equation can be written as

1 2 1 2
(p‘/;)2+(‘1\/;)2zzor[l7x2] +(qu} =z
This is of the form f(x”’p,y”q, z) =0withm=n :%

L 1 -
Put X=x"=x 2=x*andY =y 2=y

(S
N =

-1
Now p:%:% a—X—P lx2 whereP:a—
ox 0X ox 2

0z 0z OY 1 7 0z
and g=—=——=0| —y? |,wh =—
1 ox Q(zy JW rC oy

1 1
- P <
S px? =5andq R

N | N

2
Then equation (1) becomes, ( j +(%) =zieP’+Q° =4z > (2)
0

This if of the form f(P,Q,z)
Put P = aQ in (2), we get
a’Q?+ Q% =4z

4z
’ P=a |——
Q= az+1’ Az

= PdX+QdY
Substuting P,Q ,we get
4z
dz = e (adX + dY)
42__ 2 (adX+ av)
= a
Vz az+1

Integrating on both sides , [ dz/Vz = ﬁ (a [dX+ [dY)

J@+DVz=(aX+Y)+C
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J(@?+ 1)z :(a\/; + \/;) + C , is the complete integral of (1)

7.S0lve x*p? + y?q?* = z*
Sol. Given equation is x°p? + y%q* =z ........(1)

(xp)? + (yq)? = 2*
Equation (1), becomes, P%+ Q? =z2...... ()

Z az
Put P = aQ in (2),we get Q = m;P “JZ+1

But we have , dz = PdX+QdY
Substuting P,Q ,we get

z
dz = ﬁ(adX+ dY)

dz 1
= (adX + dy)
z a® +1

Integrating on both sides

fdz/z— - (a de—i— de)

J@ +1Dlogz=(aX+Y)+C

J(@?+ 1)logz=(alogx + logy) + C ,is the Complete solution of (1)

8.Solve x*p? + y%q* = 1

Sol. Given equationis  x?p?+y%q* =1.......(1)

(xp)* + (yg)* =1

Since (1) is of the form f(x™p,y"q) =0withm =1landn =1
Put X =logx and Y =logy

Now p=%:ﬁa—X—lehere P=—
ox 0X oOx X

Sxp=P
and q_@z:@ a—Y—Q— where Q——
Oy 0Y Oy oY
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Sqy=0

.. Equation (1), becomes

Put P =ain (2),we get Q = m
But we have
dz = PdX+QdY
Substuting P,Q ,we get

dz = (adX +V1- & dY)

Integrating on both sides

jdz:(ade+ﬂde)

z=(aX +V1-a?Y)+C

Z=(a logx +V1— azlogy) + C ,is the Complete solution of (1)

EQUATIONS OF THE FORM F(z"p,z"q) = 0 (where nis a constant)

Use the following substitution to reduce the above form to an equation of the form f(P,Q)=0

_{ z"*1 if n#—1

put log z, ifn=-1

EQUATIONS OF THE FORM f(x,z"p) = g(y,z"q) (where nis a constant)

An equation of the above form can be reduced to an equation of the form f(P,Q)=0

by the substitutions given for the equation F(z"p,z"q) = 0 as above .
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PROBLEMS

1. Solve z° (p2 +q2) =x*+y°
Sol. Given equationis  z° ( P+ q2) = x4y
The given equation can be written as
P+ =X+ Yy or’p X' =y -7°q
Or () —x* =y —(z9) >(1)

Since (1) is the of the form f(x, pz")=g(y.q<"). with n=1

putZ:ZnH =Z1+1 :Z2
Then a—Z=2z.%:>P=2zp where P:g
ox ox ox
P
Lp 5
and G—Z:2z.g:>Q:2zq where Q:% .'.qz=g
Jy Oy oy 2

2 2
.. Equation (1) becomes, = NS y2 _T
ie,P’—4x" =4y’ — 0> —>(2)
This is of the form /i (x, P) =f, (y,Q)
Let P°—4x" =4y> — Q% =4k> (say)
PP —4x* =4k7 and 4y —Q° = 4k*

= P> =4x" +4k* and Q° =4y* —4k”

P =2x+ kK ana’QzZ«/yz—k2

We have dZ = a—Z.der G_Zdy
ox Oy

= Pdx + Qdy [By total differentiation]

dZ =20 + K de+ 24y — k> dy

Integrating on both sides

Z =2 +kdx+ 21y =k dy
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2 2
—2| 2+ k2 +k—sinh’l (fj +2 f«/yz —k’ —k—cosh’l (Xj +c
2 2 k 2 2 k
— x\x® + k% + k2 sinh™ (%j+x4/y2 —k? +k*cosh™ (%jw

or 7 = xC + k> + y\/yz k> +k* [sinh_1 (%J —cosh™ (%ﬂ +c

x+x+k’
y+ ?yZ _kZ

orzt = xNx: + k2 + y\/y2 —k*+k? log( ]+c is the complete solution of (1)

2. Solve the partial differential equation. p’z’sin’ x+¢°z’cos’ y=1
Sol. Given equation is p’z°sin’ x+¢g°z’>cos” y =1

The given equation can be written as
(pz)2 sin’ x+(qz)2 cos’ y = lor(pz)2 sin® x = 1—(qz)2 cos’ y = (1)

Since (1) is of the form f (%, p" )= g (3.4z") with n=1.

Put Z — Zn+1 — ZZ

oz oz p 9z oz
Now —=2z.— = P=2zpor pzr=— where P = —;Q = —
A Ox porp ) ox Q dy
oz 0z 0
and —=2z.—=0=2zqorqz=—
5 Q=2zqorq >

P 2 Q 2
Then equation (1) becomes, (Ej sin” x =1—(Ej cos’ y

2 QZ
. .2 2
le.— sin"x=1—-= cos" y—(2
1 T y—>2)

This is of the form f, (x, p)=f>(7.q)

P2 ) 2
Let " sin”® x :1—% cos’ y =k* (constant)

2 Q2
o= sin®x=k*>and1-= cos’ y=k’

= P’sin’ x =4k and Q" cos” y =4(1-k’)
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2k 21-k*
—and Q = ——
sin x Cos y

=>P=

Z Z
We have dZ = g— dx + % dy [By total differential]
X

-.dZ = Pdx+Qdy

2k 2\1-k*

dZ =——dx+
sin x cosy

dy

Integrating on both sides

z=2kjcscxdx+2\/1—k2Jsecydy

=2k log(cos ecx —cot x) +2V1-k* log(sec y+tan y) +c

~. 2" =2klog(cosecx —cot x)+ 21— k* log(sec y +tan y)+c , is the required complete

solution of (1)

3.Solve (x + p2)? + (y + qz)®> =1
Sol.Given equationis (x + pz)® + (y + qz)? = 1....... 6))
since (1) is of the form F(z"p,z"q,x,y) =0 n=1

Put Z = z"t1 =z2

: . . 0z . . a 1
Differentiating partially w.r.t ‘x’,we get Pl 2z implies that a—; =

Butp = —Z—=% implies g—i = 7 = zp; Similarly we get qz = %

Substitute in (1),we get
(r+9)?+ ( +9)=I

Separating P and x from Q and y, the given equation can be written as.

2 QZ
G+2) =1-0+3) = K?

p? Q2
(x+3) =K*AND1-(y+) =K
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Q =2(/(L - K?)-y)
P=2(K—x)

dz :a—de+a—Zdy
ox oy

- dz =2k - x)dx + 2N1 k- dey
Integrating on both sides

z=2J‘(k—x)dx+2J‘[x/1—k2 —y}lyw
z:2(kx—%2)+2{(\/1—k2)y—y?z}+c

sz =2kx—x + 2(\/1—k2)y— y*>+c , is the complete solution of (1)

4.Solvez(p>* —q®*) =x—y
Sol. Given equation is zPP—qgH)=x—-y.u....(1)

1
since (2) is of the form F(z™p,z"q,x,y) =0 n= 3

3
PutZ = z"*1 =22

. A\ . . 9z 3 1
Differentiating partially w.r.t ‘x’,we get 5, = 522

mplies that 22
lmp les a _:_1
0z~ 1
0:02_

.2 1 2 2
o Pimplies EP = zz2p; Similarly we getEQ = z2q

Butp =
Substitute in (2),we get
2 2
_p 2 _ r~ 2 _ _
GPP-GO?=x-y
Separating P and x from Q and v,

the given equation can be written as.

GP2—x=-y+ GO =k
3 YT i3

Solving, we get
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=3kt x —37
P—2 k+xandQ—2 k+y

We have dZ = g_z dx + % dy [By total differential]
X

..dZ = Pdx+ Qdy

dZ = %[\/k + xdx + [k + ydy]
Integrating on both sides

Z=%[f\/k+xdx+fw/k+y dy

3 3 3
zz = (k + x)2+(k + y)z + ¢, is the required complete solution of (1) .

METHOD OF SEPARATION OF VARIABLES

This method is used to reduce one partial differential equation to two or more ordinary
differential equations,each one involving one of the independent variables.This will be done
by separating these variables from the beginning. This method is explained through following

examples.

1. Solve by the method of separation of variables Z—Z =2 Z—l: + U where U(x,0)=6e~3*

ou
x

Sol.Given equation is — = 2 Z—Lt’ O/ f—— (D

Let U(x,t)= X(x) T(t) =XT ----=---mmmmnmm (2) , be a solution of (1)

Differentiating (2) partially w.r.t x antt
v 7 v T'x
dx "ot

Put these values in equation (1), we have
X'T=2T'X +XT Dividingby XT

X' T'

<= 2 -+ 1------- 3)

Since L.H.S is a function of ‘x” and the R.H.S is a function of ‘t” where x and t are
independent variables, the two sides of (3) can be equal to each other for all values of ‘x’

and ‘t’ if and only if both sides are equal to a constant.
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Therefore X; =2 TF + 1=k----—--- (4) where k is a constant
Now from (4) X; = k----(5) and 2 TF + 1=K-—-- (6)

Now consider (5) x;’ -k = X'-kX=0 :>X=C1€kx

! ' k_l El
Now consider (6) ZT?+ 1= > T _(TJT:O :>T:C23[ 2j ———(8)

Substituting the values of X and T in (2) we get

)
U(x,t)=X =C,e"Cje* *

k—1
Ux,)=X = Aekxe[ 7 ) (where A=C, C,)

kx
Put t=0 in the above equation ,we have U(x,0)=A € ----- 9)

but given that U(x,0)=6e ~3%--—---—- (10)

from (9) and (10) we have A " =6e73%
~ A=6 and k=-3 ,hence the solution of the given equation is

U(x, l') = = 66_3xe(72)t — 66—(3x+21)

2
2. Solve the equation by the method of separation of Variables‘;TlZ] = Z_Z +2U

. . . 9*u oau
Sol. Given equation is w5y S N] § [—— (1)
Let UX,y)= X(x) Y(y) =X Y -----mmmmmmmmm- (2) , be a solution of (1)

Differentiating (2) partially w.r.t X ant y

6U_
ox

ou 90U
=YX ——= =X"Y

X'y — = =
" dy 0x?

Put these values in equation (1), we have

X"Y =Y'X+2XY

n rn

Dividing by XY on both sides we have X7 = 7+2
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Since L.H.S is a function of ‘x” and the R.H.S is a function of ‘y’ where x and y are
independent variables, the two sides of (3) can be equal to each other for all values of
‘x” and ‘y’ if and only if both sides are equal to a constant.

2=l = )
X Y
Now from (4)
XII 2 B 5
2= (5)
Y”
And 5 = k————=—— (6)
From (5) X" —2X =kX X'"—2+k)X=0

Which is second order differential equation

Auxiliary equationis m?> — (2+k) =0 > m=1./(2+k)

Solution of the given equation (5) is X = C;eV @0

Now consider equation (6) Y' = kY - Y; =k

Integrating on both sides we get logy = ky + logCs

:>1og(cij=ky =Y =Ce"———(8)

3

Substituting the values of X and Y in (2) we have

U |:Clea/(2+k)x +Cze,/(2+k)x:|c3eky
U

|:Ae,/(2+k)x +Be—,/(2+k)x]eky

Where A= C1C3 and B= C1C2
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APPLICATIONS OF PDE
ONE DIMENSIONAL WAVE EQUATION

Let OA be a stretched string of length 1 with fixed ends O and A. Let us take x-axis along
OA and y-axis along OB perpendicular to OA, with O as origin. Let us assume that the
tension T in the string is constant and large when compared with the weight of the string so
that the effects of gravity are negligible. Let us pluck the string in the BOA plane and allow it
to vibrate. Let p be any point of the string at time t. Let there be no external forces acting on

the string. Let each point of the string make small vibrations at right angles to OA in the
plane of BOA. Draw pp' perpendicular to OA. Let op' =xand pp' =y.Thenyisa
function of x and t. Under the assumptions, using Newton’s second law of motion, it can be

proved that y(x,t) is governed by the equation,

o’y 1 0%y
G ®

o o2
i,e Y =c? Y

7 or? ox®
where ¢ =T /m

With T = tension in the string at any point and m is mass per unit length of the string.

Since the points O and A are not disturbed from their original positions for any time t
we get y(0,1)=0—————— (2) y(L)=0===—— (3)
These are referred to as the end conditions or boundary conditions. Further it is possible that,
we describe the initial position of the string as well as the initial velocity at any point of the

string at time # =0 through the conditions

y(%,0)=f(x),0<x <l —————— (4)
%(X,O)ag(x),Ostl ————— (5)

Where f(x) and g(x) are functions such that f(0)=f(I)=0;and g(0)=g(!)=0. Thus

2 2
to study the subsequent motion of any point of % = izz_zy _____ (1) the string we have to
X C t

solve  following :Determine y(x,t) such that Subject to the condition
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¥(0,6)=0 for all t————(2)
end conditions
y(l,t):O for all t____(3)
)’(X 0) :f(X),OSxS]____(4)
(%j :g(x) OSXSI____(S) initial conditions
at t=0

The equation (1) is called one dimensional wave equation

Solution of equation (1) subject to the conditions equation (2) to (5)

. .0y 10
Consider the equation —=——> ————— 1
d ox*  ¢* or? ( )

Let us use the method of separation of variables. Here y = y(x,t) . Let us take

y=X(x)T(r)
Oy 1 >’y 1
as solution of (1). Then 5, =% (WT(0):=5=X"(x)T(1):
2 X ()T (2 =X ()" ()
Using these in (1) we get X" (37 () =5 X ()7 (1)
Xll(x) T“(t)

Since the left hand side 1s a function of x and right hand side is a function of t the equality is

possible if and only if each side is equal to the same constant (say) A4 .

Hence we shall take _

Let us take A to be real. Then three cases are possible 1>0,4=00r 1<0

Case 1:- Let A>0,then 1=p°(p>0)

Then (x) L7T(r)
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d’X _
2 -p’X=0=> X(x) =Ae”™ +Be™

iLe.,

Also T" (t) - p*’T (t) =0
=T(t)=Ce"™ +De"

Hence in this case, a typical solution is like

y(x1)= (A,e”x +Ble_1"‘)(Cle”“ +D,e"’”) —————— (S.1)
Where A, B,,C,,D, are arbitary constants .

Case 2:- let 4 =0 then

T"(1)=0=>T(1)=C, + Dyt
. y(x.0) = (A, + Byx) (C, + Dyt) 4 —————— (52)

Where 4,.B,,c,, D, are arbitary constants.

Case 3:- Let A<0.Then we can write A=—p° where p >0 then
Xll(x) Tll(t) __p2
X(x) eT(1)
“(X)+P X(x)=0

X (x

)=
T"(1)+ p¢T (1) =0

(A, cos px+ B, sin px)

= X (1) =(C, cos pct + D, sin pct)

Hence a typical solution in this case is

y(x,2) = (A, cos px+ B, sin px)(C; cos pct + Dy sin pet)

Thus the possible solution forms of equation (1) are
y(x,1)= (Ale”" + Ble"”)(Cle""’ +De ™ ) -———(8.1)

y(x,t)=(A2+Bzx)(C2+D2t) _______ (5.2)
y(x,) = (A, cos px+ B;sin px)(C, cos pct + D, sin pct ) ———(S.3)
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Consider (s.1) y(x,t) Z(Aepx +Be—px)(cepct +De“’“)

Using conditions (2) (viz) y(0,¢)=0 for all ¢

(A+B)(Ce™ +De ™) =0 for allt - A+B=0

Using condition (3), y(l,t) =0 for all t

(Ae"’ + Be’p’)(Ce”"’ + De™ ) =0 for all t

S Ae" +Be" =0
Solving A+B=0 And Ae” +Be™” =0 We get A=B=0 Thus
y(x,t) =0

This implies that there is no displacement for any x and for any t. This is impossible.

Thus  (S.1) is not an appropriate solution .

Consider (5.2):
y(x,t) =(A+Bx)(C+Dt)
Using (2), y(0,£)=0 for all t
Hence A(c+Dr)=0=4=0

Using (3), y(1,t)=0 for all t

" (A+BI)(C+Dt)=0 for all t

~.BI(C+Dr)=0vt since A=0

Here [+0.C+Dr#0v: Hence B =0

Thus here again y(x,1)=0Vx and t ; Thus as before, this solution also is not valid

Hence (S .2) is also not appropriate for the present problem
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Consider ($.3)
y(x.t)=(Acos px+ Bsin px)(Ccos pct + Dsin pet) ( using condition 2)

y(x,1)=0V1
= A(Ccos pct+ Dsin pct) =0Vt
=A=0

Using condition (3)
y(1,1)=0vt
Bsin pl(C cos pct + Dsin pet) =0
If B=0,y(x,)=0 and this is invalid
Hence sin p/ =0
Sopl=nmWheren=1,2,3.............

Thus |, :%(n:1,2,3,.......)

Thus a typical solution of (1) satisfying conditions (2) & (3) is

n

. t y 1
y(x,t)=smnTﬁx{Cn cos n7;c +D sin € }

for n=1,2,3......

Since different solutions correspond to different positive integer n.

AN IMPORTANT OBSERVATION HERE :

If [y,(xr)] are functions satisfying (1) as well as conditions (2) and (3), as the equation (1)

is linear, the most general solution of (1) here is y(x1)= i v, (x1)

Thus the most general solution of (1) satisfying (2) & (3) is

y(x1)= i{cﬂ cos m;ct +D, sin m;d}sin? —(6)

n=1

Where C, and D, are arbitrary constants to be determined
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Let us use condition 4: y(x,O) =f (x),O <x </ Thus putting t = 0 in (6)

Sc, sin@:f(x),os)cg
=1
1
Hence Cn:2/ljf(x)sinn7ﬂxdx 1’1=1,2,.... ................... (7)
0

Thus C,'s are all determined

Let us consider condition (5):

oy
- = v0<x<l!
( 61 jatt:() g (x) !

a—y = Z —C, sin nct [ nre + D, cos net [ nre sin@
o = l l l l l
A

4 —ofx

{ at art=0 g ( )

:i[Dﬂ ?jsin?z g(x),0<x<1

n=1

Hence p =ijg(x)sin@dx for(n=1,2...)ccorrrer @® Thus D, are all determined
nrxc 0

Hence the displacement y (x, t) at any point x and at any subsequent time t is given

by

y(x1)= Z(Cn COS%CI+D,, sin@jsin% —(6)

2 /jg(x)sin@dxa(s)

Where cn=%jf(x)sin"7”dx—>(7) D, =

n

nixc

TWO DIMENSIONAL WAVE EQUATION

Two dimensional wave equation is given by 0'u _ [0 0'u —
R i

Where C* =T/ P, for the unknown displacement u(x, y,7) of a point (x, y) of the
vibrating membrane from rest ( U= O) at time t.

The boundary conditions (membrane fixed along the boundary in the xy- plane) for all times

t>0,are u=0 on the boundary ----(2)
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u(x.3.0)= £ (5.9) 11, (x..0) = 8 (x.y) ~——~(3)

where u, = ou
ot

And the initial conditions are

Now we have to find a solution of the partial differential equation (1) satisfying the

conditions (2) and (3) . We shall do this in 3 steps, as follows:
Working Rule To Solve Two — Dimensional Wave Equation

Step1: By the “method of separating variables™ setting u(x,y,r)=F(x,y),G () and later
F(xy)=H(x)Q(y) »We obtain from (1) an ordinary differential equation for G and one partial

differential equation for F, two ordinary differential equations for H & Q.

Step 2: We determine solutions of these equations that satisfy the boundary conditions (2).
Step(2) to obtain a solution of (1) satisfying both (2) and (3). That is the solution of the
rectangular membrane as follows.

Step 3: Finally, using double fourier series, we compose the solutions obtained in step(2).

The double Fourier series for f(xy)= [u( X, y70)] is given by

(5500~ 3 S (50
m=1 n=1
u(x,y,t)= ii[an cos A, t+B" sin Amnt] sin 22 gin 22

a

3
iR
]

n

Hence B, and B *m,, are called Fourier co-efficient of f (x, y) and are given by

ba
mnzi”f x y sm—sm—dxdy,m L2...;n=12....
ab g b
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PROBLEMS

. . .0 : .
1. Find the solution of the wave equation a—? =c’ a—bzt corresponding to the
t X

triangular initial deflection

f(x):#where O<x<l/2

2k and initial velocity equal to O.
; (l x) where [ /2 < x <1

2
Sol To find u(x,t) we have to solve 8—?—0 a—u—>(1)
ot ox*
u(0,

0,1) =0Vt —(2)
Where u(l,1)=0Vt —(3)
u(x,O)zf(x)(OSxSl)—)(4)

[%)m =g(1)=0(0=x=)>(5)

Equation (1) can be in the form

u(x,1)=T(t) X (x)The three solutions of (1) are

u(x,t)z(Alepx+Ble_px)(Cle’”’ +Dle_p“)————(S.1)
u(x,t)=(A,+B,x)(C, +Dyt)-———(5.2)
u(x,t)=(A, cos px+ Bysin px)(C, cos pct + D, sin pet ) ————(S.3)

The appropriate solution is S.3
Hence u(x,7)=(Acos px+ Bsin px)(Ccos pct + Dsin pct )
Using (2) & (3)

A:O;P=% where n=1,2,3......

.. The most general solution of (1) satisfying (2) & (3) is

u(x,t :i(c cos—+D 1n%ctjsi ?—)(6)

n=
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Using (4)
u(x,O) =f (x)

:ch sin?Vxe[O,l]—)U)

Now we can expand the given function f (x) in a half range Fourier sine series for

O<x<l

[

-Yh, sin? where b, =%J.f(x).sin?dx —>(8)

n=l1 0

Comparing (7) & (8) we get ¢, =b,

NI[\_)

_][f s1n—dx
0

[

0 12

112 l
_% J%xsin@dx J.Zlk(l x)sinnlﬂdx}

)
nrx i nﬂXj nwx . nrwrx
[

12

2 2
=ﬁ l/Z.L—cosﬂ+ 2l S'nﬂ—{%.L(—COSE)— : .sinEH
n

& i nr 2 n'rt 2 nrw 2 2t 2
4k . onx

:1—2.2.”2”2 sin—

_ sinE
nrt 2

If n=2m (an even number ) sz =0

If n=2m+1(an odd number),C,, = _ 8k -1)"

(2m + 1)2 7

Thus all Cn 'S are determined

Using
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[aa—b;l_o = g(x)for 0<x<l

2 ¢l . nmwXx
D, :n—mjog(x)31n7dx

=0 Since g (x) =
_8k < m , (2m+1)7zct . (2m+1)7x
T m:O 2m+1 l l

2.Solve the boundary value problem
u, =a’u,;0<x<l;t>0 with u(0,t)=0,u(l,r)=0&u(x,0)=0,u,(x,0) :sin{%)

Sol.. let u(x,t) is the solution of the wave equation

82u_ , 0%u
Cnirandy

Given conditions are
u(0,6)=0vt —(2) and p, (x,0)=sin’ %Vx e[0,1]-(5)
u(l,t)=0vt—(3)
u(x,0)V0<x<l—(4)

The required solution of (1) is of the form

u(x.f) = (c, €08 px +¢, sin px)+(c, cos pat +c, sin pat)—(6)

Using (2) & (3), we have
=0 and p :% where n=1,2,3.....

". General solution of (1) satisfying (2) & (3) is

u(x,r)=c, sinnTﬂx(q cos n;;at +c, sin nzatj —(7)

Now using condition (4) u(x,0)=0 we get
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u(x,0)=0=c, sin?(c3 +0)

= 0,4 sin?=0:>c3 =0(..c, #0) > (8)

from (7) & (8)

. nmwXx . nrat
u(x,t):czsmT 0+c, sin l

. nmx . nrzat
=c, sin——sin
! [

wherec, =c,c,

The most general solution of (1) is

o0

3. 7mx 1 .n37rx ch@Sinm—x{-'Sin39:§sin0—lsin39}
4 l 4 l n=1 l l 4 4

Ta . wX 2ra . 27wx
=|¢—SM—+C,——SIN——+—————

[ [ ) l

Comparing the coefficients of like terms,

ra 3 3ra) -1
clT:Z,c2 =0,C3(TJ=I,C4,CS———C’1 =0

3l -1
>¢=—,6,=0,c,=—,¢,=0,¢,=0
" dga’? 77 12a” T

Hence, substituting the values in (9)

3l . nx . mat 1 . 3zx . 3rat
u(x,t)z—sm—sm———sm— n
a l l 127a

3.If a string of length 1 is initially at rest in equilibrium position and each of its points is

given the velocity V, sin’ % , find the displacement y(x,7)

Sol. With the explained notation, the displacement y(x,t) is given by
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2 2
e w oW
v(0,1)=0Vr —>(2)
y(l,t)=0Vr — (3)
y(x,O):0,0SxSZ—>(4)

0 )
[a—);l”_o =V, sin’ ? —(5)

The most general solution of (1) satisfying (2) & (3) is

i(c cos—+D n@jsm?—)(@

. nNwXx
Using (4) we get Y.C, sin — S 0vre [0,1] which implies C, =0 for all n

ZD @sin—mx—V il
Now, using (5), we get {3 ax o1, 37[}1
=V, | =sin———sin—
4 [
=3 D. - -1V,

Hence Y =

4V, " ome

=3IV met . mwx IV, . 3mct . 3nx

—_— "0 i si
4rc [ [ 127c [ [
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UNIT V

LAPLACE TRANSFORMS
INTRODUCTION

Laplace Transformations were introduced by Pierre Simmon Marquis De Laplace
(1749-1827), a French Mathematician known as a Newton of French. Laplace
Transformations is a powerful Technique; it replaces operations of calculus by operations of
Algebra. Suppose an Ordinary (or) Partial Differential Equation together with Initial

conditions is reduced to a problem of solving an Algebraic Equation.

USES:
e Particular Solution is obtained without first determining the general solution
e Non-Homogeneous Equations are solved without obtaining the complementary
Integral
e Solutions of Mechanical (or) Electrical problems involving discontinuous force

functions (R.H.S function) (or) Periodic functions other than and are obtained easily.

Applications:
e L.T is applicable not only to continuous functions but also to piece-wise continuous

functions, complicated periodic functions, step functions, Impulse functions.

Definition:

Let f (t) be a function of‘t’ defined for all positive values of t. Then Laplace

[e¢)

transforms of f (t) is denoted by L {f (t)} is defined by L{f (t)} = Ie‘s’f (t)dt = f(s) e

0

Provided that the integral exists. Here the parameter‘s’ is a real (or) complex number.

The relation (1) can also be written as f (r)=L" {?(s)}

In such a case the function f(t) is called the inverse Laplace transform of ?(s) .The

symbol ‘L’ which transform f(t) in to f(s) is called the Laplace transform operator. The

symbol ‘L™ which transforms f(s) to f (t) can be called the inverse Laplace transform

operator.
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Conditions for Laplace Transforms

Exponential order: A function f (t) is said to be of exponential order ‘a’ If Ir ™ f (1) =a

finite quantity.

Ex: (i). The function t* is of exponential order

(i1). The function ¢ is not of exponential order (which is not limit)

Piece — wise Continuous function: A function f (t) is said to be piece-wise continuous over

the closed interval [a,b] if it is defined on that interval and is such that the interval can be

divided in to a finite number of sub intervals, in each of which f (t) is continuous and has both

right and left hand limits at every end point of the subinterval.
Sufficient conditions for the existence of the Laplace transform of a function:

The function f (t) must satisfy the following conditions for the existence of the L.T.

(i).The function f (t) must be piece-wise continuous (or) sectionally continuous in any

limited interval O<a<r<b

(11).The function f (t) is of exponential order.

Laplace Transforms of standard functions:

1. Prove that L{1} = 1
s

Proof: By definition

0 —st |* —o0 0
L{l}zj‘e_”.ldtz{e l=e_——f—s=0+%ifs>0

0 ) S

L{1}=A ( e” =0)

2. Prove that L{r}= %z

Proof: By definition

L{t}= Te‘“.tdt {t.(e__n—fl. e__: dtT

0
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!
3. Prove that L{t”} = % where n is a +ve integer
s

Proof: By definition

—st |° o —st
® — S n n e n— e
L{t”}=I e tdt =\ 1", —_[n.t U

N (o
=L
.. n— _l’l—l n—
Similarly L{t '}——s L{t 2}
na) N2 e
L{t 2}_—s L{t 3}

By repeatedly applying this, we get

s S K s s
n! n'l n!

=—L{lj=—.—=—1
K s

Note: L{t”} can also be expressed in terms of Gamma function.

n! F(n+1)

e, L{t"} === =——=(T(n+1)=n!)
S S

Def: If n>0 then Gamma function is defined by F(n) = J:O e x"dx

We have L{t"} = J:O e t'dt

Putting x=st on R.H.S, we get

g X =st
P
L{t }t—joe .Sn.sdx ldx=dt
s
1 Jm gy When t=0,x=0
= e’.x
s o When t=o0,x=00

Lit"} = Snlﬂ T(n+1)

If 'n'is a +veinteger thenF(n+1) =n!

Lt} = ’%,m
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Note: The following are some important properties of the Gamma function.
1. F(n+1) = nl“(n)zfn >0
2. T(n+1)=n'if nis a +ve integer
3. 17(1) =1,r(y2)=\/;

Note: Value of F(n) in terms of factorial

[(2)=1xC(1)=1!
I(3)=2xI(2)=2!
(

In general F(n +1) =n! provided ‘n’ is a +ve integer.

Taking n=0, it defined 0! = I'(1)=1

4. Prove that L{e‘”} =
s—a

Proof: By definition,

L{e“t} = J:O e edt = J:O e gy
E=l
—(s—a) )

S—a S—a s—a

Similarly L{e’“t} > if s>-a

s+a

5. Prove that L{sinhar} =

2 2
S —a

Proof: L{sinhat}=L{em_—zem} =%[L{e“’}—L{e“”}]
_l|: 1 _ 1 }_l[s+a—s+a}_ 2a _a
" 2|ls—a s+a] 2 st —a’ _2(s2—a2)_s2—a2

6. Prove that L{coshar} =

2 2
s —a

Proof: L{coshat}= L{#}
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:%[L{ew}u{ew}]%{ L, ! }

s—a s+a

_l sta+s—a 2s Ky
2 st —a’

7. Prove that L{sinar} =

2 2
s +a

Proof: By definition,

L{sinat} = _[Ow e sin atdt

o0

S +a

—st
={ 2@ 2(—ssinat—acosat)}

0

ax

{ j e” sinbxdx = aze+ 2 (a sin bx —b cos bx)}

a

2 2
s +a

8. Prove that L{cosat}=

2 2
s +a

Proof: We know that L{e“’} =
s—a

Replace ‘a’ by ‘ia’ we get

- 1 s+ia
L at — —
{e } s—ia (s—ia)(s+ia)

s+ia

2 2
S"+a

ie., L{cosat +isin at} =

Equating the real and imaginary parts on both sides, we have

L{cosat} =———and L{sinat} = ———

S"+a s"+a

Problems
1. Find the Laplace transforms of (t>+1)
Sol: Here f)y=C+1D> =" +2 +1

L{E+ D = L{t*+ 2%+ 1} = L{t"}+ 2L{t*}+ L{1}

4l 211 420

=—+2. =+ -
S4+1 s3 s s5 S3 B
24 4 1 1

=+ +-=—(24+45" +5")
s s s s
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—at _1
2. Find the Laplace transform of L{ ¢ }
a

Sol: L{e“”—l}= lL{e“”—1}:l[L{e“”}—L{l}}

a a

_h v ny 1
al s+a s s(s+a)
3. Find the Laplace transform of Sin2tcost

Sol: W.K.T sin2fcost = %[2 sin 2t cost] = %[sin 3t +sint]
. 1 . ) 1 ) .
- L{sin2tcost} =L E[sm 3t +sint] s = E[L {sin3¢}+ L{sin t}]

1 [ 3 1 } 2(s* +3)

f— + =

215749 s7+1] (s2+D(s°+9)
4. Find the Laplace transform of Cosh®2t

Sol: W.K.T cosh? 2t = %[1 +cosh 4t]

L{cosh® 2t} = %[L(l) + L{cosh4t}]

1[1 s } s?—8
=—| -4+ 3 = 2

2ls s —16 s(s”—16)
S. Find the Laplace transform of Cos>3t

Sol:  Since cos9t=cos3(3t)

1
cos9t=4cos®3t-3cos3t (or) cos’3t= " [cos 9t +3cos 3]

L{cos’ 3t} = iL{cos ot} + %L{cos 3t}

1 K 3 s
—— +=.5
4 s°+81 4 s°+9

s 1 37 s(s2+63)
_ZLZ 181y +9}_ (52 +9)(s? +81)

6. Find the Laplace transforms of (sinz+cos t)2

. . 2 . . .
Sol:  Since (sinz+cost) =sin’z+cos’t+2sinrcost =1+sin2t
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L{(sint+ cost)*}= L{l+ sin 2t}
= L{1}+ L{sin2t}

1 2 s?+2s+4
-4 _

s sP44 s(s2+4)

7. Find the Laplace transforms of cost cos2t cos3t

1
Sol:  coszcos2tcos3t = E.COSI[Z.COS 21.c08 31|

1 1
= 5 cost[cos 5t + cost]= 5 [costcosSt+ cos’t]

1 1
= Z[2costcos 5t +2cos’ t] = Z[(COS 61 + cos 4t ) +(1+cos 2t)]

= %[1 + cos 2t + cos 4t + cos 6]

.. L{costcos2tcos3t} = %L{l +cos 2t + cos 4t + cos 6t }

%[L{l} + L{cos2t}+ L{cos4t} + L{cos6t}]

11 Ky Ky Ky
Tl T2 T T3
4ls s°+4 s +16 s +36

8. Find L.T. of Sin’t

Sol:  L{sin’s}= L{#}

I -
_E[L{l}—L{COSZt}]—EI:;_S2+4:|

9. Find L(Vt)

1 F(;Hj
Sol: L{\/;} = L[t/z} =———= where n is not an integer

S2
)
-2 \2 :£7§ 2 T(n+1)=nI(n)
52 252

10. Find L {sin(wt + a)}, where « a constant is
Sol: L{sin(wt + a)} = L{sinwtcosa + coswtsina}

= cosa L{sinwt} + sina L{coswt}

w .
= cosa; + sina
se+

w? s2+w?
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Properties of Laplace transform:
Linearity Property:

Theorem1: The Laplace transform operator is a Linear operator.
ie. ().L{cf (1) =cL{f(t)} G).L{f(t)+g(t)}=L{f(t)}+L{g(t)} Where ‘¢’ s
constant

Proof: (i) By definition

o0

L{ef (1)) = [e“cf (1)t qz e f (1)t = eLLf (1))

0

(11) By definition

L@} =[e (£ s

- Ies’f(t)dt+ze”g (r)dt = L{f(f)}+L{g(t)}

Similarly the inverse transforms of the sum of two or more functions of ‘s’ is the sum of the

inverse transforms of the separate functions.

Thus, 2" {7(s)+ 2 ()} = L (F ()} + L {2 ()} = £ (1) + 8 (0)

Corollary: L{c f(t)+¢,g(t)}=c,L{f (t)}+c,L{g(r)}. where ci, ¢, are constants
Theorem2: If a, b, ¢ be any constants and f, g, h any functions of t, then

Liaf )+ bg(D)- ch(}= aL{f(D}+ b.L{g(®)}- cLih(®)}
Proof: By the definition

o0

L{af 1) +bg(t)—ch()} = | e "{af (1) +bg(t) —ch(t)}dt

O

o0

= a.Te_”f (t)dt +b]ge_”g (r)dr —c_[e_“h(t)dt

0

=a.L{f ()} +bL{g(n)}—cL{h(1)}

Change of Scale Property:

If L{f ()= f(s) then L{ f(at)}:é,}(gj

Proof: By the definition we have
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o0

L{f(an)=[e f(andi

0

du
Put at=u=dt=—
a

when t >0 then u—>o and t=0 thenu= 0

o0

L L{fan) = es:f(u)% = %.Te_(?}”f(u)du - é 7(%)
1. Find L{sinh 3t}

Sol: L{sinht} = — = f(s)

s2-1

~ L{sinh 3t} = %]_C(S / 3)(Change of scale property)
1 3

1
P

2. Find L{cos 7t}

s
s2+1

= f(s) (say)

L{cos 7t} = %]_C(S /) (Change of scale property)

Sol: L{cost} =

_1 57 s
L{cos 7t} = TGy e

First shifting property:

It L{f(t)}= f(s)thenL{e" f())}= f(s- a)
Proof: By the definition

0

Lie” f(t)} =j e e £(t)dt

(=)

= J.e_“’f(t)dtwhereu =s—a
0

= f) =f(s-a)
Note: Using the above property, we have L{e “ f(1)}= ?(s+ a)

Applications of this property, we obtain the following results

| |
1 L{e" "y =—— [ L") = ’Z;l}
(s K

—a)
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b b
2. L{e“sinbt}=—— | " L(sinbt) = ———
{ } (S_a)2+b2|: ( ) S2+b2j|

s—a S
3. L{e“ cosbt} =——————— | *.* L(cosbt) =
{ } (s—a)2+b2|: ( ) s2+b2}

b b
4. L{e" sinhbt} = —————| " L(sinhbt) =
{ } (s—a)z—bzl: ( ) 2_b2:|
5. L{e“coshbt}=——>"¢ [ L(coshbt) = —> }
{ } (s—a)z—bz ( ) S2—b2
1. Find the Laplace Transforms of ’¢™
Sol:  Since L{t’}= %

Now applying first shifting theorem, we get

3!

L 3 -3t —
e (s+ 3)*

2. Find the L.T. of ¢~ cos?2¢

s
s2+4

Sol:  Since L{cos 2t} =

Now applying first shifting theorem, we get

s+1 _ s+1
(s+1)2+4 s2+2s45

L{e tcos2t} =
3.Find L.T of e?*'cos?t
Sol: - L[eZcos?t] =L [e2( 220
=%{L [e?t] + L[e%**cos2t]}

1.1 1
=5 )+ 5 {Llcos2t]}ss-2

\ 1( 1 )+ 1 s-2
T2 %s-27 " 2(s—2)2+22

B 1( 1 )+ 1 s-2
T2 %-27 " 2(s2-4s5+8)

Second translation (or) second Shifting theorem:

It L{f ()} = F(s)and g(&) = {/§~ Zithen L{g(t)} = e~*F (5)
Proof: By the definition
g}y = [ et g(t)dt = [ e~ g(t)dt + [ et g(t)dt
= f(:oe_“. odt + f:e‘“ f(t—a)dt = f;e‘“ f(t—a)dt

Let t-a=u so that dt = du And alsou =0 whent=aand u — « whent —
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#L{g(O} = [ et f)du =e™® [Te™" fwdu = e~ [ e~ f(t)dt
= e SL{f(t)} = e %f(s)
Another Form of second shifting theorem:

If L{f(t)} = f(s) and a > 0 then L{F(t — a)H(t — a)} = e"¥f(s)

1, t>0
0,t<0

Proof: By the definition
L{F(t—a)H({t—a)} = [ e F(t —a)H(t — a)dt > (1)

where H (t) = { and H(t) is called Heaviside unit step function.

Put t-a=u so that dt= du and also when t=0, u=-a whent — oo, u— o

Then L{F(t — a)H(t — a)} = f;o et FH(W)du.  [by eq(1)]
= j).es(“”’)F(u)H(u)du +]ge“““’)F(u)H(u)du

_ fO eSw+a) p(y). 0du + foooe‘s(”’r“) F(u).1du

—-a
[Since By the definition of H (t)]
— (*® ,—s(u+ _ - ©
=/, e sW+a) p(y)du = e %S J, e™ F(wdu

=e S“Ie_S’F (t) dt by property of Definite Integrals
0

= e SL{F(t)} = e~ *f(s)
Note: H(t —a)is also denoted byu (t —a)

cos(t—7% ift>7
1. Find the L.T. of g (t) when g(7)= ( A) A

0 ift< %
Sol. Let f(r)=cost
» LIF (D)} = L{cost} = 5= = f(s)
_(F(t=T/3) = cos(t=/y), if £ > T
g(t)_{o ,ift<”/3

Now applying second shifting theorem, then we get

—TS

Lg®}=es () =22

s2+1 s2+1

2. Find the L.T. of (ii)(t — 2)3u(t — 2) (ii) e 3tu(t — 2)
Sol:
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(i). Comparing the given function with f(t-a) u(t-a), we have a=2 and f(t):t3
6

SO} =L} =5 =2=F(s)

Now applying second shifting theorem, then we get

L{(t — 2)3u(t _ 2)} _ e_zsi _ 6e—2S

s s

(ii). L{e Stu(t —2)} = L{e5¢2. e~0u(t — 2)} = e °L{e 3Dy (t — 2)}

1

f(t) = e 3t then f(s) = —

s+3

Now applying second shifting theorem then, we get

e—2(s+3)

-3t _ — ,—6 ,-2s_1 _
L{e ?tu(t—2)} =e e e e

Multiplication by‘t’:

Theorem: If L{f(t)} = f(s) then L{tf(t)} = —f(s)
Proof: By the definition f(s): Te” f(t)dt

d (- d7
E{f(s)}zgz[e f(t)dt

By Leibnitz’s rule for differentiating under the integral sign,

d — T 0 —st
Ef(s)zjae f(r)dr

0

= T—te_” f(2)dt

— Jy e tf (O}t = — L{tf (1)}
Thus L{tf(t)} = ;—f}_‘(S)
LU} = (D" = F(s)

Note: Leibnitz’s Rule

If f(x,a)and ﬁi f (x,&) be continuous functions of x and ¢ then
a

%{f:f(x, a)dx} = f:;—af(x, a)dx

Where a, b are constants independent of «
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Problems:
1. Find L.T of tcosat

Sol:  Since L{tcos at} = sZiaZ

d S
Litcos at} = ——[ ]
{ } ds Ls2+a?
_—s?+a?-s2s _  s*-a®
T (s2+a2)2  (s2+a?)?

2. Find t’sin at
. ~ _a
Sol:  Since L{sin at} = —

2 o — (_ zd_2 a
L{t2.sin at} = (-1)2 25 (5)

_d| 2as | 2oz<3s2 —az)
ds <s2 +a’ )2 (s2 +a’ )3
3. Find LT of te”' sin3t
Sol: Since L{sin 3t} = ﬁ
6s

. —d 3
L{tsm 3t} = s [52+32] = (s249)2

Now using the shifting property, we get

e _ 6(s+1) _ 6(s+1)
L{te™"sin 3t} = ((s+1)249)2  (s2+25+10)2

4. Find L{te*'sin 3t}
. . 3
Sol:  Since L{sin 3t} = s
L {ezr sin3t} = 3 — == 5
(3_2) +9 s —4s+13

' . 3 0-3(25—4)
L{te?tsin 3t} = (-D— [—52_4S+13] = (-1 [_(sz_4s+13)2

3(2s-4)  6(s-2)
(s—4s+13) (s*—4s+13)

5. Findthe L.T. of (1+re")
Since (1+te )? =1+ 2te ! +t%e 2t

~.L (1+te_’ )2 =L {1} +2L {te_’} +L {tze_zf}

Lo

Sol:
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+ 2 + 3
S (s + l) (s + 2)
6. Find the L.T of t'¢™ (already we have solved by another method)
3
Sol: L{t3e™3} = (—1)3%L{e‘3t}
_ a1\ _ -31-1)?
T ds3 (s+3) T (s+3)4

3
T (s+3)*

7. Find L{cosh at sin at}

eat+e—at

Sol. L{coshatsinat} =1L { .sin at}

=§ [L{e% sinat} + L{e~* sin at}]

2
8. Find the LT of the function /()= =1 1>1
=0 O<t<l1

Sol: By the definition
LIFOY = [ e™t f(t)dt =[] e f(t)dt + [ e f(t)dt
L g Rl 2
= [, 0di+[ e (1-1) dt

o e—st1® o e—st
= [et (-2 = |- D] - 20 - D5t

2=
:0+§I1 e (t—1)dt

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD)

234




MAMATHMATICS - 11 LAPLACE TRANSFORMS

o. Find the L.T of f (t) defined as f(r) =3, t>2
=0, 0<t<2
Sol:  L{f()} = [, e f(t)dt
2 —st *® —st
=f0 e (t)dt+j2 e f(1)dr
= [e~st.0dt + [ et 3dt

0+ [ 3 =) =2 (0-e)

s s
:ée—2s
s
10. Find L{t cos(at + b)}
Sol: L{cos(at + b)} = L{cos at cos b — sin at sin b}

= cos b. L{cos at} — sin b L{sin at}

S .
= cosb.—— — sin b.
s2+q? s2+a?

N

L{t.cos(at + b)} = ;—j [cos b. ~—sin b-szf_az]

s?+a
— —cosb LI—SZ.ZS Ay (s2+a2),0—2a.2s
(S2 +a2) (Sz+a2)
1

= m[(sz -a’ )2 cosb—2as sinb}

11.  Find L.T of L [te'sint]
1

Sol: - We know that L[sint] =—
s<+1
o dyceo o do 1 (=12
L[tsint] = (-1) dsL[smt] =- = sZ+1)_ 711y
_2s
T (s24+1)2

By First Shifting Theorem

L[tetsint]z[ 28 ] _ o 20s-1) . 2(s-1)

(s2+1)2) o1 ((s—1)2+1)2 (s2-25+2)2
Division by‘t’:

Theorem: If L{f(t)} = f(s) then L{z f(£)} = [ F(s)ds

Proof: We have ?(s):J‘:e”’ (r)dr

Now integrating both sides w.r.t s from s to oo, we have
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T?(s)ds :Tﬁ e f(t)dt}ds

= j: Iw f(t)e™"dsdt (Change the order of integration)
= I:f (¢ )Uwe_”dﬂdt (- tis independent of*s’)

® e *©
=, f(t)[ - j d

= et B aronL £ (1)}

Problems:
1.  Find L {%‘”}

Sol:  Since L{sint} = L —]_C(s)

s241

Division by‘t’, we have

L{Sii1 t} = fsw]_c(s)ds = fsw :

sZ2+1

= [Tan"'s]? = Tan o — Tan™1s
/) _ -1, _ -1
= é Tan s=cot s

sin at
t

2. Find the L.T of

. . a e
Sol:  Since L{sinat} = = S f(s)
Division by t, we have

L {Sir;at} = f:o f(s)ds = f:oL

sZ+a?

= Ut%[Tan1 %IO =Tan 'o—Tan™ %
= % —Tan™ (%) =cot™' %

1—cos at}

3. Evaluate L {

1 N

Sol:  Since L{1 —cosat} = L{1} — L{cos at} = e
l1—cosat o (1 S
L{ t } - fS (;_52+a2) ds

= {log s —%log(s2 +a’ )IO
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2
S

-1
—llo s =lo s ’ =lo s’ +a’
2 5 s’ +a’ g s +a’ g

s+a s+b

[log(s+a)—log(s+b)]’ :{k’g(ﬁaﬂj

Sol: L {ﬂ}: f:o (L — L) ds

s+b

1+; s+a
1t Jlog b —log

142 s+b
s

=10g1—10g(s+a)+10g(s+b)zlog(s-'_bj
s+a

5. Find L{I_COSt}

[2

Sol: L{l_tCZOSt} =L{%.1_C08t} ..... (1)

_l10 s? w_—_l o s? —llo s +1
2 gs2+15 2 gs2 g

+1 2 s?
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1 1 s +1 © ds
=—|< It sdog|1+— |;—slO +2

1 1 1 1 s?+1 N
=—|< It §| =———+—+....|—sl0O +2Tan's
2HH@ (sz 25t 3s° j s } }

1 1
=cot's——slog| 1+—
2 g( szj

e—at_e—bt

3. Find L.T of

Sol: W.K.T L[e‘at]=$ ,L[e—bt]=$

LES)=[7 f(s)ds

L e—at_e—bt _j-oo 1 1 »
t A e s7 %

= [log(s + a) —log(s + b)]3°

s+a

= log(9)7

s+b
142
=log(—3)s’
=log (1)-log =)
=0- log (X2 = log (£)
Laplace transforms of Derivatives:
If f'() be continuous and L{f ()} = f(s) then L{f*()} = sf(s) — £(0)
Proof: By the definition
L{FL(D)} = [, et f1(n)dt
= [e_”f (1 )]: - Iow(—s Je " f (t)d (Integrating by parts)
= [e_”f (t)]: + sj.:e_” (r)dt
= 1t e "f(O-fO) +s.L{f (1)}

Since f (t) is exponential order

s e f=0

~ L{fY(®)} = 0= £(0) + sL{f ()}
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= sf(s) — f(0)

The Laplace Transform of the second derivative f! 1(t) is similarly obtained.
s L{FH ) = s.L{fF (O3} - £1(0)
=s.[sf(s)=7(0)]-7"(0)
=57 (5)~+f (0)- 1'(0)
~ L{FHN (O} = s. L{F1©} = £11(0)
= s[s’L{f ()} — sf(0) — £1(0)] — f11(0)
= s L{f ()} = s?f(0) — sf*(0) — f*(0)
Proceeding similarly, we have

LM (O} = s"L{F (O} = s"7Hf(0) = s"2f1(0) ... ... f77(0)

Note 1: L{f™(t)} = s"f(s) if f(0) = 0 and f1(0) = 0,1 (0) = 0... f*"1(0) = 0
Note 2: Now |f(t)| < M.e% for all t = 0 and for some constants a amd M.
We have |e Stf(t)| = e St f(t)] < e™. Me™
=M. e "9t 5 0qast - w0 ifs>a
2 K eStf() =0 for s>a
Problems:
Using the theorem on transforms of derivatives, find the Laplace Transform of the
following functions.
(i). €* (ii). cosat (iii). t sin at
(i). Let f(t)=¢"Then f'(t)=a.e" and f (0)
Now L{ f*(t)} = s.L{ f(©)} = f (0)
i.e.,L{ae® } =s.L{e% } -1
ie.,L{e®}—s.L{e%}=—1
i.e.,(a—s)L{e* } =-1
o L{e®} = ﬁ

1

(ii). Let f(t) = cosat then f1(t) = —asinat and f11(t) = —a’cosat
~L{ R ®)} = s?L{f(O)} = 5. f(0)=f1(0)
Now f(0)=cosO=1and f'(0)=-asin0=0

Then L{—a? cos at} = s®?L{cosat} —s.1—0

= —a?L{cosat} — s’L{cosat} = —s
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—(g2 2 - _ —
= —(s* + a“)L{cosat} = —s = L{cosat} = i

(iii). Let f (t)=tsinatthen f'(t)=sinat +at cosat

f(t)=acosat+a[cosar—atsinat| = 2acos at —a’t sinat
Also f(0) = 0 and f1(0) =0
Now L{ f**(©)} = s’L{ f(©)} — sf(0)—f*(0)
i.e.,L{2a cosat — a’tsinat} = s*L{tsinat} — 0 —0
i.e.,2a L{cos at} — a’L{t sin at} — s?L{tsinat} =0

2as
(s2+a?2)2

i.e.,—(s?+ a®)L{tsinat} = = L{tsinat} =

2+2

Laplace Transform of Integrals:
It L{f()} = F(s) then L{f, fx)dx} =" “)
Proof: Let g J. f
Then g*(£) = < [ INZE) dx] = f(t) and g(0) = 0
Taking Laplace Transform on both sides
L{g*®} = L{f (®)}
But L{g'(t)} = sL{g(t)} — g(0) = sL{g(t)} — 0 [Since g(0) = 0]
~ L{g'(O} = L{f ()}
= sL{g()} = LIF(©O)} = L{g(t)} = < LIf (1)}
But g(t) = [ f(x) dx
“ L{[ f) dx} = @l =
Problems:

1.  Find the L.T of jo sin ardt

=f(s)
Using the theorem of Laplace transform of the integral, we have

L{f; £ G0 dx} =12

t .
L {fo sin at} = —S(sziaz)

sin f

Sol: L{sinat} =

2+a2

2. Find the L.T of j

1t sint

£50 g = 1 exists

Sol: L{sint} = 521+1
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L{Sm t} f L{sint}ds = fs —ds

s2+1
= [Tan_ISIO =Tan'o—Tan's = % —Tan's =cot™ s(or)Tan™ (%)
i.e.,L {Sl t} Tan~*(1/s)(or)cot~1s
{ft sint dt} == Tan‘l(l/s) (or) < Lcot™1s
t sint

3. Find L.T of e™* [j——dt

Sol: L[e™* [ /= dt]

We know that

L {sint} = - =f(s)
L{Lm} ff(s)ds fs = ds
=(tan~1s)¥

_ — T — —
=tan"lowo — tan~1s = S —tan ls =cot™ s

. sint] _ -1

. L{ " }— cot™"s
Hence L {fthtdt} = —cot s
By First Shifting Theorem

cot™

Lle™ [, "dt] =f(s +1) = ((=—

[ j‘smt

Laplace transform of Periodic functions:

)s—>s+1

) cot™ (s + 1)

If f (t) is a periodic function with period ‘a’. i.e, f(r+a)=f(¢) then

L{f(0)) = [ e f (1)

1_ e—sa 0
Eg: sin x is a periodic function with period 27z

ie., sinx =sin(27z +x) =8in (47 + X).............

Problems:

1. A function f (t) is periodic in (0,2b) and is defined as f (t) =1if O<t<b
=—1if b<t<2b

Find its Laplace Transform.
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Sol:  L{f ()= ﬁ [ f (1)

1

e“f dt+j e f( )dt}

1 _ ,2bs

o

Il
e

1 e’

lL ) (

—st dt —st dt:l

]

L{f ()}~ [1-20 4o

s(l —e’ﬂ”)

2. Find the L.T of the function f (¢)=sinerif 0<t< z
w

=0if Totr< 2—”wheref(t)has periodz—ﬁ
0] 0] @

Sol:  Since f (t) is a periodic function with period 2z
®

1

L {f(t)} -— J‘ ~ f (¢t

L{f(’)} 73277 % e " f(t)dt

_\' [ J. To ¢ * sin et dt +J:Z” e .Odt}

—25

1-

s+ w

1 {e’“ (ssincota)cosa)t)}@

= Ry 2 2
1 —e 4) 0

at

b -
I e sinbt =———
a a +b

1 1 A
= e "“w+w
1— e‘zﬁ% s+’ .

(asinbr—bcosbr)
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Laplace Transform of Some special functions:

1. The Unit step function or Heaviside’s Unit functions:

0 t<a
1 t>a

Laplace Transform of unit step function:

It is defined as u(t — a) = {

e—as

To prove that L{u(t — a)} =

S

0 t<a

Proof: Unit step function is defined as u(t — a) = {1 t>a

Then L{u(t —a)} = fgoe_“u(t —a)dt
=I:e_s’u(t—a)dt+jje_s’u (t—a)dt

= joa e .0dt + J:O e . 1dt

S e LR
:Le dt—{_sl— S.[e e ]—

A Lu(t - )} ==

—as

S

Laplace Transforms of Dirac Delta Function:

/e o<t<e

The Dirac delta function or Unit impulse functionfc(t) = { 0
t >€

2. Prove that L{f(t)} = % hence show that L{§(t)} = 1

1
Proof: By the definition fi(t) = { /e 0<t<e
0 t >€

And Hence L{f-(t)} = fooo e St (t) dt
= [Fe sty de+ [F et fu(t) de

= [Je~tzdt + [[ e~ 0dt

_Ste _
=1, =~ Veslese—eo) =1

—S€E

EL-s SE

1_e—SE
€

~ L{fe(D)} =

N

It 1_e—SE

Now L{5(t)} =El_t,0 L{fe®} =,

=~ L{8(t)} = 1 using L-Hospital rule.

SE
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Properties of Dirac Delta Function:
1. [ 8(t)dt =0
2. [ (:o 6(t)G(t) dt = G(0) where G(t) is some continuous function.

3. f(:o 6(t —a)G(t) dt = G(a) where G(t) is some continuous function.
4. [G()s' (t-a)=—G'(a)
0

Problems
1. Prove that L{6(t —a)} = e™**
Sol: By Translation theorem

L{§(t —a)} = e ®L{6(t)}

=e ¥ [sinceL{6(t)} = 1]

2. Evaluate [ cos2t8(t — /5)dt
Sol: By using property (3) then we get

Jy 8t —a)G(D)dt = G(a)

Here a =7/3,G(t) = cos 2t

o0 -0(5A) w0274~

s J cos2at 6(t = ™/3) dt = cos 2T /y = 7T/,
3. Evaluate [e*5'(1—2)ds
0

Sol: By the 4™ Property then we get

T&l (t—a)G(t)dt =-G'(a)

0
G(t) —e"anda=2
G'(r)=—4e™

-.G'(a)=G' (2) =4

J‘e4”51 (t — 2) dt =-G' (a) =4
0

DEPARTMENT OF HUMANITIES & SCIENCES | MRCET (EAMCET CODE: MLRD)

244




MAMATHMATICS - 11

LAPLACE TRANSFORMS

Inverse Laplace Transforms:

If ?(s)is the Laplace transforms of a function of f (t) i.e. L{f(t)} = f(s) then f (t)

is called the inverse Laplace transform of ?(s) and is written as f(t) = L_l{]_f(s)}

~ L™1 is called the inverse L.T operator.

Table of Laplace Transforms and Inverse Laplace Transforms

S.No. L{F )} = f(s) LHf ()} =f®
L L{1} =1/ L5} =1
2. L{edt} = L—1{1/S h a} = eat
s—a
> L{e~*} = ! L_l{l/s + af=e®
s+a
. ! 1 t"
4 L{t"} = i is a + ve integer = {Sn+1} =
5. (n—1)! (1
n-1y — -1(1 — —
L{t" "} - LY o} T 1,23..
6. . _ _ 1 1
L{sinat} = Tra L1 {52 " az} =—-sin at
7. _ -1 S —
L{cosat} = 21 a2 L {52 m aZ} = cosat
8. . _ a _ 1 1
L{sinhat} = 52——2 L1t {52 — az} = Esmh at
9. W -1 S _
L{coshat} = P L {52 — aZ} = coshat
10 L{e%sinbt} = ————— L1 {;} _ 1 catginpe
’ (s —a)? + b2 (s—a)2+b%2) b’
1. at A o L G—9) ¢
L{e“" cos bt} G—a)7+b? L {(s —7 T bz} = e% cos bt
12. at o; — —1{ 1 } — 1 at
L{e®* sinh bt} = G-a)? b2 L G-ar—b L e sinh bt
13. at _ s—a _ (s—a)
L{e* cosh bt} = GoaZ—b? L1 {—(s — a7 bz} = e% cosh bt
14, ar _1{ 1 } T
e —— L _— = —, a
L{e™%" sin bt} GTal T2 G+rar+bd b e % sinbt
15. s+a s+a
L{e—at — —1{ } — p,—at
{e~% cos bt} GTalTD? GTa)lTD? e % cosht
16. L{e® f(t)} = f(s — a) L Hf(s — )} = e L {f (s)}
17. L{e™ f()} = f(s + a) LYf(s+ @)} = e f(D)e L {f(s)}
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Problems

*-3s+4
1. Find the Inverse Laplace Transform of S oTT

3
S

Sol: L1 {%} =11 {1/5 - 3. 1/52 + 4/53}

g o 1)

2

=1—3r+4.%=1—3z+2z2

2. Find the Inverse Laplace Transform of = _5;2+13
Sol: L™ {szjz:sz-+13} =17 {%} =L {(si;:fsz}
=L {(S_Sz)%} +4.171 {m}
=e” cos3t + % e* sin 3¢
3.

Find the Inverse Laplace Transform of 2575

2

s =4
52-4

=2 o) - st )

s2—4

=2.cosh 2t —5.% sinh 2¢

4.  Find L1 {%}

Sol: L7t {:;S—:ll)} — Ty {54%1 + i}

“o e e

5.  Find L' {;jj 5}

Sol: L7 {5 = 1 (P - s )

452425

3 S 8 1
==Lt 2( = 2
4 {52"'(5/2) } 4 {52"'(5/2) }

3 5 82.5
=—.cos—t——.—sin—t
4 2 45 2
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5 4.
=—Ccos—t——sin—t

4 2 5 2
6. Find the Inverse Laplace Transform of >
(s+a)

Sol: L_l {(s+sa)2} - L_l {:-I‘-l—a_)‘;} - e_atL_l {SS__Za}
et
e a5
=¢“[l-ar]

7. Find LY{ 2

3s+7 A B
= +
s?—2s-3 s+1 s-3
A(s—3)+B(s+1)=3s+7
puts=3,4B=16=>B =4
puts=-1,—-44A=4=>A4A=-1

3s+7 -1 4
LS = +
s —=25—3 s+1 s-3

L_li 3s+7 }—L‘l{_l 4 4 }_ 1L‘1{ 1 }+4L‘1{ 1 }
s2—2s—3) s+1 s—=3) s+1 s—3

=—¢"'+4.¢"

Sol: Let

. -1 s
8.  FindL %ﬁﬁmﬂ}

S _ A B Cs+D
(s+1)2(s%2+1) s+1  (s+1)2 s2+1

A+ D2+ 1D +B(%2+1D)+(Cs+D)(s+1)?=s

Sol:

Equating Co-efficient of s, A+C=0. . (1)

Equating Co-efficient of 5%, A+B+2C+D=0....... (2)
Equating Co-efficient of s, A+C+2D=1....... 3)

puts=—1,2B:—1:>B:—%

1
Substituting (1) in (3) 2D=1= D = 2

Substituting the values of B and D in (2)

LaA—§+u4§=0:A+26=QMmA+C=0zA=QC=o
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"'(s+1)2(s2+1) (s+1)2+s2
L e = 1 ) - e
- 2fome-eri 2]
:%[sint—te’]

9. FindL—l{ s }

st+4q%

Sol: Since s*+4a* = (s2 +2a° )2 —(2as)2

= (s? + 2as + 2a?)(s? — 2as + 2a?)

S _ As+B N Cs+D
s*+4at  sP+2as+24a* s —2as+2a’

s Let

(As + B)(s? — 2as + 2a?) + (Cs + D)(s? + 2as + 2a®) = s

-1 1
Solving we get A=0,C=0,B=—,D=—
4a 4a

1 1

s _1 1

L{ } — L—l 4a + L—1 4a
s*+4a* s2+2as+2a? s2-2as+2a?

:_—1a.L_] —12 2 +i..L‘] —12 5
4 (s+a) +a 4a (s—a) +a

-11 _, . 1 1, .
=— —¢ “sinar+—.—e“ sinat
4a a da a

1 . _ 1 . ) 1 . )
=Fsmat<e“’ —e “’) = — .sinat.2sinh ar = — sinat sinh at

a 4a 2a
. 4. r—1(s%-3s+4 e 71 3(32—2)2
10. Findi. L { 3 } ii. L {—255
Sol:
g1 fsto3st4) g s 35 4} _,oqf1_ 3 4
iL { s3 }_L {53 s3+s3}_L {s 52+s3}

=it i e 3
=1—3t+4;—2!= 1— 3t + 2t

i, L1 {M} 2 {M} _ 2 frlaste)

2s5 s5 2 s5

—3L—1{1 4+4}+3L-1{1} 4L-1{1}+4L-1{1}
2 s s3 s5) 2 s s3 s5
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2 4 4
A PUREA L ) PR S =1[r4—6z2+6]
! 6| 4

11 Find L7 [

Sol:

L [52 _ az] =L [ﬁ] B %L_l [(s— a?is + a)] B %L_l [S i a+5ia]

= %[e“’ +e @ ] = cosh at

4

12. Find L' {—
(s+1(s+2) |

Sol: L |:L:| =4L" ;:| =4 |:L _ ! :| = 4[e_t—e_2t]
(s +1)(s+2) (s+1)(s+2) s+1 s+2

13. Find L' +
(s+D°(s”+4)
oL 1 _ A, B G+D
Ts+DASPHD) s+l (s+1)? 0 s2+4
acl g lo 25 3
25 5 25 25

3 Pl S — =3L1{L}+1L1 L —lLl{ - }—iLl{ 1 }
s+ +d] 257 Ls+1f 57 [+ 25 |°+4) 257 |52 +4

=£e’t L' 4 +le*’L*1 % —ECOSZI—i.lSin%
25 S 5 S 25 25 2

2 ., 1 2 3 .
=—¢ +—e ' t——cos2t——sin 2t
25 5 5 50

5P +s5-2 }

14. Find L' {—
s(s+3)(s—2)

sS+s—2 A B C
Sol: —X——=—+—+
s(s+3)(s—2) s s+3 s-2

Comparing with s%, s, constants, we get

_{ S +s-2 } _1[1 4 2 }
L'\———|=L"|—+ +
s(s+3)(s—2) 3s 15(s+3) 5(s—2)
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:Ll[l}+L{—4 }LL{ 2 }
3s 15(s +3) 5(s—2)

2 1 05—4
15. Find L‘{ S +as }

(s> +9)(s—5)

s2+2s—4 B A JrBS+C
(s> +9)(s—5) s-5 s*+9

Comparing with s%, s, constants, we get

A=Yy B= Yoy C=80

I s +2s—4 7 s +2s—4
(s> +9)(s=5) | | (s> +9)(s=5)

=l e b
34(s—5) 34(s*>+9) 34(s* +9)

= %es’ +%4[30053t+§sin SI}
First Shifting Theorem:
If {?(s)} = f(¢),thenL" {?(s - a)} =" f(1)

Proof: We have seen that L{e‘”f(t)} = ?(s —a) .. L' {?(s - a)} =e“f(t)=e"L" {?(s)}

1.  Find L' {;} =L {7(s + 2)}

(s+2)*+16
Sol: L' + =e 'L’ 21
(s+2)"+16 s”+16
2t .
—e ¥ —sindr =% Zm4t

2. Find [ {235—_2}
s —4s+20

o B2} pf 32 | [deded
s”—4s+20 (s—2)"+16 (s—2)"+4
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=3e* cos4t +4e* isin 4¢

3. Findr')_ St3
s> —10s+29

Sol: Ll{ : s+3 }:Ll s+23 : _ s—52+8 :
s”—10s+29 (s=5°"+2 (s=5)°"+2

=" f+82 :es’{cos2t+8.lsin2t}
s +2 2

Second shifting theorem:

fl{t-a} yt>a}

IfL' {?(S)} = f(t),then ljl{e*as?(s)} =G(t), where G(7) ={ ’
0 ift<a

r— if t >
Proof: We have seen that G(z) = {f{ Q. a}

0 ift<a
then L{G(t)} =e” .?(s)

L e Fw) =60
1. Evaluate () L' {1 b }(ii) L {( o }
s S

1+e™ 1 e”
Sol: (i) L =L' + L
® { s> +1 } {sz—l—l} 57 +1

1
SinceL_'{ S }=sint=f(t),say

s +1

s sin(t—xz) ,ift>x
= By second Shifting theorem, we have L' 62 = ( ) f
s”+1 0 Jift<rm

or Ll{ e 1}:Sin<t-n)H(t-n)= ~sint. H(e-m)
s+

=TS

s?+1

Hence L' {1 e

}:sint—sint. H (t-m) =sint [1- H (t-m)]
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Where H (t-m) is the Heaviside unit step function

(ii) Since L { 1 . } — oM {iz}
(s—4) s

=e¥t=f(1), say

B e t-3) Lift>3
=~ By second Shifting theorem, we have L' € S = ( ) i
(s—4) 0 Lift<3

e—3s
L' (- -
or {(s 4)} " (t-3)H(t-3)

Where H (t-3) is the Heaviside unit step function

Change of scale property:
I L{f (t)}=f (s), Then L { f (as)} =%f(£j,a >0

Proof: We have seen that L{ f (

=1 (s)
Then f as —l { }
s L {?(as)} :éf(éj,a >0

. w2 =Ligin fina ]2
(s+1)7) 2 (4s* +1)

Sol: We have L71 {ﬁ} = %tsin r,
ST+

Writing as for s,

as 11 ¢ t t t
['d—— - — “gn—=——.sin— , by change of scale propert
{(azs2+1)2} 2'a'a a e PrOPETY:

Putting a=2, we get

1 2s t .t 4 8s 1. ¢t
(45 +1) 8 2 (45 +1) 2 2

Inverse Laplace Transform of derivatives:

Theorem: L' {7(s)} = f(t) . then L {?"(s)} (1" @) where 7" (5)= & [ 0}

Proof: We have seen thatL{t” f (t)}
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—n

L {f (s)} = 10
1. Find ° {log 5—1}
s J—

s+1

Sol: Let L' {log —
s—1

}Zf(t)

s+1

L{f(®} =10g;

L{tf 0} :%{log .

Lif ) =—L1 !

s+1

f@)=L" {__1 L}

s+1

RN
po=-tif L)l o]

=e f+et

s—1

tf(t)=2sinht:>f([): 25i;1ht

L {log

Note: L {logH—s}= Ie
s t

s+1| 2sinht
s—1 t

—t

2. Find L {cot”' (s)}
Sol:  Let L' {cot ()} = f(2)
L{f (1)} =cot™'(s)

-
ds

L{tf (0} = [cot-l(s)=—[ -

| 1
1+s° | 1+5°

1 )
=Ssint
+1}

tf(t)zL‘{ -
h)

fn=2

t

Lt {cot"1 (s)} = %sin t
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Inverse Laplace Transform of integrals:

Theorem: L {?(s)} @) ,then [ { [7es )ds}— F @)

Proof: we have seen that L{M} = I?(s)ds
t

{ff( )d} Ji0)

L Fear'] L
(s"+2s+2)
s+1

Sol: Let_s =
J) (s> +2s+2)°

o0

Then L' {?(s)} =L {[ﬁds}

e s+1
=L {[(s+1)2+1]2}

—e '[! { . S . } , by First Shifting Theorem

Lt t o, . 5 s t .
=e —sint=—e sint ‘. L —— 5 (== Sinat
2 2 (s"+a’) 2a

Multiplication by power of’s’
Theorem: L' {?(s)} = £(t) ,and f (0),then L’ {sf(s)} = ()
Proof: we have seen that L{ f' ()} = 5. (s)— f (0)
L{f'®)}=5f(s) [ £(©0)=0] or
LHsfh=f'0

Note: L’l{s"?(s)} = £"(),if £"(0)=0forn =1,2,3.......n—1

1. Find(®)L'{— ! G)L'{——
nd® {(s+2)2}(n) {(s+3)2}

— 1
Sol: Let f(s)=
J) (s+2)°

Then
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s -1 1 2 1 -2t
LHfol=L {(Hz)z}:e L {S—2}=e 1=f@),

Clearly f (0) =0

-1 s _ 7l S 7 F sl
Thus L {(S+2)2}-L {S'(sz} L {s.f(s)} 0

= g (te ™) =t(2e ) +e > . 1= (1-21)
t

Note: in the above problem put 2=3, then L { 5 } =e ' (1-31)

(s+3)
Division by S:
(s

Theorem: If L' {?(s)} f(@) ,Then L~ { f(u)du

)
%,_z
o'-—,~

Proof: We have seen that L{If (u)du} = —)
0

r {@}:If(u)d

Note: If L' {?(s)} =£(t), then L' {

j).if(u)du.du

)

1. Find the inverse Laplace Transform of ;

s*(s* +a*)

Sol: Since ™! { X } A | sinat, we have

(s*’+a”) | a

A 1 01 .
L ! I:m} =J.;Sln atdt

0

a

_1 —cosat )
a

j = _iz (cosat—1) = LZ (I—cosat)
o 4 a

Then L =[ L (- cosarydrdr
s (s +a*) 0 a
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Convolution Definition:

If f (t) and g (t) are two functions defined for 7>0 then the convolution of f (t) and g (t) is
defined as f J f t u du

f (t)* g (t)can also be written as(f * g)(t)

Properties:

The convolution operation * has the following properties

1. Commutativeie. (f*g)(r)=(g*f)(¢)
2. Associative [f *(g *h)](t) = [(f * g)*h](t)
3. Distributive [ f*(g+h)|(r)=(f*g)(t)+(f*h)(t)fort=0

Convolution Theorem: If f(r)and g(r) are functions defined for 7 >0 then

L{7 () 8(0} =L {7 (O} L ()} = F(s)2s)

1.e., The L.T of convolution of f(t) and g(t) is equal to the product of the L.T of f(t) and g(t)

u

Proof: WKT L —'[ - {J f(u)g(t—u) du}dt

—j I ’"f t u dudt 0 tu‘]

The double integral is considered within the region enclosed by the line
u=0 and u=t

On changing the order of integration, we get

=["[ e f(u)g (1—u)drdu
—-[ f {I ”’)g(t—u)dt}du
=L fleew)

v dv}du put t—u=v

(
[ e P F =56 e 5 0) T
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Problems:

1. Using the convolution theorem find L' %
(s +a’)

_ s S 1
Sol: L'<———t=r" i
{(s2+a2)2} {52+a2 52+a2}
1

_ s _
Letf(s):s2+a2 andg(s):s2+a2

So that L™ {?(s)} :Ll{ 5 i 2}:cosatt:f(t)—say
s’ +a

— 1 X
L {g(S)} =L — > ~t=—sinat = g(t) - say
s +a a

.. By convolution theorem, we have

t 1
' U (cosau.—.sina(t—u)du
{(s2+a2)2} -([ a ( )

= iI[sin(aujL at — au) —sin(au —at +au) | du
a 0

= iI[sin at —sin(2au — at)] du
a 0

t
= 1 [sin atu+ 1 .cos(2au — at)}
a 2a 0

= i[t sin at +icos(2at —ar) —icos(—at)}
2a 2a 2a

= i tsinat+icosat—icosat
2a 2a 2a

t .
=—sinat
2a

2
2. Use convolution theorem to evaluate L'<— 2s —
(s"+a’ )(s”+b7)

s s s
Sol: L =L :
0 {(s2+a2)(sz+b2) s*+a® sT+b’
s

_ s _
Letf(s)zsz_'_az andg(s):S2+b2

}:cosat:f(t) — say

So that {7@)}:51{ =
s +a
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L' {g(s)} =L {(sz j_bz)} = cosbt = g(t) — say

*. By convolution theorem, we have

L‘l{ S }:Icosau.cosb(t—u)du

s*+a’ sT+b* 0

= % [[cos(au—bu+br)+cos(au +bu—br)] du

1
2

{sm(au —bu+br) | sin(au+bu—br) }
a+b 0

[smat sin bt s1nat+sinbt}_asinat—bsinbt

1
2 a+b a’ —b?

1
3. Use convolution theorem to evaluate L —
s(s“+4)
1 1
Sol: L71 — > = L71 —2%
s(s” +4) s (s7+4)
Let?(s):iandg( ) il
o4 )2

So that L' (s) = {iz} =t=g()—> say

t.sin 2t R s _ tsin2t
f(S) { }— 2 —f(t)—say{-L {(Sz_i_az)z}_ 2a }

g u
.L { o +4)} J- sin 2u(t —u)du

1 1

= AIusinZua’u—lju2 sin 2udu
0 40

t

=1 (—Zc052u+lsin2uJ
40 2 4

0

= —l L0032u+zsin 2u+10052u
2 2 4 o

:%[1—tsin2t—cos2t]
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4.  Find L' {;2}
(s—2)(s*+1)

Sol: L“{%}:L‘[ ! .21 }
(s=2)(s"+1) s—2 s +1

Let?(s) :Sflzandg(s) =

sT+1

[u—

So that L' {?(s)} =L { } =e” = f(t) > say

s—2

1 -1 1 .
L {g(s)}:L {s2+1}:smt:g(t)—>say

t
L' { ! . 21 } = .[ f(u).g(t—u)du (By Convolution theorem)
s—2 s +1 0

t t
= jez“ sin(t—u)du (or) '[ sinu.e’™ du
0 0

t
e J sinue ™ du
0

—2u !

—e¥| L [—2sinu—cosu]}

| 2°+1

0

=% éez’ (—2sint—cost)— % (—1)}

= %(ez’ —2sint—cost)

5. Find L' {;}
(s+1)(s—2)

Sol: L‘{;}zﬂ{#. ! }
(s+D(s—2) s+1 s—2

Let (s) = ——and g (5) =

s+ S —

—_—

\9]

So that L' {?(s)} =L {L} =e’' = f(t) > say

s+1

L -1 1 2t
L {g(s)}:L {E}:e =g(t) > say

.. By using convolution theorem, we have
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I {;} _ J‘efuez(zfu)du
(s+1D(s=2) 7

_ ;[ezte—sudu _ ezzl‘e—&;du — ¥ {__:il _ %I:ezz _e—t]

6. Find L;1 %
s (s"—a)

1 11
Sol: L'{———}(=L"4=.
0 {Sz(sz_az)} {sz sz_az}

— 1 —
Letf(s)zs—zandg(s)= R

So that L™ {f(s)} =1 {%} =t= f(t)—say
S

L (— 0 1 1 .
L~ {g(s)}=L { 5 2}=Zsmhat=g(t)—say

S —a

By using convolution theorem, we have

I;1 {%} = J.MlSlnh Cl(t —u)du
s (s —a’) a

0

= l j usinh(at —au)du
a 0

—u
=—| —cosh(at—au)—
= cosh (at —au) —

1_ sin(at—au)}t

0

l 4 cosh(at —at)—0— Lz [0 —sinh at]}
a a

—ala
=l[_—t+i2sinhat}
al a a
= L[—at +sinhat|
a3
. . -1 s
3. Using Convolution theorem, evaluate L {—(s+2) (s2+9)}
_1(1 s 11 S C1(FrN =
Sol: L™ {—— .= = 17— 5 3=L7{f(5). § (5))
Fray— L _ Sl A G
f)=—= =L} = fO) =L ) =e (1)
— S — S
IS =7 =L{g®}=>9O =L {52+32} = €OS3t-----mmmmmmmmee- (2)

By Convolution theorem we have
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LYF().g ()} = F(©) * g (1)
Where f(t) * g(t) = [} g (t — w)du

Lt {i L} = fote‘z(t‘”)cos3udu

s+2"s52+9
_ t
= e7?t [ e**cos3udu
-2t
=e 2L,
22432

-2t

[2cos3u — 3sin3ul}

=0 [2cos3t — 2 — 3sin3t]

e—Zt

e — 3sin3t)] -2
=— [e7*(2cos3t — 3sin3t)] - —;

Application of L.T to ordinary differential equations:

(Solutions of ordinary DE with constant coefficient):
1. Stepl: Take the Laplace Transform on both the sides of the DE and then by using the

formula
L")} =s"L{f(t)} =s"" £(0)=s"" f1(0)=s"7 f2(0)—............. £"'0) and apply
given initial conditions. This gives an algebraic equation.
2. Step2: replace f (0), £'(0), £*(0) ,......... £"7'(0) with the given initial conditions.
Where f! (O) = s?(O) - f(O)
£2(0) =s2?(s)—sf(0)—f1 (0) , and so on
3. Step3: solve the algebraic equation to get derivatives in terms of s.

4. Step4: take the inverse Laplace transform on both sides this gives f as a function of t

which gives the solution of the given DE

Problems:

1. Solve y'''+2y'" —y' -2y =0 using Laplace Transformation given that
y(0)=y'(0)=0and y'"(0)=6

Sol:  Given that y'''+2y" —y'-2y=0

Taking the Laplace transform on both sides, we get
L{y"@}+2L{y" 0O} -L{y'}-2L{y}=0

= S'L{y(0}=5"y0)=5y'(0) =" (0)+2{s’L{y(O)} - sy(0) - ' (©)} -
Ly} = y(O)} =2L{y()} =0
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- {s3 +25° —s—z}L ()} = 57 y(0)+5y' (0) + ¥ (0) + 259(0) + 2" (0) — y(0)
=0+0+6+2.0+2.0-0
={s’+25" —s—2|L{y()} =6

6 B 6
S +2s7—s—=2 (s=D(s+D(s+2)

L{y(}=

A B C
+ +
s—1 s+1 s+2

= AG+D(+2)+BG—-D(G+2)+C(s—D(s+1) =6

= A(s* +35+2)+B(s*—5s—-2)+C(s* —1) =6

Comparing both sides sz,s,constants,we have
=A+B+C=0,3A—-B=0,2A-2B—C=6

A+B+C=0
2A-2B-C=6

3A-B=6
3A+B=0

6A=6=>A=1
3A+B=0=B=-3A=B=-3
SA+B+C=0=>C=—-A—-B=-1+3=2
1 3 2
— +
s—1 s+1 s+2

y() = L' {%}—3L1 {Ll}jL 2.L1{ ! 2} =e¢ -3¢ +2.e
s — s+ s+

Which is the required solution

~L{y®n}=

2. Solve y'' —3y'+2y=4¢+¢" using Laplace Transformation given that
y(O) =land y' (0) =-1
Sol: Given that y'" —-3y'+2y=4r+¢”

Taking the Laplace transform on both sides, we get

L{yll(t)}—3L{y1(t)}+2L{y(t)} =4L {f}+L{e3’}

2 1 4 1
= S'L{EO} =90 =y O =3[sL{O} =3O [+ 2L {y0) = 5+
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4 1
= (s*=3s+2QL{yit)l=—+—+5-4
( L0} =—5+—
4s—12+s* +5* =35> — 45’ +12s7

= (s’ -3s+2)L{y()} = 63

st =75 +13s* +4s—12

= L{y(t)} - s7(s=3)(s* =35 +2)

st =75 +13s% +45—12

=L{y®}= s2(s=3)(s—1)(s=2)

st =75 +13s°+4s-12 As+B C D E
5 =—+ + +
sT(s=3)(s—-D(s=2) s s—=3 s—-1 s-2

_(As+B)(s—D(s—2)(s =3)+ C(s*)(s —D)(s =2) + D(s*)(s —2)(s =3) + E(s*)(s —1)(s —3)
- s(s=3)(s—D(s—2)

= 5" =75 +135° +45—-12=(As+ B)(s’ —65° +115s —6) +

C(s*)(s* =35+2)+D(s*)(s* =55 +6) + E.s*(s* =45 +3)

Comparing both sides s4,s3 ,we have

A+C+D+E=1...ccceuuenn..... @
—6A+B—-3C—-5D—4E=—T..ccccceuuuueeenn.... 2)

puts=1,2D=—1:>D=7
puts=2,—4E=8=>FE=-2

put S:3,18C:9:>C=%
1 1
fromeq.(l)A=1—5+§+2 =A=3

from eq.(2) B= —7+18+%—%—8=3—1=2

413 2 1 1 2
Y(t)=Ll{;+_z }

+ — —
s© 2(s=3) 2(s—-1) s-2

1 1
t)=3+2t+—e' ——¢' —2.e"
¥(?) 5 =3

2
3. Using Laplace Transform Solve % + 2% —3y=sint, given that y= % =0 when t=0
t t t
? d
Sol:  Given equation is Y29 3 y=sint
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L{y" ()} +2L{' ()} -3L{y(¢)} =L {sint}
s’L {y(t)}—sy(O)—yl (O)+2[SL {y(t)}—y(O)]—?v.L {y(t)} =

= L{y(1)} :L(Sz +1)(s12 +2S—3)J

-t 1
==L ((s—l)(s+3)(s2+l)J

Now consider

1 _ A N B +CS+D
(s—l)(s+3)(s2+1) s—1 s+3  s*+1

A(S+3)(S2 +1)+B(s—1)(s2 +1)+(Cs+D)(s—1)(s+3) =1
Comparing both sides s*,we have

puts=1,8A=1:>A=%

puts=—3,—4OB=1:>B:__1
40
1 1
A+B+C=0=C=0-—+—
8 40
c:_SHZﬁ:__l
40 40 10
3A—B+2C+D=O:D:—§—i+l
8 40 5
p-_b-1+8_ =8 -1
40 40 5
L Ol
.'.y(t)zL“ 8 .40 .10 5

s—1 s+3 sT+1

e b e 2 b
8 s—1 40 s+3 10 s7+1 5 s7+1

: (t) —1e’ —ie_” —icost—lsint
YR T 1o 5
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4. Solve §+x=sina)t,x(0)=2
t

. . .odx .
Sol:  Given equation is " +x=sinwt
t

L {xl (t)} +L {x(t)} =L {sinwt}

:S.L{X(f)}_x(())JrL{x(t)}: s faf

= sL{x(r)}-2+L{x(r)} = 5=

2 2
s t+w

= (s+1)L{x(1)} =525 +2

i w 4 2
=x(1)=L {(s+1)(s2+a)2) s+1}

-2 {ﬁ}“l {(m)(fz ro)

@ N w

} (By using partial fractions)

2 2 2
s N +1 12+a)2+ 12+a)2
s+l s+ sTHw

_ o W
=2¢"+ e’ — —COS (t +

1 .
3 ~.—sin ot
o +1 1+ w l+o° o

5. Solve (D’ +n’)x=asin(nt+c) given that x=Dx=0, when t=0
Sol:  Given equation is (D’ +n”)x =asin(nt +a)

X (£)+n’x () = asin (nt + o)

L {x"(¢)} +n°L {x(¢)} =L {asinnt cos @+ acos nr sin )

= s’L {x(t)} —sx(0)—x'(0)+n’L {x(t)} =acosaL {sinnt} +asinal {cosnt}

3 2+asma. 2 2

s +n S +n

= (s2 +n2)L{x(t)} =acosa

:>L{x(t)}=acosa S 22+asin0¢

2
s*+n ) (s2+n2)

(By using convolution theorem I —part, partial fraction in II-part)
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1 . 1. i _ 1
=nacosaj;—.s1nnx.—s1nn(t—x)aix_asmaL 1{i—}
n

n 2 ds (s2 + nz)
acosa gt asina 1 .
= I {cos(nt—an)—cosnt}dx+ t—sin nt
2n 90 n
acosa| ¢t a . )
= J-{cosn(t—2x)—cosnt}dx+—s1nats1nnt
2n | Y0 2n
acosa| -1 . " atsina .
= — .sinn(r—2x)—xcosnt | + sinnt
2n | 2n 0 2n
acosa [ sinnt atsina .
= —tcosnt |+ sin nt
2n | 2n 2n
acosasinnt at ) )
:—2——[cosacosnt—smasmnt]
2n 2n
acosasinnt at
:—2——cos(a+nt)
2n 2n
6. Solve y!! — 4y + 3y = et using L.T given that y (0) = y" (0) = 1.

Sol:  Given equationis y!! — 4yl + 3y =e~t

Applying L.T on both sides we get L(y'!) — 4L(y!) + 3L(y) = L(e™%)
= (s’Llyl sy (0 —y' (0)) —4{s LIyl -y (0)} +3L{y} = 5%1

1

2 —_— —_—
= (s"+4s+3) L{y} —s-1-4= e

= (57 +45 +3) L{y} = —= +5 45

2 1
ﬁ(S +4S+3)L{y}_— —+S+5
1 s+5

L{y} . (s+1)(s%2+45+3) T (s2+4s+3)

71 1 -1 s+5
y=L [(s+1)(52+4s+3)] [(52+4s+3)]

Let us consider
-1 1 -1 1
L [(s+1)(52+4s+3)] =L [(s+1)2(s+3)]
1 _ 1
(s+1)(s2+4s+3) (s+1)2(s+3)

A B

C
s+1  (S+1)2  S+3

D, 9 @

T s+1 0 (S+1)2 0 S+3

b, & L&

{

-1
- [s+1 (S+1)2  S+3
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@, @ 9

:L_l[s+1 (5+1)2 prel
=—ir1[il+%r1[<5;)z] e
Lﬂ[@+ﬂ)®;+4s+3) +;t(¢+ie3t___ﬁ(n
I v e e = [WJ
e 2L L + Be ML ]
[m] = cost+3e 2tsint — — —— (2)

From (1) & (2)

1 _, 1. _, 1 _ _ Cop
ny=-—ze t+5te t+ze 3ty e 2tcost+3e %isint

7. Solve + 9x = cos2t using L..T. given x (0) =1, x ( ) =-1.
Sol:  Given x11 + 9x = cos2t

L [x11] 4+ 9[x] = L[cos2t]

= s2L[x] — sx(0) — x1(0) + 9L[x} = —

52+4
2 _ _ — S
=>(s*+9)L[x] —s—a S
=(s?+9)L[x]=
S S a
Llx]= (s2+4((s2+9) + (s2+9) 4 (s2+9)
—7-1 3 -17__S -11_2
X=1L [(sz+4((sz+9)] +1L [(52+9)] +1L [(52+9)]
e |
=Lz 52+9] + cos3t + — sm3t
S U A, I O § a.:
=-L [52+4] L [52+9] + cos3t + . 2 sin3t
=§ cos2t — %cos3t + cos3t + %sinBt ------------------ - (1)
Givenx (=) =-1
—1 =-cos2 (E) —2cosZ + cosZ + cosZ +LsinZ
2) 5 2
> -l=-1—-0+0-2
5 3
Z=—c+1
3
a_z?
3 5
1 4 4 .
X = EcosZt +Ecos3t+§sm3t From (1)
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8.Solve(D3 — 3D? + 3D — 1)y = t?e* Using L.T given y (0) =1,y! = 0, y'1(0) = -2
Sol: Given y11 — 3yl 4+ 3yl —y =t2et

Lly"] = 3L[y*"] + 3L[y*] - L[y] = L[t%e’]

= {s*Lly] — s?y(0) — sy (0) — y**(0)} — 3{s*L[y] — sy (0) — y(0)} +

3{sL[y] — y(0)} — L[y] = L[t?e’]
2
= (s3—3s2+3s—1)L[y]—s?-0+2+0+3(1)—3(1) = (—1)2%L[et]

= (s — 1)%L[y]-s2 + 2 = ﬁ( L)

ds? \s—1

2
N
2

= (s —1)3L[y] = P +s2 =2
L[y] = 2 ) 52 2
NEG-D8 -0 (-1°
— 712 —1p_S% q_g-1p_2
y - L [(5_1)6] + L [(5_1)3] L [(5_1)3]
_oy-1r_1 1 S? 1 op-1p L
=28 [(5—1)6] +1L [(5—1)3] 2L [(5—1)3]

o -2

_ tf_ tﬁ -1 s?
=2e 5! 2e 2!+L [(5—1)3]

Consider L1 [&]

W.KTL™? [(5_11)3] = et [1]-et ’;_2';”7”

s? d? [ett? 1d 1
I —53| =53 = —— (2te" + t%e") = = (2e" + 2te’ + 2tet + t%eh)
(s=1) ds 2 2dt 2

:%(Zet + 4tet + t2et)

_ztf_ztf__lzt Atet 2t
y =2e' e’ 2(e+te+te)
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